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Address of the President, 

Sir Frederick Gowland Hopkins, 
at the Anniversary Meeting, November 30, 1934* 

Death has this year exacted a toll on our Fellowship which is heavier 
than usual. We have lost one distinguished Foreign Member and 
twenty-two Fellows. In the list are the names of two who did fine 
service for the Society on its Council and in office. Sir Arthur Schuster 
was a Secretary for seven years and Foreign Secretary for four. Sir 
William Hardy was Secretary during the difficult War years and after, 
serving from 1915-25. Each of these while in office gave loyal service to the 
internal affairs of the Society and by their enterprise made for it national 
and international contacts from which it gained in prestige and influence. 

Arthur Schuster, while a most able and successful investigator, 
displayed great capacity and foresight in the conduct of affairs. He 
foresaw the future which was so abundantly to justify the foundation of 
Manchester University as an independent institution, and he took a 
leading part in the movement which resulted in that foundation. 

In 1888 on the death of Balfour Stewart he was appointed to the 
Langworthy Chair of Physics. His personal efforts greatly helped to 
make possible the erection of the fine physical laboratory in which 
he himself did much important work. More than this, it was largely 
due to Schuster that Manchester became the birth-place of nuclear 
physics. When he retired from the Chair in 1909 he saw to it that 
Rutherford should succeed him, and the great consequences of that 
app ointme nt are familiar to all. Schuster’s own scientific activities 
covered a wide ground. As a young man he was put in charge of the 
Solar Eclipse expedition that was sent out to Siam, and he came to 
share in the work of three other such expeditions. The main lines of 
his personal work, theoretical and practical, came under the heads of 
discharge through gases, spectroscopy and terrestrial magnetism, but 
his successes were not confined to these. Reference may be made for 
putance tn bi n dete rmina tion of the specific heat of water in toms of 
international electric units. He was always keenly interested in geo¬ 
physics aM meteorology, and when the Meteorological Office was to 
advice was sought and welcomed. Schuster provided, 
personally, fin fmefri support to many scientific enterprises and, as we 
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2 Anniversary Address by Sir F.Gowland Hopkins 

cannot forget, was a generous benefactor to this Society. He was 
Secretary of the International Research Council for nine years, and 
a member of the Cambridge University Commission. He was elected 
Fellow of this Society in 1879, and was awarded the Copley, Royal 
and Rumford Medals. 

The vital personality of William Bate Hardy, the fertility of his 
mind, and the generosity of his ever ready help, stimulated the thought 
and activities of so many that he will be missed as few men can have 
been missed by their contemporaries. He began his scientific career as 
a student of zoology at Cambridge, and after graduation joined the 
staff of the progressive School of Physiology which Michael Foster 
had created. His special concern with teaching and research in histology 
and his realization that the current technique of this subject was open 
to criticism from the standpoint of colloidal science led to a deep interest 
in the latter and to researches which greatly advanced progress in certain 
of its more fundamental aspects. Later he turned to problems in mole¬ 
cular physics and studied the phenomena associated with static friction 
and afterwards those presented by lubrication and adhesion. On all 
aspects of the boundary state he became a recognized authority. In spite 
of his pre-occupation with physical phenomena he never lost his interest 
in the living organism, but took every opportunity of applying his 
knowledge of the former to problems presented by the latter. 

During the earlier years of his duties as Secretary, the nation's food 
supply was in danger and it was his care that the Society should play its 
proper part in mitigating that danger. He kept it in touch with other 
organizations devoted to the same task, and the Royal Society Food 
(War) Committee formed through his initiative exercised an important 
influence on national policy. The experience of the various problems 
of food preservation and transport he gained at this time became widely 
recognized and resulted in his appointment as first Chairman of the 
Food Investigation Board and Director of Food Investigation in the 
Department of Scientific and Industrial Research. In all the activities 
of this important post his success was outstanding, gaining for him the 
confidence of administrators and industrialists in equal measure. 

Hardy became a Fellow of Gonville and Caius College in 1892 and later 
he was for many years one of its Tutors. He was elected a Fellow of this 
Society in 1902 and in 1926 received a Royal Medal. At the time of his 
death he was President of the British Association. 

William Hardy had many enthusiasms, but perhaps the greatest of all 
was that of the sailorman. He loved the sea in all its moods; but most 
he loved it when it was dangerous. 
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James Cossar Ewart was a pioneer in the study of hybridization and 
other problems of animal breeding. He held the Chair of Natural 
History in Edinburgh for forty-five years (1882-1927) and greatly developed 
there the Department in his charge. In 1882 he became scientific member 
of the Fishery Board for Scotland, and during the next seven years was 
the author or joint author of a large number of papers or reports dealing 
with fisheries problems. As a comparative anatomist he published 
important papers dealing with the electric organ of the skate, the cranial 
nerves and the lateral sense organs of this and other fishes. He later 
studied the development of the limits of the horse, and described that 
reduction of the digits during foetid and early life which is of such great 
interest in view of the similar reduction which is known to occur during 
the evolution of the horse. About 1895 he began the work in animal 
breeding for which he became so well known. He devised careful 
experiments to throw light on certain of the problems of cross-breeding 
and in-breeding; on reversion and on telegony. Of particular interest 
were the results he obtained by crossing a Burchell’s Zebra stallion with 
mares of various breeds of horses. Among many results of interest his 
experiments seemed to bring complete disproof of the existence of telegony. 
Ewart later published many papers on the origin and evolution of horses 
and ponies, and some of his most recent work involved investigations 
for the improvement of the fleece of sheep. During his latest years he 
was concerned also with the origin of feathers, and the relationship 
between feathers and scales. He was elected to the Fellowship of the 
Royal Society in 1893. 

John Joly, Professor of Geology and Mineralogy in Dublin, was a 
man whose genius was displayed in a wide ground of intellectual 
activities. He was chemist, physicist, engineer, biologist, and contributed 
something of importance to all of these callings. He invented the 
steam calorimeter, and by its means contributed much to our knowledge 
of molecular physics, and his invention of the meldometer afforded 
valuable help to the science of metallurgy. Having worked out a method 
for extracting radium, he then applied his ingenuity in improving its use 
as a curative agent. It was Joly who made possible the deep seated 
application of radium by his suggestion for the use of hollow needles as 
containers, By consideration of the sodium content of oceans he made 
calculations as to the age of the earth, while his share in the study of the 
radio-activity of rocks and the thought he gave to the data obtained, has 
been claimed to be as fundamental in stratographical geology as the 
work of Darwin in biology. To the field of biology he also made 
contributions, for instance to the theory of the ascent of sap in plants. 
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All these activities and many more were those of a man who was deeply 
read in English literature, and was a keen Alpine climber and yachtsman. 
Joly had been a Fellow of the Royal Society for over forty years. He 
received the Royal Medal in 1910. 

Finlay Lorimer Kitchin as palaeontologist to the Geological Survey 
of Great Britain did much to advance both the scientific and practical 
sides of his subject. His wide knowledge and his critical acumen were 
of great value to the work of the Survey. He was almost unrivalled in 
his ability to interpret unpromising and even fragmentary fossils and his 
skill in this direction was strikingly displayed in connection with the 
borings made in the Weald during the exploration of the Kent coal field. 
The Geological Survey’s memoirs published on this subject were probably 
the best known of Kitchin’s official contributions. His advice and 
criticism were freely sought by his colleagues and by palaeontologists in 
other circles. To all he gave ungrudingly an immense amount of help. 
He was elected to our Fellowship in 1928. 

Dukinfield Henry Scott was a distinguished palaeobotanist. Among 
other important work he collaborated with W. C. Williamson in pro¬ 
ducing an elaborate series of memoirs on the orientation of the fossil 
plants of the Coal Measures. He later published a series of papers on 
the structural affinities of fossil plants from the Palaeozoic Rocks, and 
was a joint discoverer with Oliver of the existence in carboniferous times 
of seed-bearing ferns which form a connecting link between two great 
groups of the flowerless and the flowering plants. Scott’s work was of 
the greatest service to all concerned with the study of evolution. He 
became a Fellow of the Royal Society in 1894, was Foreign Secretary from 
1912 to 1916, and received a Royal and the Darwin Medal. 

William Barlow was well known for his researches in crystallography. 
With Sir William Pope he carried out' researches on crystal structure 
which did much to prepare the way for modern developments in which 
mensuration by means of X-rays has provided an experimental method 
of verifying the structures deduced from the theory of valency. Barlow - 
also contributed various papers to English and German scientific journals 
on crystal structure, on the homogeneous partitioning of space, and on 
the connection between crystal structure and chemical composition. He 
was elected F.R.S. in 1908, and was a Fellow of the Geological and 
Chemical Societies. 

Davidson Black was honorary director of the Cenozoic Laboratory 
of Pekin, a post which he admirably served and in which he did high 
service to pre-history and anthropology. He held the position of 
Assistant Professor of Anatomy at Cleveland, Ohio, but determined to 
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come to England in order to study comparative neurology under Professor 
(now Sir Grafton) Elliot Smith. The Professor was at this time working 
on the reconstruction of the Piltdown skull and Black became profoundly 
interested in primitive man and his history. He had earlier been led to 
believe that China was a highly promising land for the discovery of 
man's earliest ancestors, and when in 1916 he was offered the position 
of Professor of Neurology in Pekin Medical College he saw the opportunity 
for enterprises that he had in mind, and immediately accepted the offer. 
In 1926 an expedition under Dr. Gunnor Anderson found an early 
Pleistocene tooth and Davidson Black was one of those who firmly 
believed it to be human. He published a detailed description of this 
tooth, and on the basis of the evidence it offered he founded a new genus 
and species. He proposed to call the species to which the tooth belonged 
Sinanthropus pekinensis. In 1928 excavations carried out by Dr. Berger 
Bohlin in conjunction with the Chinese geologists, C. C. Young and 
W. C. Pei, yielded two jaws in association with pieces of brain cases. 
The validity of Black’s views as based upon the tooth thus became fully 
established. The treatment of these important remains was carried out 
by Black himself with great technical skill, and the photographs and casts 
prepared by him made it possible for other authorities to realize the 
nature of the discovery. He became a Fellow in 1932 and in the same 
year was Croonian Lecturer. 

Walter Rosenhain, whose death at the comparatively early age of 
58 has robbed metallurgical science of one of its best-known leaders, 
was an Australian by birth. His reputation was made early when, as a 
student at Cambridge, he described, jointly with Sir Alfred Ewing, the 
mechanism of deformation of metals by slip. This was the beginning 
of a long series of researches in metallurgy, mainly carried out during 
his 25 years’ tenure of the post of Superintendent of the Metallurgy 
Department of the National Physical Laboratory. As the head of a 
team of workers he did much to improve technical practice, especially 
in the light alloy industry, and to lay the foundations of an exact know¬ 
ledge of alloys by the accurate determination of phase diagrams, using 
highly purified materials. His work on the mechanism of crystallization 
and of mechanical deformation of metals, over a wide range of tempera¬ 
ture, is fundamental, and even where his conclusions have not received 
universal assent they have actively stimulated research, here and abroad. 
His experimental skill and ingenuity led him to devise a number of 
laboratory appliances and metallographic methods which have been 
widely adopted. Rosenhain had a remarkable gift of lucid exposition, 
and was unrivalled in debate on metallurgical questions. An excellent 
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linguist, he took an active part in the international organization of his 
science, and was well known to his foreign colleagues. He had great 
qualities of leadership, and his strong personality made a great impression 
on the committees and institutions to which he devoted much of his 
time. He was elected a Fellow in 1913. 

Francis Arthur Bather. After nearly forty years of work in the 
Department of Geology at the British Museum, and after serving as 
Deputy Keeper for twenty. Bather became Keeper in 1924. As a palaeonto¬ 
logist his special interest was centred in the fossil echinoderms and 
especially in the crinoids. On these, as on other subjects, he published 
papers notable for careful description and felicity of diction. As a 
Curator he was remarkable for his insistence upon meticulous care in 
matters of detail whenever he thought that even minutiae were important. 
He was immensely interested in museum technique and fully versed in its 
developments at home and abroad. Another of his enthusiasms was for 
scientific journalism, and he always demanded that high standards should 
be maintained by those who pursue it. He himself at one time edited 
The Museums Journal , and was the author not only of carefully written 
technical contributions to it and other Journals, but also of delightful 
reivews published in The Times Literary Supplement. Bather was elected 
Fellow of the Royal Society in 1902. 

Sir Thomas Muir, died in his ninetieth year at Rondebosch, in South 
Africa. After a highly successful career in Scotland as a mathematical 
teacher he became Superintendent General of Education in the Cape Colony 
in 1892, a post which he held until he retired in 1915. His administrative 
work, which was carried out with thoroughness, has left an abiding and 
beneficial mark upon South African education in all its branches. During his 
years of teaching and of later official duties he developed and cherished an 
interest in algebra, and more particularly in the history and development 
of determinants, a subject upon which he has for long been acclaimed as the 
greatest authority. Such a work, carried on for half a century and continued 
through his nineteen years of retirement almost until the eve of his death, 
has played no small part in furthering the study of higher algebra initiate 
last century by Cayley and Sylvester. Muir’s five volumes on the history 
of determinants stand as a monument of devoted research, fruitful 
suggestion and penetrating criticism, such as have won world-wide 
admiration. It has been given to few men of science to write on a 
technical subject with such charm and literary skill. A natural accom¬ 
paniment of such a work has been the acquisition of an extensive library. 
This, said to be one of the finest mathematical collections in the British 
Empire, has been bequeathed to the South African Public Library. 
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Muir was a scholarly musician, had a gentle kindly manner and a keen 
sense of humour. To the end he was courtly, sympathetic and charming, 
with a wide knowledge of men and of books, his sight and hearing well- 
nigh perfect, and upright as a pine in his plantation at Rondebosch. 
He was elected a Fellow in 1900. 

With the death of Sidney Howard Vines at the age of eighty-four, 
the Society loses a link with the time of Huxley, under whom Vines was 
a demonstrator in 1874. After graduating at Cambridge he studied under 
Julius Sachs at Wurzburg and on his return to England started a botanical 
laboratory at Cambridge. After five years as Reader in botany at 
Cambridge he was appointed Sherardian Professor of Botany at Oxford, 
and under his guidance for 31 years the importance of botany in the 
University curriculum steadily increased. While he was specially devoted 
to physiological work, he was also a master of morphology. He was 
made a Fellow in 1885. 

Archibald Byron Macallum may be regarded as the pioneer in 
Canada of teaching and research in General Physiology. In his 
researches he early turned his attention to the demonstration of the 
local distribution of various elements especially iron, phosphorus, 
potassium, calcium and chlorine in cells and tissues. For this purpose 
he developed various methods of micro-chemical technique. In particular 
he made a very thorough investigation, extending over several years, of 
the distribution of potassium in plant and animal cells, and he found that 
the element is concentrated in regions in such a manner as to suggest 
that surface tension plays a great part in determining this distribution. 
He was always inclined indeed to relate many of the activities of the cell 
to the influence of surface tension, and he was responsible for a theory 
of muscular contraction in which that factor played a predominant part. 
Numerous estimations by him of the percentage amounts of inorganic 
ions in the tissues and body fluids of various animals led him to remark 
that in respect of the relative concentrations of these ions there is a 
striking resemblance between the ocean and mammalian blood plasma. 
He advanced the view which has received much attention that this was 
an indication of the oceanic origin of land animals. Macallum was 
always interested in the broader aspects of biology, a circumstance that 
made his teaching very stimulating. His influence upon Canadian science 
was great. Among other important offices that he held was that of Ad¬ 
ministrative Chairman of the Advisory Council for Scientific and Indus¬ 
trial Research of Canada. He was elected to the Royal Society in 1906. 

Bertram Dillon Steele held posts in Melbourne, Montreal and 
E dinburgh, but will be especially remembered for his work as die first 
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holder of the Chair of Chemistry in the University of Queensland. 
During the war he returned to England and applied his chemical know¬ 
ledge in the service of the Ministry of Munitions. Among his more 
important contributions to science are the researches on the electro¬ 
chemistry of non-aqueous solutions and the design of a very sensitive 
microbalance in conjunction with Kerr Grant; while it may be that the 
general public will remember him chiefly in connection with the control 
of the prickly pear in Queensland. 

Arthur Prince Chattock, Emeritus Professor of Physics in the 
University of Bristol, was a man of such modesty and retirement that it 
was perhaps only those who were brought into personal contact with 
him that fully realized his marked originality, experimental ingenuity 
and powers of exposition as a teacher. The volume of his published 
work was relatively small, but this was due partly to the fact that during 
much of his life he rarely had more than one assistant, and partly to his 
extreme caution in going to print. But the majority of his papers, notably 
those on the discharge from points and on the gyromagnetic effect, will 
have a permanent place in the literature of physics as pioneering investi¬ 
gations. It was also the Chattock-Fry pressure gauge that first enabled 
an insight to be obtained into the way in which the pressure varies over 
the surfaces of aeroplane wings and stream-line bodies. A perusal of 
some early notebooks of unpublished work shows that he was always 
thinking on novel lines, and had circumstances then placed him in a 
large laboratory where these ideas would have become known to a 
number of co-workers, they would undoubtedly have influenced the 
thought of the day. During a period first of temporary and later of 
final retirement from University life, he also became interested in problems 
of chicken incubation, and in animal psychology and published some 
papers in this field. He was elected a Fellow of our Society in 1920. 

Leonard Cockayne, an accomplished botanist, had been engaged in 
the economic study of forests in the New Zealand State Forest Service 
since 1919. During his earlier years he was wholly occupied in teaching, 
but in 1885 took up work at a private experimental station and continued 
investigations there for twenty years. A recognized authority on all 
forestry questions, his knowledge made his advice of great value to the 
various Forest Commissions on which he sat. He was elected to our 
Fellowship in 1912, and received the Darwin Medal for his contributions 
to ecological botany. 

Marcus Seymour Pembrey was Professor of Physiology at Guy’s 
Hospital, London, retiring from that post last year after a tenure ofthirty- 
four years. After graduating in Medicine at Oxford, he worked with 
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J. S. Haldane for three years, and was then appointed Lecturer in 
Physiology in the Charing Cross Hospital Medical School, where he 
stayed until he went to Guy’s four years later. The powerful influence 
of Haldane produced a permanent effect upon Pembrey’s work and 
thought. He dealt almost always with the physiology of the intact 
living animal, believing that the most important lessons were to be 
learned from such studies. In his earlier work he dealt with the gradual 
acquirement by the developing animal of the power of regulating body 
temperature; comparing, for instance, the effect of external temperature 
upon the respiration of the chick before hatching with its effect at different 
i ntervals afterwards. He also compared the temperature responses of new 
bom mammals with those of the same animals some days later. Perhaps 
his most important work was that upon the respiratory activity of hiber¬ 
nating animals. He determined their respiratory quotients during their 
sleep, during the process of waking and after it. Pembrey became fully 
convinced that the facts thus observed showed that during the winter 
sleep fat is converted into glycogen, whereas during preceding periods, 
when the animal is preparing for its long sleep, the converse change 
occurs. He did a great deal of work upon the respiratory activity of 
man in all sorts of circumstances, normal and pathological. Pembrey 
was elected a Fellow in 1922. 

Aeronautical science has suffered a severe loss through the accidental 
death of Hermann Glauert at the early age of 42 years. Glauert left 
Cambridge to join the Scientific Staff at the Royal Aeronautical Establish¬ 
ment, Farnborough, in 1916. He served continuously there for 18 
years, during which time he added considerably to the theory of aero¬ 
dynamics and fluid motion. Perhaps his most important contribution 
to science was his extension of the potential theory of fluid motion, and 
its application to practical problems. He developed the vortex theory 
of aerofoils, and put forward a theory of the autogiro which has won 
general acceptance. The whole of his work is characterized by a clear 
grasp of fundamental issues. He had a flair for finding approximate 
mathematical solutions giving the essential results, and several of his 
approximations stimulated mathematicians at home and abroad to find 
more formal solutions, and by doing so to confirm the accuracy of 
Glauert’s deductions. Glauert was elected a Fellow of Trinity College, 
Cambridge, in 192Q, and a Fellow of the Royal Society in 1931. At the 
time of his death he was Head of the Aerodynamics Department at 
Farnborough. 

It would be an interesting subject for a psychologist to study as to 
how the creative faculty and the critical faculty can exist simultaneously 
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in the one individual. Certainly the late William McFadden Orr 
possessed both in the highest degree. Senior Wrangler in 1888 and 
Professor of Pure and Applied Mathematics at the Royal College of 
Science and afterwards at University College, Dublin, until less than a 
year before his death at the age of 68 years, he led a life of unremitting 
labour in various branches of Mathematics. His original contributions 
to Bessel Functions, Fourier Analysis, Stability of certain Liquid Motions, 
etc., all contained results which seem destined to be of permanent value. 
As the years went on, his critical faculties became more pronounced and 
he was able to elucidate many difficulties and rectify many conceptions, 
even in the writings of distinguished mathematicians. These qualities 
made him of the highest value as a referee for learned bodies. Thus, 
although much of his life work was unseen by the general mathematical 
reading public, yet his loss will be keenly felt by many of the greatest 
names in his subject. He was elected a Fellow of the Society in 
1909. 


William Mitchinson Hicks has rendered distinguished service in the 
domains both of Physics and of university education. One of the Cam¬ 
bridge School of mathematical physicists, he began, while a Fellow of 
St. John’s College, the mathematical researches on the theory of vortex 
rings which quickly brought him into eminence. By his investigations 
on the toroidal functions necessary for their treatment, and by his 
discoveries of the possibility of existence of hollow vortex rings and of 
vortex aggregates, he has greatly advanced our knowledge of vortex 
motion. During the latter half of his life, and right up to his death at 
the age of 83, Hicks applied himself steadfastly to extending the dis¬ 
coveries of empirical relations between the frequencies of spectral lines. 
His essay on the Analysis of Spectra gained the Adams Prize in 1921, 
and his formula for the frequencies of the lines of a series has been of 
great value in spectroscopic work. In 1883 Hicks was appointed 
Pttncipal and Professor of Physics and Mathematics at the Firth College, 
Sheffield, and from that time onwards he devoted himself to the further¬ 
ance of university education in that city. To his foresight and un¬ 
remitting work is due in large part the growth of this small institution 
first into a University College and in 1905 into the University of Sheffield. 
7 , * h,g 4 h ® stee " 1 L in which he was held was marked by his election to be 

J^ Ch £ nCeU £ r ‘ , Bef ° re long however> he, resigned this office 
to devote himself as Professor of Physics simply to the teaching and 
research work which all his life he had preferred. He was elected to 
our FeHowslup m l885 he served on the Council for three periods, and 
m 1912 was awarded the Royal Medal. ^ 
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Georges Dreyer was Professor of Pathology at Oxford until his 
death. He was educated in Copenhagen and began pathological work 
while serving as a Medical Officer in the Danish Navy, becoming an 
expert in the production of diphtheria anti-toxin. While Privat-Dozent 
in the University of Copenhagen he carried out researches in a very wide 
field. He was appointed to the Chair of Pathology at Oxford, of which 
he was the first holder, at the early age of thirty-four years, and he put 
much energy into the development of his department. During the War 
he spent much time in France, and developed there the technique which he 
had previously established for the accurate diagnosis of enteric fever. 
Dreyer was responsible for the replacement of the single anti-typhoid 
inoculation of the troops by the much more effective triple inoculation. 
Later he transferred to the air force, and designed an ingenious apparatus 
for automatically controlling the supply of oxygen to the pilots in accord¬ 
ance with changes in altitude. After he returned to Oxford he concerned 
himself more particularly with assessments of physical fitness by vital 
capacity measurement in correlation with certain body measurements. 
After 1926 much of his energy was spent in developing the new laboratory 
built by a generous grant of the Trustees of the late Sir William Dunn. He 
was elected a Fellow of the Royal Society in 1921. 

Tannatt William Edgeworth David, Professor for thirty-three 
years in Geology and Physical Geography at the University of Sydney. 
Born in Cardiff and educated at Oxford he went to Australia in 1882 to 
join the New South Wales Geological Survey of which he later became 
Director. The discovery of the great coalfields at Maitland was largely 
due to him, and it was he who saved these very valuable deposits from 
being alienated from the Crown. As is well known he joined the 
Antarctic Expedition of Shackleton, and it was he who, with Sir Douglas 
Mawson and Dr. MacKay, reached the South Magnetic Pole on January 
16, 1909. During the expedition David and R. E. Priestley, the other 
geologist with the expedition, obtained important knowledge of the 
geological structure of Antarctica. His services during the War were of 
much importance. He was appointed geologist to the British Armies on 
the Western Front, where his expert knowledge was of the greatest service 
in mining operations. Edgeworth David was a brilliant teacher and many 
of his pupils made important contributions to the progress of Australian 
geology, He was elected to our Fellowship in 1900, and in 1920 he 
received the honour of K.B.E. 

The death of Santiago Ram6n y Cajal removes a figure of exceptional 
and picturesque originality. From a village childhood in the Pyrenees, 
With scanty schooling and thence on to impoverished University instruction 
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and opportunities he passed suddenly at middle-age to the forefront of 
scientific attention as a supreme analyst of the structure of the nervous 
system. Beyond the untoward circumstances which beset his discoveries 
in their making they had the further difficulty for recognition that they 
appeared in Spanish when Spanish was far less familiar to scientific 
circles than, owing in part to Cajal’s own work, it is now. But his 
observations were too important to misfire long. They pulled down 
much but they built up much more. By the beginning of this century 
they had reshaped our knowledge of the cellular architecture of the brain. 
Those seemingly inextricable networks hitherto regarded as a continuum 
of diffuse and indeterminate conduction they resolved into pathways 
perfectly definite and determinate. He read with his microscope the 
course and direction of the main paths through the cortex of the brain 
and other great masses of the nerve-centres. This was a great analysis; 
but he achieved another not less difficult in that other cell-system, which 
like a beneficent parasite grows with and imbeds the brain itself and 
unfortunately is so frequently a source of tumours. Here he founded 
the modern knowledge of brain tumours. He was a great Spaniard. 
Apart from unwearied devotion to research Cajal’s main preoccupation 
lay in advancing the cultural progress of Spain. In that his influence 
and example were immense. He was a strong man of strong feeling. 
To the very end of his long life he cherished with unabated kindliness 
the memory of the early recognition of his work by this country as 
evidenced by the invitation sent him by the Society to give the Croonian 
Lecture before it in 1894. He was elected a Foreign Member of the 
Society in 1909. 

I will now call your attention to certain points in the Report of Council. 
You will be glad to remember that the Society afforded hospitality to 
two important organizations which met in London during the autumn— 
the International Union of Scientific Radio and the International Union 
of Physics, the meeting of the latter being associated with a Conference 
organized by the Physical Society. There is general agreement that 
each of these gatherings was exceptionally successful. A matter for 
satisfaction is the circumstance that the Government generously extended 
its hospitality to both. It is, I think, most important that Government 
Departments should fully realize the value which accrues from such 
conferences when held in this country. They inform foreign visitors 
concerning its scientific equipment and activities which, as abundant 
evidence shows, are, to our detriment, often undervalued abroad. 

The Report comments on the circumstance that the Annual Statement 
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of Accounts is presented this year in a form differing from the customary. 
Having now heard that Statement you will realize that the Society is 
greatly in debt to its Treasurer for the labour he has spent upon it. Our 
many Funds are now so logically classified as to bring clarity into their 
complexity. Probably not every Fellow of the Society has hitherto 
appreciated the magnitude of our expenditure on research, which has been 
somewhat obscured in earlier financial statements. The capital value 
of our Research Funds is to-day well over £600,000 and the income they 
yield is £23,700. A little over £25,000 has been actually expended on 
the support of research during the year; this slight excess of expenditure 
over income being fully justified by circumstances. These large figures 
are surely impressive and afford reason for satisfaction. A novel feature 
of Council’s own Report this year is to be found in the personal progress- 
reports it contains from the various investigators who have received during 
the year allotments of over £100 from our Funds. These make clear the 
very wide and fertile fields of enquiry which it is the Society’s privilege to 
support. It is proposed, I trust with your approval, that the publication of 
this information shall continue as a feature of Council’s Annual Reports. 

Although our research income is satisfactorily large, 1 am bound to 
add that it is far from being in excess of the claims made upon it. In 
particular it has proved very difficult this year to meet many requests 
for financial support for Expeditions of various kinds. Field Research 
is becoming an urgent need in many progressive branches of science 
and is, of course, costly. The Treasury when consulted on this matter 
some time ago did not see its way to increase the Government Grant 
by a sum ear-marked for this particular purpose, yet the existing amount 
of that Grant affords little scope for the support of Expeditions. This 
year some of our own Research Funds have therefore been raided 
(doubtless legitimately) for that purpose. It should, I think, be publicly 
known that Field Research of great scientific and economic importance 
is inadequately supported at the moment. As the Royal Society has 
supported Expeditions ever since it supported those of Captain Cook, a 
century and a half ago, it may claim to be well qualified to act as Trustee 
of any Fluids that may be provided. 

You will note that among donations for special purposes received by 
the Society during the year there is one from our Fellow Sir Robert 
Hadfield for the benefit of the Scientific Relief Fund, a Fund most 
worthy of support. 

It has become customary that in an Annual Address from your 
President there should be some adequate reference to recent scientific 
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progress. I trust I may have your approval if on this occasion with a 
certain intention in mind I depart from that custom and deal chiefly 
with a chapter of history, together with some considerations which while 
primarily of importance to Medicine, are not I feel outside the concern 
of the Royal Society. 

Nevertheless with the remarkable discussions at recent conferences 
still in mind it is scarcely possible to proceed without a passing reference 
to the extraordinary progress which atomic phsyics continues to make. 
The past year cannot fail to be memorable for the advances it has seen, 
yet so exciting is the position at the moment that it may well be followed 
by years fated to be still more memorable. Such are the complexities 
in atomic structure now being revealed, and so remarkable are the 
responses of atoms to certain forms of treatment, that one wonders 
with what objective picture of an atom (if any) the next generation will 
start its thought and work. 

To progress on the biological side I will also make but brief reference. 
Out of the many instances of recent advances that might be chosen there 
are two which, taken together, will in a sense serve as a text for the rest 
of my Address. 

Our Foulerton Professor, Dr. Adrian, with his colleague Mr. Brian 
Matthews, by means of the oscillograph method which the latter has 
done so much to develop, has been analysing the electrical changes 
which take place in the brain. Professor Adrian’s special aim has been 
to relate the potential changes which can be recorded from the brain’s 
surface with the changes in individual nerve cells. In this success has 
been attained. Adrian and Matthews have been led to repeat and extend 
the observations of a continental observer, Dr. Berger, on these potential 
changes as they are recorded from the heads of living subjects. It is 
fascinating to see these rhythmic activities of a human brain recorded 
as a series of waves in a graphic record after passing through the skull. 

Adrian and Matthews have found that certain of these waves as 
observed by Berger arise in the occipital lobes and are due to the rhythmic 
activity of some part of the visual mechanism. It is noteworthy that 
concentrated thought, such as is involved, say, in mental arithmetic, 
temporarily abolishes the recorded rhythms which would thus seem to be 
characteristic of the quiescent organ. It is suggested, however, that 
this may be due to the circumstance that for the changes to be strong 
enough for registration with the apparatus in use the cells of the cortex 
must be beating in unison. Effort may localize them. Research on 
these remarkable lines is as yet new however, and striking developments 
may be expected. It is not impossible that when further developed the 
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technique employed may serve the clinical investigator concerned with 
the brain, even as the cardiograph has served those concerned with the 
heart. 

As a second illustration I will refer to progress in the study of the virus 
of influenza. Many may remember that after previous very successful 
dealings with dog distemper Laidlaw, our Royal Medallist of last 
year, has with Andrewes, and Wilson Smith, working at the National 
Institute for Medical Research, applied similar methods of study to 
human influenza. A year ago they found that the disease could be 
transmitted to the ferret, and, profiting by this discovery, they demon¬ 
strated conclusively that the prime cause of this disease belonged 
to the group of filtrable viruses. As is usually the case when a 
human disease can be transmitted to an experimental animal the study 
of influenza has now become progressive. It was soon shown for instance 
that antisera could be prepared, capable of depriving the virus of its 
infectivity. These authors have now shown that the mouse can also be 
infected and the availability of this cheap and easily handled animal 
has at once made the approach to various aspects of the problem much 
easier. 

The final issue of this now progressive research on influenza cannot, I 
think, fail to be of prime importance alike to Clinical and to Preventive 
Medicine. It illustrates afresh the nature of the help that the laboratory, 
and in such cases, the laboratory alone, can afford to the progress of 
medical knowledge. As the investigation was, of course, inspired by 
clinical experience it also illustrates the interdependence of the ward 
and the laboratory which has now received very general recognition. 

It is a circumstance familiar to most that practice in the ward and 
activity in the laboratory, which but a generation ago made few contacts, 
have now come into close relations, with a degree of mutual respect 
between those who pursue one or the other that was perhaps lacking in 
the past. 

It seems, however, that the minds of some physicians have been disturbed 
by one aspect of this new orientation. Not doubting that the laboratory 
has assisted and must continue to assist the growth of medical knowledge, 
they have felt that the introduction of multitudinous laboratory methods 
into the domain of diagnosis is tending to destroy the true Clinical Art, 
the art which for success in practice is only second in importance (if it 
be second) to clinical knowledge. It has been said that “ the older 
physicians with minds undisturbed by a crowd of scientific facts developed 
a clinical sense, sui generis, as subtle as the sense of taste or the sense of 
smell, and it was upon this sense (I quote from an article once published 
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by The Times) that the great school of English Medicine was 
founded.” 

I do not know whether there is truth in the view that reliance on 
laboratory reports tends to destroy this sense. I have read, however, 
that even when Laennec first introduced the stethoscope there were some 
who complained that its use was fatal to the dignity of the physician and 
brought only discomfort to the patient. Each new diagnostic aid from 
the laboratory, in the opinion of some few, might well come into the same 
category. One would think, however, that the clinician possessed of 
that clinical sense should be able to use every effective aid in diagnosis 
and yet employ his special gift. It is his task and his alone to make a 
final and often difficult synthesis from various lines of evidence. 

I am not qualified, nor do I propose, to say more upon this matter of 
laboratory aids to diagnosis, but I have been tempted to devote a major part 
of this Address to a consideration of another side of the relations between 
ward and laboratory, namely, the respective shares which they are likely to 
take in the future development of fundamental medical knowledge. 
That advances in such knowledge of first-class importance have followed 
upon advances in pure science pursued for its own sake is a claim which 
brooks no denial; it is a familiar theme. 

At the same time we must recognize that there are some who see danger 
to-day in relying over much on the laboratory as the source and field of 
progress in medical science. Great emphasis is being placed just now 
on the circumstance that distinct from all the laboratory science which is 
ancillary to Medicine there is Clinical Science, sui generis , the progress 
ofwhich depends on the direct and intimate study of disease as manifested 
by human beings. This, of course, must be the concern of clinicians and 
of clinicians alone, and it is felt by not a few of their number that proper 
recognition of its importance has failed of late. They urge in face of the 
rapid and almost intrusive progress of laboratory research that Clinical 
Science as defined must enjoy that independent status which is allowed 
to other branches of scientific activity. Its adequate pursuit calls for 
clinicians protected from the claims of practice but provided with wards 
or clinics. There they must practise something of the Clinical Art and yet 
function as trained and skilled investigators. Investigators so qualified 
and so equipped, while fortunately not unknown in this country, are rare, 
and the current re-awakening to the importance of what we may agree to 
call Clinical Science is stimulating a policy which aims at training them 
in greater numbers and providing them with proper equipment. The 
need has been expressed for the endowment of “ a phalanx of trained 
clinicians who shall bring clinical science to a new pitch of 
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efficiency and hold it there.” If this is to become a national policy on 
the scale which seems to be suggested it must be recognized as one calling 
for quite exceptionally large endowments. Rightly or wrongly therefore, 
the pursuit of that policy may transfer to the ward or clinic much of the 
financial support which might otherwise be enjoyed by research in the 
pure sciences ancillary to Medicine. If this is only a possibility, it is 
one of which the consequences should be so far as possible foreseen. 
Full sympathy with the aims of the policy in question, ideally viewed, 
may yet go with some fear of the issue, and especially of a distant issue 
if it be developed too hastily or too far at a time when national resources 
are restricted. 

I feel that questions which may thus arise are not without interest for 
the Royal Society which has been entrusted with large bequests for the 
express purpose of supporting original research in medicine, devoted to 
improvement in the treatment of disease and the relief of human suffering. 
The greater part, though not the whole of these resources, is being devoted 
by the Society to the support of fundamental researches and not to those 
ad hoc investigations which must be the business of Clinical Science as 
understood. Is that policy, it may be asked, open to criticism ? The 
Society may in any case take pleasure in knowing that two of its own 
Fellows having enjoyed the freedom and the equipment necessary for 
the pursuit of Clinical Science have proved by their brilliant contributions 
to knowledge that within that specialized discipline work of the greatest 
importance may be done. Sir Thomas Lewis and Dr. Edward Mellanby 
will, I am sure, excuse this personal reference. 

The successes of Clinical Science in such hands and in certain fields are 
indeed notable. Yet is it not true that the fields open to its methods of 
investigation, methods, that is to say, which are applicable to the living 
human body, must always be very limited when compared with the 
whole field of knowledge to be cultivated in the interests of Medicine ? 
In a sincere desire to know how the future of this specialized branch 
of science is viewed by those who wish for a large increase in its 
personnel I have turned to the writings of those who do so wish,, 
and who have doubtless pictured for themselves the field of its future 
activities. 

I find that Sir Thomas Lewis has divided these activities into three 
categories. The first is the “ Discovery of Disease ” which he defined 
as a pursuit standing for the clear description of specific diseases or 
states so that these may be identified by others. The second category 
comprises experimental work on clinical cases; and the third the applica¬ 
tion of physiological discoveries to human material. This last category 
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calls for no comment here. In discussing the first I will ask you to follow 
the fate during the history of modern Medicine of a particular intellectual 
standpoint. The discovery of disease in the sense defined has been the 
aim of enlightened clinicians ever since Medicine made in the seventeenth 
century its escape from Galenic authority. But in so far as the definition 
implies the existence of diseases as independent entities it is of profound 
and, I think, of quite general interest to note how the reality of such a 
conception has been supported, challenged and reasserted throughout the 
history of modern Medicine. Does the identification of any disease as 
something specific mean that it is a real entity or is it at most a convenient 
abstraction ? This question has provided ground for vehement con¬ 
troversy between schools of thought differing in fundamental outlook or 
affected by the influence of varying milieux. The history of this conflict 
can be plainly followed in an admirable book, the “ Nosology ” of the 
Danish author, Knud Faber. 

How ill-equipped was the medical mind regarding the nature of disease 
at the time when the experimental study of nature began and this Society 
had its birth is illustrated by the terrible professional treatment suffered 
by our Royal Founder as he lay dying. Arthur Bryant’s apparently 
well-documented account of the scene induces nothing short of horror. 
One wonders intensely how William Harvey would have viewed that 
scene. The Galenic teaching, still influencing the practice of his con¬ 
temporaries, was, we know, contemptible to him. It is hard not to 
believe that had Harvey lived for five years longer his name would have 
been among those of our Original Fellows. His intimate friend, Dr. 
Ent, was of their number. 

Harvey was a clinician but he was also instinctively a believer in the 
virtues of experiment and, as we know, supported his great theme by 
endless observations and experiments upon a great number and variety 
of animals. It has nevertheless been claimed that he was the father of 
“ Clinical Science ” and the claim need not be disputed. 

The list of our original Fellows who joined the Society in 1663 com¬ 
prises 146 names, of whom 24, or a sixth of the whole, were those of 
practising physicians. Ent, the friend of Harvey, and James Goddard, 
noted for the possession of a laboratory of which the Society made use, 
were on the first Council. Among others of great contemporary eminence 
were Francis Glisson and William Croone. 

But there was one truly great physician who though a close friend of 
Robert Boyle, and doubtless very familiar with the advent of the Society, 
failed to join it though he lived for a quarter of a century after its founda¬ 
tion. This was Thomas Sydenham. Even a little familiarity with 
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Sydenham's writings will explain his abstention. He was a man who not 
only rejected the authority of the past but who hated theory and any kind 
of deductive speculation. For those who ignored the good work of 
Harvey the only kind of science which at that time had intruded into 
the field of Medicine was the pseudo-science of the iatro-chemists, and 
for that Sydenham had rightly no use whatever. He probably did not 
realize that the group of experimentalists then for the first time assembling 
were to initiate the growth of a kind of science very different from that 
which he mistrusted. With all his merits he was not, 1 think, possessed 
of great vision. But what we have to recognize is that Sydenham was a 
pioneer in that discovery of disease of which we are thinking. He loved 
system and, believing that each disease is an entity quite apart from 
the particular patient who displays it, he taught that the first task of 
the clinician was to reduce diseases to certain definite species with the 
same care that botanists were then using in their description and classi¬ 
fication of plants. This was his own endeavour and he was the first 
to bring groups of related symptoms together and view them as having 
behind them an objective entity; something displayed by, but independent 
of, the patient—a specific disease. But Sydenham—if we except some 
of his views about treatment—was ever sane, and essentially scientific. 
Some of his lesser followers, however, pushed to absurdity the making 
and classification of species in disease. It was at one time taught, for 
instance, that there were twenty species within the genus Phthisis. 

There was no outstanding advance in the theory or practice of Medicine 
during the 18th century though much was written concerning both. 
“What a vast literature,’’ wrote Sir William Osier, “exists between 
Sydenham and Broussais. What a desolate sea of theory and specu¬ 
lation.” 

Real medical progress had indeed to wait till the rise of the great French 
school in the early years of the last century. At first most of the eminent 
physicians at Paris shared Sydenham’s belief in specific diseases as 
entities, and classified them accordingly; but they added something to 
mere observation of symptoms as a basis for their classification. Bichat, 
for instance, one of the leaders of the school, was a profound student of 
pathological anatomy. He relied, moreover, on the microscope, the use 
of which may be said to represent the laboratory research of that day. 
Bichat emphasized the importance of relating the specificity of each disease 
to the nature of the fundamental tissues attacked rather than to dis¬ 
turbances as displayed in individual organs. But the Paris school as a 
whole adhered to ontological views. Each disease was for them an 
entity of which the pathognomic symptoms were to be carefully sought 
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and defined at the bedside. It was thus logical that this school should 
believe with Sydenham in the search for specific remedies to which they 
gave much attention. As we are thinking of one aspect only of medical 
history I must pass over the services of two great Frenchmen of this time, 
Laennec and Louis; those of the former to the art of diagnosis, and of the 
latter to medical statistics. But in this Paris school there arose one 
whose thought and teaching were rebellious. This was Broussais, 
mentioned by Osier in the remarks just quoted. Broussais vehemently pro¬ 
tested against the conception of diseases as actual entities. They are, 
he urged, at best but factitious ones; metaphysical abstractions; no 
two cases displaying certain morbid symptoms in common are ever really 
the same. He held that ontological views inhibited progress and led to 
false treatment. Broussais’ teaching had merit in its insistence that 
disorders of function should receive more attention amid the pathologico- 
anatomical studies of the day. He does not seem, however, to have 
influenced greatly the thought of his compeers in France, but his rejection 
of ontological conceptions was supported in important schools elsewhere. 

Such was the contemporary school at Vienna which concerned itself 
not at all with the discovery of disease in the sense of which we are 
thinking. It ignored the demand of Sydenham and the Paris school 
that the clinician should seek to discover in each patient a specific disease 
and label it. His task, it taught, was rather to identify in the patient 
the various individual lesions which pathological anatomy had dis¬ 
covered or was discovering. A leading member of the school, Roki¬ 
tansky, writing in 1846 claimed “ that pathological anatomy should be 
the base not only of the knowledge of physicians, but also of their practice 
as it contains all there is in medicine of positive knowledge and the 
foundations of it.” 

Let it be remembered, however, that great English-speaking physicians, 
though certainly not protected from the claims of practice, were mean¬ 
while busy at the bedside in the discovery of disease and brought about 
very real advances in clinical knowledge. In Ireland, Graves, Stokes, 
Cheyne and Adams; in England, Addison, Bright and Hodgkin, the phy¬ 
sicians of Guy’s Hospital. All these great men clearly demarcated the 
diseases and clinical conditions which are now indelibly associated with 
their names, and their identification of these as specific states re¬ 
tained its full value to this day. 

There remains for far too brief consideration the great movement in 
German medical thought which culminated in the middle of the last 
century. It was associated with a strong reaction against all personifi¬ 
cation of disease, and against all claims for specificity based on the mere 
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assembling of associated symptoms. The leaders of this movement 
taught that Medicine should employ the methods of physiology, for 
pathology is no more than the physiology of the diseased organism, while 
experiment is the ultimate and highest resource in pathological physiology. 
Virchow, whose powerful influence long kept these traditions alive, held 
that French and British ontology had stood in the way of real progress 
in scientific medicine, and believed that with its destruction the pernicious 
use of a therapy falsely called specific would also disappear. 

It is only to this particular aspect of the German medical thought of 
that day that I can refer. It was a stage in the remarkable history, which 
I am asking you to follow, of a mental attitude. 

The German school of thought in question stood, of course, for much 
more than this rejection of specificity in disease. Whatever its faults 
from the clinical standpoint, and some I know feel that its faults are too 
nearly being reproduced to-day, its scientific preoccupations certainly 
prepared the way for that truly progressive later period when the Viennese 
and German clinics attracted students from all over the world. It has 
been said with reason that the movement during the time of its dominance 
did harm to true bedside practice. If to look upon diseases as entities 
distinct from the bodies diseased was not philosophically justified at a 
time when no specific causal agent was known for any one of them, 
it is yet sure that the conception of individual maladies, however, abstract 
was essential in bedside practice if only for clear description and guidance 
in treatment. It is worthy of remark here that the logical French mind 
of Trousseau, a great bedside observer, was yet insisting, in 1861, when 
the so-called physiological school of Germany was exerting a great 
influence, that “ the natural history of diseases resembles that of animals 
and plants; it deals in the same way with specific properties which separate 
the species.” Trousseau thus went right back to Sydenham. 

Almost immediately after this there came from the laboratory, whence 
alone it could come, knowledge which was to go far towards justifying 
Sydenham and Trousseau. The work of Pasteur did more to clarify 
medical thought in a vast field than most of the emanations from the 
clinical schools we have been considering. i 

I must not, of course, stop to discuss the growth and influence of 
bacteriology and micro-biology in general. The influence they have 
exerted is patent enough even to those who have no more than a super¬ 
ficial acquaintance with the progress of Medicine, clinical and preventive. 
In parenthesis it should perhaps be noted that the field of disease in 
which infection intrudes as a causitive factor, though wide enough, is 
somewhat narrower than earlier enthusiasm led us to believe. 
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So far, however, as my particular theme is concerned we have only to 
admit at this stage that a disease can justifiably be classed as a species 
when once its symptomatic display can be traced to a recognizable specific 
cause. Before Pasteur the only representative of such a cause was a 
mysterious something—something as it were divine—which Hippocrates 
himself had declared to be unknowable. Sydenham relied upon this, 
and so, explicitly, or more often implicitly, did the ontological thinkers 
who followed him. Pasteur replaced it in the case of infective disease 
by the highly objective micro-organism. 

But we come at last to what would seem to be the final stage in this 
long history of what, following Sir Thomas Lewis, 1 have called the 
discovery of disease. Discussions concerning causation have always 
been troublous to the human intellect, and modern science tends more 
and more to elude them. In the clinical field there began some years ago 
a new emphasis on the constitutional factor in disease. A specific 
disease for instance follows upon the invasion of the body by a specific 
micro-organism; but not always. The presence of bacillus or virus is 
the efficient but not necessarily a sufficient cause of that disease. It is a 
familiar circumstance that we meet with carriers of an infective agent; 
folk who fortunately for themselves are so constituted that they harbour 
it without result, but unfortunately for others can transmit it. We 
may say then if we like, that constitutional lack of resistance is, no less 
than the presence of the infective agent, a link in the chain of causes. 
The constitutional factor is equally intrusive in the case of diseases of 
which the efficient cause is something other than infection. But the 
“ constitution ” of an individual depends, of course, upon many factors, 
inherited and acquired, and involves the relative functional efficiency 
of every organ in the body. It is doubtless susceptible of analysis 
by modern methods, and need not have for us that vagueness which 
attached to the old conception of a diathesis. It is complex in nature and 
yet must be in the thought of all who are concerned with the appraisement 
and treatment of diseases. 

I have felt indeed that my justification for asking you to listen to so 
long a discussion is? that this history of an age-long controversy may help 
to a realization of the greatness of the task of an individual to-day, 
if he is to advance knowledge as a clinical observer and also become an 
experimental investigator. In his approach to clinica l appraisements 
he has to consider, not obvious symptoms alone, but the patient 
as a whole; his hereditary background, his environmental history, his 
psychological type. He has to remember that, as Broussais said, no 
two cases are ever the same. In his difficult synthesis the physician 
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of to-day has to remember the significance of data infinitely more numerous 
than those known to the old physicians whose praises were sung in my 
quotation from The Times. It would seem that he must possess or 
acquire in high degree that subtle clinical sense that was claimed for 
them, though with a mind no longer “ undisturbed by a crowd of 
scientific facts.” In acquiring the special quality of mind which this 
difficult synththetic power demands the clinical observer must be no 
specialist, and I cannot help feeling that the very structure of his mind 
must come to contrast with that of the successful experimental investigator 
whose thought must be analytical. Only exceptional individuals can, I 
think, excel in the double role. 

Returning, however, to the categories pictured for the future activities 
of Clinical Science viewed as an independent pursuit, you will remember 
that the second category comprised “ experiments on clinical cases.” 
We all know that the method of controlled experiment wherever it can be 
applied is a shorter route to knowledge than the slow path of recorded 
observation. So far as it can be applied at the bedside to pursue it there 
to-day is one of the most praiseworthy of scientific aims. It would seem 
that in its application clinical science is most likely to attain to success 
denied to ordinary clinical observation, however enlightened. Let it 
be said in parenthesis that there is no thought of experiments which can 
do harm to patients. My own feeling, however, which may, I admit, 
be based upon lack of knowledge or of vision is that the fields in which 
really controlled experiments can be carried out on the intact human 
body are limited. Is there not indeed the same limitation of the field 
of controlled experiment when it is applied to the healthy body whether 
of man or animal? There is a great school of physiology which, in 
the belief that ultimate significance may be lacking from data obtained 
when any organism is studied in its parts, has largely confined its 
researches to a study of the living (and preferably human) body. That 
school has provided us with knowledge which could have been obtained 
by no other methods than its own. Its distinguished leader indeed 
has himself, without departure from his ideals, rendered supreme 
service to physiological science, and, by applying the knowledge he 
has won, equal service to the health of industrial communities. In 
awarding its Copley Medal this year to Dr. John Scott Haldane this 
Society has honoured itself in its recognition of so great accomplishment. 

Dr. Haldane has shown what invaluable knowledge can be won from 
the living body by genius and skill when applied in well-chosen fields. 
It is nevertheless true that anyone who has followed the progress of 
physiology during the last twenty years knows that it has developed in 
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wide fields where experiments on the intact body of man could have 
had no possible application. 

I am not able to assert that the field of clinical cardiology and related 
subjects which the work of Sir Thomas Lewis has illuminated is wholly 
exceptional in the opportunities it affords for experiment. I know that 
Dr. Edward Mellanby’s studies of nutrition in relation to disease though 
based so largely on his field laboratory experiments have gained in import¬ 
ance by his work in the clinic while his results have a great future in their 
clinical applications. They offer a real illustration of that interaction of 
clinical and experimental work which is the theme of the admirable book he 
has written. There may be other experimental fields for Clinical Science 
of equal promise. I do not know, but I am voicing a suspicion that they 
are relatively few. 

But 1 do know that there are many very wide fields in laboratory science 
the cultivation of which will continue to benefit Medicine and it is sure 
that the pursuit of pure science may at any time contribute to unexpected 
progress in entirely new directions. 1 will here display a fault in advocacy 
by choosing, for illustration, a field in which I am personally interested. 
I believe profoundly in the ultimate importance to Medicine of certain 
current activities in the laboratory which are relatively new. 

In the history of all science which has dealt with living organisms a 
natural sequence may be traced. There is first the purely descriptive 
phase with the morphological studies which ultimately tempt efforts of 
classification; Then comes the study of function and the endeavour to 
correlate function with structure. Later the nature of the materials 
which support structure and form have received attention, and, later 
still, the endeavour has been made to follow the dynamic molecular 
events which underlie all displays of active function. Modern bio¬ 
physics and biochemistry are busy upon the last task which, though not 
long begun, is to-day progressive at\d its progress is accelerating. 

I am convinced that ultimately we shall attain to an adequate intel¬ 
lectual picture of these invisible events and of their organization in 
living tissues. Our thoughts will then penetrate below the surface 
of visualized phenomena. Disease itself will be viewed from a 
new standpoint. I believe indeed that even now those who think in 
terms of molecular events may have visions of progress denied to those 
whose thought is guided by the visible alone. 

To the advancement of such knowledge studies of the intact body can 
contribute at most but very little. You will, of course, understand that 
I have throughout been speaking of the advancement and not the applica¬ 
tion of knowledge. 
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I will pause here to ask you not to look upon me as a mere obstructionist; 
I do not wish to see obstacles put in the way of activities in a field which, 
from the very nature of things, must always be of much importance. I 
would personally like to see a Chair of Experimental Medicine in every 
University capable of providing for such a Chair an adequate Clinic. 
More—if clinical science is to be encouraged without any discouragement 
of laboratory science, 1 would like the encouragement to be as generous 
as possible. I am only urging that in any planning for the future 
endowment of medical research proper consideration should be given 
to the relative magnitude of the fields in which new knowledge should 
be sought. 

1 seem to have sensed, however, the beginnings of a definite movement in 
this country, and indeed elsewhere, not, of course, to ignore the laboratory; 
but in the distribution of funds provided for medical research to endow 
the Clinic on a scale which might endanger the future of research in 
fundamental biological science. The tenor of my remarks has been 
due to a conviction that in the long run such a policy would sterilize 
advance. 

I am tempted here to a quotation which I owe to Knud Faber. It is from 
the writings of the great French physician, Charcot. Charcot taught that 
clinical observation must ever remain the supreme court of jurisdiction on 
the clinic itself, but he says of it that “ without scientific renovation it soon 
becomes a belated routine and, as it were, stereotyped.” It was plain to 
Charcot, says Faber, that the fundamental sciences were the source from 
which clinical observation and clinical analysis must always derive their 
impulse for advance. 

Encouragement of fundamental science is the special duty of the Royal 
Society. The Society is, nevertheless, entrusted with Funds with instruc¬ 
tions to employ them for the advancement of medical knowledge leading 
to the relief of human suffering. It is well to recognize frankly that the laity, 
when anxious to support research directed to this end, is seldom aware of 
the influence of pure science on the progress of Medicine; a phrase in a 
will may therefore suggest limitations for the use of a bequest that the 
Testator with fuller knowledge would not have desired. 

I will close by expressing the hope that the Society, when acting as 
Trustee in such cases will maintain a belief in its freedom to endow what¬ 
ever field of research may at any moment seem to offer most help towards 
the progress desired, whether it be in the relatively narrow region of 
clinical science or in the wider regions of pure science. 
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Statement of Awards of Medals, 1934 

Professor John Scott Haldane is awarded the Copley Medal for 
discoveries in physiology and their application to a number of important 
problems, practical and industrial, in which the human factor is involved. 
Haldane’s researches in physiology centre on that of respiration. His 
work on the chemical regulation of breathing first made clear the delicacy 
of correlation on which depends the power of an animal to adapt itself 
so widely to environment, or to bodily activity. While this work has 
greatly affected the outlook of physiologists, and has had a fundamental 
influence on medicine, it has led also to applications of the greatest 
value, not only in science and medicine but in everyday life. These 
applications have shown no less skill and judgment, and have been no 
less imbued with the philosophical spirit, than his researches in pure 
physiology: indeed, they have continually acted and reacted with the 
latter. Thus his investigation of the causes of death in colliery explosions 
led him to his researches on the union of haemoglobin with oxygen and 
carbon monoxide, thence to his discovery of the action of light on the 
equilibrium between these substances, a discovery which has played a 
fundamental role in the investigation of others. As another example, 
his interest in the influence of high underground temperatures on the 
working capacity of miners led him to an exhaustive study of the regula¬ 
tion of bodily temperature and of the function of the sweat glands. 
Haldane’s contributions to problems of mining, ventilation and hygiene, 
and to measures to increase the safety of mines, have won him the 
gratitude and admiration of miners and mining engineers throughout 
the world. His “ stage decompression,” based on a bold and simple 
application of gas-laws to the human body, gives him a similar claim to 
the gratitude of divers, or of workers in compressed air, who are liable 
to caisson disease. The most striking characteristic of Haldane’s 
work is the way in which his great experimental skill, based always on 
the simplest methods, and his strong philosophical instincts, have reacted 
with the broad humanity of his outlook and with the courageous use of 
his own person, when necessary, for the more drastic observations. The 
skill and the philosophical outlook have led to results of great scientific 
distinction: the humanity and the courage to results of great practical 
importance. Haldane’s researches have influenced such diverse activities 
as mining, diving, flying, muscular work, mountaineering, protection 
against gas; and his teaching has left a permanent mark on physiological 
thought. 
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The Rumford Medal is awarded to Professor Wander Johannes 
de Haas. 

One of the main pieces of work that brought fame to de Haas was on 
the Einstein-de Haas effect, the measurement of which constitutes the 
first experimental proof of the spin of the electron. In association with 
a series of collaborators he has made an extended study of the magnetic 
susceptibilities of various diamagnetic solids in the single-crystalline as 
well as in the poly-crystalline form. These studies revealed a dependence 
of the magnetic susceptibilities on the strength of the magnetic fields 
used and also on the temperatures at which the measurements were 
made. Similar studies were made by de Haas of the electrical resistance 
changes undergone by diamagnetic substances under the influences of 
magnetic fields of various strengths. High diamagnetism and strong 
resistance-changes were found by him to go together. Von Laue, who 
had experimented for a long time on the refraction of light through a 
number of small holes, came to the conclusion that his results could 
only be explained by the use of the Quantum Theory of light. De Haas 
in 1917 showed that tlfb phenomena could be explained quite readily by 
Classical Theory. It has often been conjectured that especially in the 
case of diatomic molecules with both electric and magnetic moments 
parallel to the molecular axis of figure the application of a magnetic 
field would produce electric as well as magnetic polarization and that 
vice versa an electric field would magnetize the body. This effect has 
not been observed as yet, though it was carefully looked for with gaseous 
and with liquid nitrous oxide. To de Haas, in explanation of the failure 
tb 'observe the effect, is due the suggestion that nitrous oxide molecules 
are “ ambidextrous ” and that these left and right-handed molecules 
are always present in equal numbers. In recent years de Haas has done 
an enormous amount of work on the superconducting properties of 
metals. In particular he has studied exhaustively the effect of magnetic 
fields on superconductors. This is most valuable and the results are 
likely to lead to very important developments in the theory of electric 
conduction in metals at low temperatures. 

Recently de Haas has succeeded in reaching the lowest temperature 
as yet attained. It was done through the use of a cooling effect obtained 
by the adiabatic demagnetization of paramagnetic salts. His latest 
achievement in this field was to reach a temperature of 0 031° K 
in a volume of 56 cubic centimetres of potassium chrome alum through 
demagnetizing the salt when it was thermally insulated. 
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A Royal Medal is awarded to Professor Sydney Chapman. 

Professor Sydney Chapman has made contributions of the highest 
importance to the kinetic theory of gases. In the original researches of 
Clerk Maxwell an artificial assumption as to the law of attractive force 
between the molecules was introduced for the purpose of simplifying 
the mathematical analysis. Chapman has worked out a generalized 
theory which assumes no properties for the molecules other than spherical 
symmetry and has derived formulas for the viscosity, diffusivity and 
conductivity of a gas; he has applied these results in detail to three special 
cases. His investigations have also been extended to the cases of a 
non-uniform simple monatomic gas and of a composite monatomic gas. 
Much of Chapman’s work has been concerned with terrestrial magnetism. 
He has outlined a theory of magnetic storms, discussed the energy of 
such storms and the inferences as to the electric and magnetic state of 
the interior of the earth which can be deduced from terrestrial magnetic 
variation. He has developed a general theory of the diurnal variations 
in the earth’s magnetism produced by the moon and sun. The lunar 
diurnal magnetic variations at many stations have been determined by 
the analysis of observations extending over many years and the results 
compared with theory. Somewhat parallel to these investigations have 
been investigations of the general magnetic field of the sun and of its 
radial limitation; of solar ultra-violet radiation as a cause of aurorae and 
magnetic storms, of the influence of solar eclipses on the ionization of the 
upper atmosphere and the study of the properties of solar streams of 
corpuscles. Chapman has developed a theory of the lunar atmospheric 
tide and tested it by the analysis of barometric readings extending over 
many years at a number of different stations. The composition, ioniza¬ 
tion and viscosity of the atmosphere at great heights and a theory of 
upper atmospheric ozone are some of the other problems to which 
Chapman has devoted his attention. 

A Royal Medal is awarded to Professor Edgar Douglas Adrian 
for his distinguished work on the physiology of the nervous system. For 
many years physiologists have been concerned with the changes of 
electrical potential attending the contraction of a muscle or the propaga¬ 
tion of an impulse in a nerve. Adrian’s work lies in the natural sequence 
of these classical researches in electro-physiology, but its great distinction 
is in the fact that it deals with the activities of the sin gle nerve fibres, 
single sensory end organs, single muscle fibres, and single nerve cells of 
which neuro-muscular function is built up. In each of these he has 
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found one simple quantitative factor in the physiology of sensation or 
response, namely^the frequency of the rhythmic electrical disturbances 
which occur in it Increased intensity of stimulus to a sensory organ 
means increased frequency of impulses arising from it; increased response 
from a muscle fibre means increased frequency of stimulation. In this 
way Adrian’s work can be said to have established the “ atomic” nature 
of nervous activity as nothing before has done. Recently Adrian has 
studied the electrical changes of the cortex of the brain, and with 
Matthews has shown how, even in conscious man, objective graphic 
records can be made of the rapid electrical accompaniments of various 
cerebral states. In earlier work he dealt with the complex effect of 
light on the retina. In all such respects Adrian has fulfilled the hopes 
of Keith Lucas’s work, whose pupil he is proud to confess himself. 
Equally he has exhibited and made objective factors in the bodily use of 
the nerve impulse, which Sherrington recognized but of which he could 
obtain only indirect evidence. The Society may be satisfied that it 
has been able thus to honour the inheritor of so great a tradition and one 
who has himself contributed so greatly to the subject. 

The Davy Medal is awarded to Professor Walter Norman Haworth. 

Walter Norman Haworth is distinguished for his researches on the 
molecular structure of the carbohydrates. He established, in collabo¬ 
ration with E. L. Hirst, the six-membered oxide ring constitution of the 
normal simple glycosides, a formulation which is now universally accepted 
as correct. Following this up, he showed that the more labile so-called 
y-glycosides contain a five-membered ring, and he has surveyed the 
wide field of the saccharides, allotting on experimental grounds a pyranose 
or a furanose structure to the varied members of the series. Further, 
he has successfully attacked the problem of the full constitution of di¬ 
saccharides and even of polysaccharides, and has been able to present a 
picture of the relations of an entire group of natural products as complete 
and as satisfying as any in the organic chemist’s gallery. His work has 
a characteristic quality of conclusiveness, due in large measure to a wise 
insistence on the importance of the use of crystalline reference com¬ 
pounds. In this and other connections he has made notable advances 
in the appropriate experimental technique. 

The Darwin Medal is awarded to Professor Albert Charles 
Seward, 

Professor A. C. Seward has taken a very important part in the great 
revival of interest in fossil plants which commenced towards the end of 
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last century and which has provided such a weight of direct evidence for 
the doctrine of evolution. Of his larger works, the British Museum 
Catalogues of Jurassic and Wealden plants have been invaluable to 
subsequent investigators of these floras, while the great text-book on 
Fossil Plants, published during a period of twenty-one years, has made 
the wide fields of palsobotany easily accessible to all botanists. This 
detailed record of the earlier stages of plant history is indispensable 
alike to the student and the investigator. More recently Professor 
Seward has collected the results of his long-continued studies in a form 
appealing to a wider public. An admirable summary of our knowledge 
of the past history of vegetation, of its distribution throughout the world 
and of its bearings on the problems of fossil climates and palaeogeography 
is contained in his book “ Plant Life through the Ages.” In this the 
fossils are seen as living plants in a real world and the knowledge of 
them is applied as the key to the significance of the distribution and 
composition of the flora of the present. More than a hundred memoirs 
dealing with detailed studies of collections and individual plants have 
appeared from his pen during this period. Among them his studies on 
the fossil floras of the southern hemisphere and of the old continent of 
Gondwanaland must be especially mentioned. His botanical and 
geological contributions to problems of palasoclimatology give not only 
the fruits of mature thought, but the mass of data collected is of permanent 
value for all future investigators. These studies also are of great 
importance in connection with the theory of Natural Selection. 

The Sylvester Medal is awarded to Earl Russell. 

The name of Bertrand, Earl Russell, is proposed for the Sylvester 
Medal, in recognition of his researches on the Foundations of Mathe¬ 
matics. His earlier writings, the “ Essay on the Foundations of Geo¬ 
metry” (1897) and the “Principles of Mathematics” (1903), in the 
latter of which the attempt was made to reduce all Pure Mathematics 
to Symbolic Logic, led up to the great undertaking (originally planned as 
a second volume of the “ Principles ”) of the “ Principia Mathematica,” 
the first volume of which (written in collaboration with Professor A. N. 
Whitehead) appeared in 1910 and two further volumes subsequently. 
This, the most important work of the “ logistic ” school (as distinguished 
from the “axiomatic” school led by Hilbert, and the “intuitionist” 
school led by Brouwer) is written in ,a symbolism originally devised by 
Peano and greatly extended by Russell; its thoroughness may be judged 
from the fact that it reaches arithmetic only after 666 pages. Most of 
the original researches published since 1914 by members of the logistic 
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school have taken the “ Principia ” as their point of departure; and 
whether its doctrines eventually win universal acceptance or not, there 
can be no doubt that it will always rank as a masterpiece. 

The Hughes Medal is awarded to Professor Karl Manne Georg 

SlEGBAHN. 

Siegbahn began his research work in the field of electro-magnetic waves 
and published a series of theoretical papers on the transmission of electrical 
disturbances along cables, and on related electro-magnetic problems. In 
1912-1913 he carried out some investigations on the vibrations of tele¬ 
phone-membranes by the use of a method for photographic registration 
identical in principle with one of the methods nowadays commonly used 
in the talking-film technique. Since 1914 most of his research work has 
been devoted to X-ray physics, especially to X-ray spectroscopy. His 
results in this field are collected in the monographs: “ Spektroskopie der 
Rontgenstrahlen,” Springer-Berlin, 1923; Second Edition, 1931, and the 
“ Spectroscopy of X-rays,” Clarendon Press, Oxford, 1925. With a view 
to bridging the gap between the X-rays and the optical spectra, the method 
with ruled gratings at grazing incidence was made the subject of a 
thorough investigation by him. In connection therewith two ruling 
machines of new design were constructed by him and built at his laboratory 
in Upsala. Gratings ruled on these machines have been successfully used 
by him and his co-workers for exploring the unknown region of X-ray 
spectra (20-500 A). He has succeeded in registering and measuring a 
large number of X-ray series, including the N- and O-series in this region. 
This work is now in progress and is being pressed forward vigorously. 
Professor Siegbahn’s gratings, though small, are among the finest ever 
ruled. In addition to his work on long-wave X-rays, Professor Siegbahn 
is also at present laying the foundations for an exploration of the spectral 
region between short radio waves and infra-red radiation. One of the 
most outstanding pieces of work carried out by Professor Siegbahn and 
his co-workers in the field of radiation includes their beautiful demon¬ 
strations of reflection, refraction, interference, and diffraction phenomena 
with X-rays. 
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The Diffusion of Potassium Chloride in Aqueous Solution 
By J. W. McBain, F.R.S., and Dr. C. R. Dawson* 

{Received June 27, 1934) 

Diffusion is one of the simplest and most significant properties of 
substances in solution, and yet it has received comparatively little atten¬ 
tion for lack of a ready method of obtaining even moderately accurate 
data. The state of this subject is strikingly revealed when one plots, 
as in fig. 1, the data of International Critical Tablesf and of Landolt- 
Bdrnstein TabellenJ for potassium chloride, which presumably comprise 
the best measurements available for any one substance. It is evident 
that a very arbitrary choice would be required to deduce quantitative 
information from these conflicting numbers obtained at such great 
expense of time and trouble. 

The device introduced by Northrop and Anson§ of arranging that 
diffusion should take place between two homogeneous bodies of liquid 
through a porous partition of sintered glass (or of alundum) appears to 
provide a very simple, rapid, and reproducible method of obtaining 
diffusion data for electrolytes, non-electrolytes, mixtures and colloids, 
under very varied conditions. || 

The present communication records measurements of the diffusion 
coefficient of potassium chloride at 25° over a range of concentration 
from 01 to 2-ON. The measurements include both “integral” values 
for diffusion into water, and “ differential,” or “ true,” or “ instan¬ 
taneous ” coefficients for diffusion into a second solution of slightly less 
concentration. 

Experimental 

The diffusion cells used^f are shown in fig. 2. The simpler one A 
may be used for most purposes, but the double-ended one B possesses 

* Experiments by C. R. D. 

t Vol. 5, p. 68 (1929). 

t 5th ed., vol. 1, p, 246 (1923) ; 5th ed., ‘ Erganzungsband II,’ part 1, p. 189 (1931). 

§ * J. Gen. Physiol.,’ vol. 12, p. 543 (1929). For further standardization and 
development of technique, see McBain and Liu, ‘ J. Amer. Chem. Soc.,’ vol. 53, 
p. 59 (1931) ; Dawson, ibid., vol. 55, p. 432 (1933). 

|| Compare M. E. Laing McBain, ‘ J. Amer. Chem. Soc.,’ vol. 55, p. 545 (1933) ; 
McBain and Dawson, ibid., vol. 56, p. 52 (1934); McBain, Dawson and Barker, ibid., 
vol. 56, p. 1021 (1934); Scherp, ‘ J. Gen. Physiol.,' vol. 16, p. 495 (1933). 

H Made for us by the Jena Glaswerk Schott und Gen. through the Fish-Schurman 
Corporation of New York. 
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Fio. 1—The data of International Critical Tables (I.C.T.) and of Landolt-BOrnstein 
Tabellen (L.B.T.) for the diffusion coefficient in cm s /sec of potassium chloride 
at 18°.* o Clack, true diffusion; • Clack, integral diffusion; A Oholm; 

nZuber; 0 Graham-Stephan, L.B.T. 12-5"; 4 Schuhmeister, L.B.T. 10°; 
A Thovert, L.B.T. 17-5°; ■ Cohen and Bruins, I.C.T. 20°. 


* In several cases indicated, data at other temperatures are arbitrarily converted 
to 18° by multiplying by the ratio of the absolute temperatures and dividing by the 
ratio of the viscosities of water at the two temperatures. The value of the diffusion 
coefficient of decinormal potassium chloride at 20°, 1 448 cm’/day, as obtained by 
Cohen and Bruins, is misprinted in the Landolt-Bornstein Tabellen. The theoretical 
limiting value from the universally accepted Nernst equation for infinite dilution is 
indicated upon the figure; it is 1-674 from the data of I.C.T., or 1-682 from the 
more recent mobility value of Maclnnes, Shedlovsky, and Longsworth (‘ J. Amer. 
Chem. Soc.,’ vol. 54, p. 2758 (1932)). 
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important advantages. In it the diffusion columns may be established 
within the sealed-in membrane of sintered glass by preliminary diffusion. 
Then each of the solutions in contact with the membrane may be replaced 
by a fresh solution of accurately known composition without disturbing 
the diffusion columns, and the experiment thus begins at a known time 
with solutions of accurately known composition with the diffusion 
columns fully set up. 

It is characteristic of this porous membrane method that, when the 
heavier solution is above the membrane apd the lighter one below, gravity 



Fig. 2—Diffusion cells with diffusion columns in sintered glass membranes. (A) 
Single cell tightly fastened into beaker. (B) Symmetrical double-ended cell. 

is found to be effective in keeping both bodies of liquid automatically 
stirred. Reference should be made to previous communications cited 
for the experimental precautions and technique observed. It will be 
noted that an essential improvement in A has been made by placing a 
piece of rubber tube, packed tightly in between the cell and the beaker, 
to eliminate evaporation and to ensure a more complete protection of the 
membrane from outside thermal changes. Often mercury was poured 
on top of the rubber ring. 

In the present work the most exacting requirement, especially in 
measuring diffusion between two solutions of high concentration, was 
accuracy of analysis. An error of 0 • 1% in estimating potassium chloride 
yields an error of 20% in the diffusion coefficient of 2-0 N diffusing into 
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1 -9 N potassium chloride, although for 2-0 N diffusing into water this 
error would be only 0-1% of the diffusion coefficient. In other work we 
are accustomed to use a Zeiss interferometer for determining differences 
of the order of 10~ 7 grams per cubic centimetre in low concentrations of 
solution, but the interferometric method usually becomes untrustworthy 
and inaccurate in concentrated solutions even when great care is taken. 

Hence the gravimetric method of analysis of evaporation to dryness 
was employed, eliminating the tendency of potassium chloride crystals to 
“ creep ” during evaporation, loss by “ spitting,” and retention of water 
by the solid. Solutions were weighed into tared, flat bottomed, narrow 
necked 100 cc flasks of very thin glass with hollow stoppers made from 
bottoms of test tubes ground in. The solutions were evaporated at 60° in 
an electrically regulated air oven; the crystals were then dried by slowly 
raising the temperature to 180° and then the flasks were transferred to 
a thermostat at 310° for 20 hours. The method is simpler than that 
briefly described by Geffcken and Kohner* and the accuracy attained 
was found to be comparable with theirs. Analysis of about 75 cc of 
concentrated solution yielded 10 to 11 grams of potassium chloride, 
agreeing in duplicate experiments to within 0-2 mg. While solutions 
were primarily measured by weight, the concentration was likewise 
recorded as grams KC1 per cubic centimetre of solution, in accordance 
with the requirements of Fick’s definition of diffusion coefficient. 
Potassium chloride was Kahlbaum’s “ zur Analyse.” Calculation was 
based upon the logarithmic formula of McBain and Liu. The experi¬ 
ments lasted from 24 to 70 hours, and the solutions on both sides of the 
membranes were analysed. 

The porosity of the glass membranes was that designated by the maker* 
as G4, with average pore diameter 2 to 5 x 10~ 4 cm. The cell com¬ 
partment usually contained 100 cc, but some smaller cells of 30 cc capacity 
were also used. The basis of all measurements with these cells is the 
cell constant determined with 0 • 1 N potassium chloride at 20°, for which 
Cohen and Bxuinsf have established the value D = 1 -448 cm®/day. 


The Data 

Our data are assembled in Tables I and 11. The measurements in 
Table I for diffusion into water, giving integral diffusion coefficients over 
the whole intervening range, are comparatively easy as compared with 

* 1 Z. phys. Chem.,’ B, vol. 1, p. 458 (1928). 
t ‘ Z. phys. Chem.,’ vol. 113, p. 159 (1924). 

D 2 
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those of Table II where in each experiment the solution above the mem¬ 
brane was originally more concentrated than that below the membrane 
by exactly 0*1 N. For comparison with our results Table I includes 
those published by Liu,f which are seen to be in remarkable agreement. 
Furthermore, two results are included in Table I which were obtained 
with 30 cc cells equipped with sintered glass membranes of porosity 
“ G5,” which are bacteria-tight. These are very inconvenient to use 
because they take an hour or so to fill or rinse when sucking the solution 
through the dense membrane. However, the result is in exact agreement 
with that obtained with G4 membranes. 


Table I—The Diffusion of Potassium Chloride from Aqueous 
Solutions into Water at 25°. “ Integral ” Diffusion Co¬ 


efficients in CM 2 /DAY 
Cone. N 

0 01 1-724 1-710 1-708 

0-02 Liu 

0-1 1-638 1-629 1-626 1-630 1-635 1-631 1-628 1-630 1-633 

0-1 Liu 1-631 

0-2 1-632 1-615 1-612 

0-5 1-601 1-596 1-592 

0-5 Liu 1-580 1-567 1-572 

10 1-647* 1-649* 1-667* 1-644 1-655 1-651 1-652 1-656 1-653 

2-0 1-688 1-700 1-704 1-700 1-695 1-696 

2 0 “ G5" 1-693 1-702 

* Earlier technique. 


Mean 
1-714 
1-687 
1-631 
I-631 
1-620 
1 596 
1-573 
1-653 
1-697 
1-698 


Table II— The Diffusion of Potassium Chloride at 25° in Higher 
Concentrations between Aqueous Solutions Differing by 
0-1 N. “True” Diffusion Coefficients in cm 2 /day 
Concentration of more concentrated solution Mean 


0 

(Calculated from Maclnnes, etc.) 



1-722 

0-1 N 

(From Table I) 




1-631 

0-2 

1*636 

1-612 

1-629 1-629 

1-615 

1-615 

1-623 

0-5 

I *594 

1-586 

1-576 



1-585 

10 

1 *620 

1-610 

1-596 



1-609 

1-5 

1*741 

1-736 

1-691 



1-723 

2-0 

2014 

2-002 

1-999 1-996 

1-991 

1-986 

1-998 


Discussion 

In the first place, the data are independent of the membranes used, 
being the same for alundum membranes of two different porosities as for 

t McBain and Liu, loc. cit. 
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glass membranes of four pore sizes (15 to 20,2 to 5, 5 to 10, and 1 *5 x 10 -4 
cm respectively), the average pore size exceeding twenty thousand ionic 
diameters. If there is a dependence of diffusion upon proximity to the 
solid, the effect is evidently eliminated by the method of determining the 
cell constant with decinormal potassium chloride itself. 



Fro. 3—Integral and differential values of the diffusion coefficient of potassium 
chloride in aqueous solution at 23°. O integral; A differential; □ integral 
(Liu). 

Next, the data are displayed in fig. 3. For the first time differential 
and integral values have been derived from the same apparatus. Com¬ 
paring them with the previous records of fig. 1, the integral values most 
nearly resemble those of Oholm up to 0 • 5 N, but above that ours increase 
noticeably whilst his remain constant. The increase must occur because 
the differential coefficient is rapidly increasing. This is most nearly 
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reminiscent of the data of Clack with which they nearly agree at about 
0*5 N, but his values are seen to rise linearly with higher concentrations 
whilst ours definitely do not. Thus for a portion of the upper range of 
concentrations our results would fall below his, but afterwards they rise 
to a value nearly 10% higher than would correspond to his. In lower 
concentrations it appears quite possible that if we had used a narrower 
bracket than our arbitrary difference of 0 • 1 N, our differential diffusion 
coefficients would have been somewhat lower. Had this work not been 
unexpectedly interrupted, we should have continued the curve of true 
diffusion into more dilute solutions and should have checked the integral 
value for 0-2 N; the experiments were, in fact, completed, but the 
analyses were destroyed by an accident. We, therefore, cannot draw 
the “ true ” diffusion curve for lower concentrations in fig. 3. In com¬ 
paring Clack’s graph with ours it may be noted that his individual results 
diverge from each other by several units in the second decimal. In 
a general way, but only to a first approximation, our results like his 
conform with the theoretical treatment of Onsager and Fuoss.* 

The relation between the integral and differential coefficient is not 
quite simple because the diffusion gradient within the membrane is not 
linear.f This was very clearly seen in the measurement of soap solutions 
by M. E. Laing McBain (loc. cit.) where there was but little difference 
between the two owing to the preponderating effect of the slower stages of 
diffusion. With rising concentration the integral values must follow 
the trend of the differential values, but more and more slowly. 

A point to be noted is that our diffusion coefficients, in common with 
all other experimental methods calculated by Fick’s Law, refer to linear 
measure corresponding to a constant volume of solution and not to an 
immobile solvent. Onsager and Fuoss* discard the Fick definition. 
Except where the partial specific volume of the solute is zero, the solution 
out of which diffusion is taking place must be either contracting or 
expanding, causing a corresponding bodily displacement of the solution 
to maintain constant volume or constant height referred to the containing 
vessel. For potassium chloride the contraction is 0-36 per gram in the 
lower concentrations, rising to 0-40 and 0-47 in 1 and 2 N solutions, 
respectively. This effect is extraneous to that of hydration, which is 
exactly parallel with the well-known effects in electrolytic transport of 
ions, and in both cases diminishes the apparent movement of the ions 
with reference to the solvent. 

* ‘ J. Phys. Chem.,’ vol. 36, pp. 2769, 2759 (1932). 

t Cf. Barnes, ‘ Physics,’ vol. 5, p. 4 (1934). 
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The most remarkable aspect of the diffusion of potassium chloride, as 
observed by Clack and ourselves, is the greatly enhanced mobility of ions 
in concentrated solution. Thus the true diffusion coefficient, after 
passing through a minimum in lower dilutions, attains in concentrated 
solutions values greatly surpassing that for infinite dilution. As pointed 
out by McBain and Liu (loc. cit.) two of the three chief factors deter¬ 
mining the electrical mobility of ions have very little influence upon 
diffusion. This is particularly true of the present case where both ions move 
with almost equal velocity in the same direction. A number of authors* 
from various lines of evidence have inferred that in concentrated solution 
the free motion of water molecules is greatly restricted through strong 
polarization and orderly arrangement. Furthermore, “ hydration ” of 
the ions becomes increasingly influential as the proportion of solvent 
becomes less. Likewise, the viscosity of the solution increases between 
normal and twice normal, although only by 0-7%, being then practically 
the same as that of water. Nevertheless, the ions are evidently much 
freer to move than they are in pure water. This phenomenon is even 
more striking when it is recalled that the activity coefficient is so much 
less in these concentrated solutions. 

The only apparent explanation is that the ioijs carry with them less 
water in concentrated solution than they do in dilute solution. That 
their movement is accompanied by water is well known from the results 
of migration determinations in which an indifferent reference substance 
is displaced during electrolysis.t 

Summary 

The highly conflicting values given in standard tables for the diffusion 
coefficient of potassium chloride are compared with integral and 
differential results obtained with the porous membrane method, using 
sintered glass discs. Of the former those of Oholm are most nearly 
correct, and of the latter the data of Clack are most nearly in conformity 
with the new data. In concentrated solution the ions of potassium 
chloride are much more mobile even than at infinite dilution. This 
very rapid and simple method appears to be amongst the most precise 
and trustworthy yet available, and it is readily adapted to the study of 
all problems of diffusion. 

* C/., for example. Porter and Swain, ‘J. Amer. Chem. Soc.,’vol. 55, p. 2792 
(1933); Urban, ‘ J. Phys. Chem.,’ vol. 36, p. 1122 (1932). 

t Nernst, Lotmar, Garrard, and Oppermann, * Nach. Ges. Wiss. GOtt.,’ pp. 68-89 
(1900); BuchbOck, ' Z. phys. Chem.,’ vol. 55, p. 563 (1906); Washburn, ‘Tech. 
Quart.,’ vol. 21, p. 288 (1908); ‘ J. Amer. Chem. Soc.,’ vol. 31, p. 322 (1909); Taylor 
and Sawyer, ‘ J. Chem. Soc.,’ p. 2095 (1929). 
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Auger Effect in Argon 

By L. H. Martin, Ph.D., J. C. Bower, M.Sc., and T. H. Laby, F.R.S., 
Professor of Natural Philosophy, Melbourne* 

{Received September 24, 1934) 

[Plates 1 and 2] 

Introduction 

Auger,f in an extensive and illuminating series of experiments with a 
Wilson expansion chamber, discovered that an atom ionized in an inner 
electron shell as the result of the absorption of an X-ray photon, may 
recover its normal state with the emission either of fluorescent radiation 
or of photo-electrons of nearly equivalent energy. The mechanism of 
this second process is not fully understood, but is generally described as 
“ internal conversion,” although there is no evidence as yet to show 
whether or not the fluorescent radiation is actually excited and then 
absorbed in the outer shell of the parent atom. In the particular case 
of an atom ionized in the K shell this alternative process of recovery 
explains two effects first observed by Barkla,+ namely, the efficiency of 
fluorescent excitation of X-rays is always less than unity, and a gas when 
ionized in turn by X-rays of different wave-lengths experiences a sudden 
increase in ionization when its K. series is excited. 

During the last six years several measurements of the K yield (the ratio 
of the number of atoms emitting K series fluorescent radiation to the 
number of atoms ionized in the K shell) have been made, from which 
has been deduced the probability of the internal conversion process for 
atoms of different atomic number. Locher,§ using a cloud chamber, 
has studied the light gases oxygen, neon, and argon, while Balderston,|| 
Harms,t Martin,** Compton,ft Haas,It andBerkey§§ have measured the 

* The senior author was largely responsible for the design of the expansion chamber, 
the other authors made the observations with it. 
t ‘ Ann. Physique,' vol. 6, p. 183 (1926). 
t ‘ Phil. Trans.,’ A, vol. 27, p. 315 (1918). 

§ ‘ Phys. Rev.,’ vol. 40, p. 486 (1932). 

II ‘ Phys. Rev.,’ vol. 27, p. 696 (1926). 

If ‘ Ann. Physik,’ vol. 82, p. 111 (1927). 

** ‘ Proc. Roy. Soc.,’ A, vol. 115, p. 420 (1927). 
tt ‘ Phil. Mag.,’ vol. 8, p. 691 (1929). 
tt ‘ Ann. Physik,’ vol. 16, p. 473 (1933). 

§8 ‘ Phys. Rev.,’ vol. 45, p. 437 (1934). 
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K yield for some of the more convenient metals by comparing the intensity 
of the K series fluorescent radiation with that of the exciting X-rays, 
using ionization chambers to measure intensities. This method has 
also been used by Stephenson* for the L UI level of uranium. Stock- 
meyerf alone has employed the sudden increase observed in the degree 
of ionization of a gas when its K series radiation is excited to deduce the 
yield, and this only for bromine. 

The agreement between the values found by the different workers is 
unsatisfactory, especially for atoms at each end of the periodic table. 
With argon, for example, Auger found 0 -16 2 for the ratio of the number 
emitting fluorescent radiation to the total number of ionized argon 
atoms, while Locher’s count gives 0-24„4 Haas in the only other 
experiments devoted to materials of low atomic number estimates his 
accuracy as 15-20%. 

It has generally been accepted in the past that the K yield is independent 
of the frequency of the exciting radiation, although with the single 
exception of Auger’s experiment on krypton, in which he used two beams 
of different quality, a greater or lesser degree of dependence of the K. 
yield on wave-length has usually been observed. For example, for 
silicon Haas gives values of the K yield which range from 3-5% to 4-8% 
corresponding to the wave-length range 6 A to 4-4 A. On the other 
hand, Compton and others have recorded values of the K yield which 
decrease as the wave-length decreases. 

The authors believe that the Wilson expansion chamber provides the 
most promising means of estimating the K yield in spite of the fact that 
it suffers from all the defects of a statistical method. It is not subject 
to the many experimental difficulties met with in the comparison by 
ionization methods of the intensities of two X-ray beams of widely 
different wave-lengths. An inherent source of error in ionization methods 
arises from the use of absorption coefficients which are still not accurately 
known. 

The present paper describes measurements of the K. yield of argon 
made with an expansion chamber, when this atom is ionized in turn by 
the K series characteristic radiations of copper, molybdenum, and tungsten. 
Later measurements are to be made on krypton and xenon, but as results 
come slowly with this method, it was thought advisable to publish those 
on argon separately, together with a brief account of the expansion 
chamber. 

* ' Phys. Rev.,’ vol. 43, p. 527 (1933). 

T' Ann. Physik,’ vol. 12, p. 71 (1932). 

t These values have been corrected for the tracks arising from water molecules. 
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Expansion Chamber 

The apparatus follows to a large extent traditional design, but has 
some features which may be of interest. Special attention has been 
paid to the rigidity of the apparatus as a whole, and the elimination of 
vibration after the expansion stroke. A line drawing is shown in fig. 1. 



The piston is of aluminium, and in order to prevent vibration at the end 
of the stroke it has attached to its base a circular ring of wedge section 
which comes to rest in a similar shaped trough half filled with glycerine. 
The surfaces of the wedge and trough are prevented from actual contact 
by three small stops which screw into the bottom of the wedge, and at 
the same time provide means for varying the amount of damping. The 
end of the stroke is fixed by contact of the stops with the bottom of the 
trough, the expansion ratio being adjusted by altering the initial height 
of the piston. (The damping arrangements were suggested by the 
Michell viscometer.) 

As the chamber is to contain inert gases, the rarer of which are available 
only in small quantities, it was decided to make the chamber gas-tight 
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by linking the bottom of the piston to the cylinder wall with a rubber 
diaphragm. The design was such that when an expansion occurs the 
volume of the gas above the rubber and below the bottom of the piston 
expands into a larger volume so that there should be little difference in 
the pressures in the chamber and below the piston after expansion. It 
was found, however, that as a result of frequent dismantling in the 
preliminary stages of the work, the fit between the aluminium piston and 
the bronze wall of the cylinder deteriorated and sufficient gas passed up 
into the chamber to cause swirling motion round the sides. This was 
completely eliminated by using a few millimetres of sugar solution 
blackened with nigrosine on the piston top. Although the sugar solution 
makes slightly greater expansion ratios necessary the seal is perfect and 
a-ray and proton tracks are obtained which are perfectly straight up to 
the point of their impact with the chamber wall. At present certain 
modifications are being made to the design of the piston to ensure a 
perfect seal without the use of liquid. 

The timing of the cycle of events is governed by the swing of a single 
heavy pendulum the axle of which carries a number of 4-inch ebonite 
discs attached to which are copper sectors which control the illumination 
and X-ray tube circuits. The axle also carries an eccentric cam con¬ 
trolling the release of a rubber bung which cuts off the space beneath 
the piston from a metal cylinder continuously on a Hyvac. At the 
extremity of the pendulum is mounted an insulated flexible metal brush 
which by short circuiting a sphere gap can discharge a condenser of 
0-07 mfd at 40 kV through two mercury arcs mounted one each side of 
the chamber. The interval between expansion and illumination can be 
varied by adjustments either to the position of the cam relative to the 
axle, or the position of the sphere gap relative to the pendulum. 

Stereoscopic pictures were obtained with two metal cameras mounted 
each at an angle of 20° to the vertical and fitted with Zeiss Tessar lenses, 
focal length 12*5 cm, and maximum aperture f/4 • 5. With Imperial 
Eclipse plates (H & D 650) apertures as small as f/12 were employed 
without difficulty for a-ray tracks, but with X-ray tracks it was found 
advisable to work at full aperture even though the ends of the tracks 
were frequently out of focus. This did not interfere with the identifica¬ 
tion of tracks as their origins lay along the line of intersection of the 
object planes of the cameras and were thus always in focus. 


Results 

X-ray beams of sufficient homogeneity were obtained by employing 
suitable targets in a demountable tube operated at appropriate voltages 
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in conjunction with filters. The peak voltage was maintain ed just above 
the critical excitation potential of the target material, while a filter of the 
same material or one unit lower in atomic number was used, and under 
these conditions only the K series or the long wave components of this 
were transmitted. In the case of copper the low atomic number of the 
target necessitated a rather high voltage (11 kV) so that in addition to 
the nickel filter (0-0013 cm thick) a zinc foil (0-0013 cm thick) was 
used to eliminate any short wave-length radiation transmitted by the 
nickel. 

The expansion chamber was pumped out to 1 or 2 cm of mercury and 
was then filled with hydrogen. This process was repeated at least three 
times before finally introducing argon. In the copper experiments the 
mixture was 10% argon, 90% hydrogen, while for the molybdenum and 
tungsten experiments this atmosphere was replaced by a 50% mixture. 

Representative tracks for each of the three cases of excitation are 
shown in Plates 1 and 2. An Auger pair consists of the primary photo¬ 
electron of energy 56 ekV (W Ka - Ar K ), 14 • 5 ekV (Mo Kn — Ar K ), or 5 ekV 
(Cu K „ — Ar K ) respectively, associated with the secondary photoelectron 
of energy h (v K — 2v L ) Ar = 3 -2 ekV, shown as a short spur at the origin 
of the long track. 

The plates were projected (magnification six times) and the number 
A of Auger pairs and O of ordinary tracks counted, each track being 
identified on both plates. Where any doubt existed the pair of plates 
was rejected. 

Table I 


Exciting 

radiation 

Total 

tracks 

Number 
of plates 
pairs 

Tracks 
per plate 

Ordinary 

Auger 

pairs 

Cu 

755 

90 

8*4 

130 

625 

Mo K series 

782 

124 

6*3 

135 

647 

W K series 

791 

146 

5*5 

134 

657 


There was some tendency for confusion with the more penetrating 
X-ray beams, but this was limited by employing a 50% argon atmosphere 
and working with fewer tracks per plate. 

Of the ordinary tracks counted it may safely be assumed that none 
came from hydrogen atoms, but it is necessary to make a correction for 
the oxygen atoms of the water vapour present. The track» from these 
being indistinguishable from argon, ordinary tracks were included in that 
count. Assuming the validity of the fourth power law for atomic 
absorption coefficients, and that the absorption by the argon and oxygen 
atoms is proportional to their partial pressures, it appears that 0-7% 



45 


Auger Effect in Argon 

of the total number of tracks came from oxygen atoms in the case of the 
copper experiment. The corresponding correction in the other two 
experiments is 0-1%. 

Table II gives the corrected ordinary count and the ratio of the number 
of argon ordinary tracks to the total number (A + O) of argon tracks. 


Table II 


Exciting 

radiation 

Wave-length 

Ordinary 

(corrected) 

O 

Total 

(corrected) 

A + O 

O 

7TTT> 

Cu KajOtj 

1 -5 A 

125 

750 

0*167 

Mo K series 

0*7 A 

134 

781 

0*172 

W K series 

0*2 A 

133 

79Q 

Mean ... 

0*168 

. 0169 ± 0 002 


We are indebted to Mr. M. Belz (Melbourne University) for an analysis 
of the probable accuracy in an experiment of this type. Let p be the 
probability of occurrence of an Auger pair and q the probability of 
emission of fluorescent radiation as indicated by the occurrence of an 
ordinary track. 

Suppose n atoms are ionized, then the most likely number of Auger 
pairs is np. Owing to fluctuations the actual number counted will not 
in general be np, and from the theory of the binomial distribution of 
statistical variables the probable error of the expected number np is 
0-6475 Vnpq. 

In the experiment p is not known beforehand. If m Auger pairs are 
actually observed in a total count of n, then mjn = 7t is an approximation 

to p, and n is subject to the probable error 0-6475 ^/EDGEj3. 

This expression shows that each of our counts has a probable error of 
the order 5%, and our experiments show therefore that within these 
limits the ratio 0/(A + O) is independent of wave-length. 

In comparing the results of different workers it is preferable to compare 
values of 0/(A + O) rather than values of the K yield, owing to the 
uncertainties in the existing values for the K jump. Different workers 
have used values for the K jump of argon which range from 8 to 10. 
Table III gives a comparison of values of 0/(A + O) for argon. 

Calculation of the K Yield of Argon 

The K yield (i K can be calculated directly from the ratio 0/(A + O) 
and the K jump J K by means of the following expression 

J O I 
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Table III 

o 

A + O 

O' 162 
0*190* 

0*240 
0-169 

* This value was obtained by interpolation from values of the K yield published 
by Haas, and a value of J K — 10 again by interpolation from values of this quantity 
used by him for neighbouring elements. 

J K has been measured for argon by Woernlef who finds a value 10-0 
in excellent agreement with that predicted from the ratio of E K /Ei, m 
which equals 9-8. 

The value obtained by us for the K yield of argon with J K — 10 is 
0-077. 


Auger . 
Haas , 
Locher . 
Authors 


We are indebted to the Broken Hill Associated Smelters for generous 
assistance which made the construction and operation of the expansion 
chamber possible. One of us (J. C. B.) is the holder of Dixson and Kcmot 
Research Scholarships of the University of Melbourne. 


Summary 

An investigation of the Auger effect in argon has been carried out with 
a Wilson expansion chamber. 

The effect of wave-length of ionizing radiation on the probability of 
internal conversion has been studied for a wave-length range 1-5A 
to 0-2 A; the probability has been found independent of wave-length. 

The K yield of argon is found to be 0-077. 


f ‘ Ann. Physik,’ voi. 5, p. 475 (1930). 
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Magnification 5 times actual tracks. Magnification 3 -5 times actual tracks. 

CuK in 10% argon, 90% hydrogen atmosphere (pressure 48 cm MoK series in 50% argon, 50% hydrogen (pressure 50 cm Kg). 

Kg). One ordinary track 0 and one Auger pair A are shown. Showing one ordinary track 0, and one Auger pair A. 
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On Ocean Currents Produced by Winds 

By G. R. Goldsbrough, F.R.S. 

(Received October 11, 1934) 

The effect of a steady wind blowing over the surface of the open sea is 
to produce a current which is inclined to the direction of the wind.* 
The resultant drift of the water is perpendicular to the wind, but at the 
surface the current is at an inclination of 45° to the wind. These results 
hold when the sea may be treated as a plane sheet of water, when there 
are no obstructions and when the coefficient of eddy-viscosity is constant 
throughout the moving liquid. 

A comparison of the currents and winds at various places on the globe 
have been made by Jeffreys (loc. cit.) and again in greater detail by 
Durst.f The conclusion is made that the angle between the current at 
the surface and the wind is generally less than 45°. 

Many suggestions could be offered to account for this difference 
between theory and observation. The purpose of the present paper is 
to examine the effect of the curvature of the earth on the motion. 


Reduction of the General Equations 

The equations for the steady motion of a viscous liquid on a rotating 
sphere can be written down from those of Basset I by adding on the 
rotational terms. Let r, 6, <f> be the spherical polar co-ordinates of a 
particle of liquid, 0 being measured from the North Pole and <f> measured 
eastward from a fixed meridian; u, v, w the corresponding velocity 
components; « the angular velocity of rotation and v (= (I/p) the 
kinematic coefficient of viscosity. Then the equations of motion are 


- - 2 a* cos Ov 


1 0Q 

r 36 


+ v 


2 , , I 2 dw _ u __ 2 cos 0 dv 
■ r t po r 2 s in 2 6 r* sin* 6 d<f>- 


(1A) 


2t>) cos Ov + 2to sin 6w 

1 cQ , r 4 . 2 cw _ v , 2 _ cos 6 din 

r sin G d<f> v , ^ ‘ r* sin 2 0 dif> r* sin* 0 r* sin* 0 d<f> j’ 

(IB) 

* Ekman, ‘ Ark. Matematik,' vol. 2 (1905); Jeffreys, * Phil. Mag.,’ vol. 39, p. 578 
(1920). 

t ‘ Quart. J. Roy. Met. Soc.,’ vol. 50, p. 113 (1924). 
t ‘ Hydrodynamics,’ vol. 2, p. 245. 
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2 to sin 0w 


09 , 

0r + 


V 2 (h>) 


2 w 2 du 2 . a„ 

■ -T — TT* — - a cot 0M 


06 


dw i 2 , 1 0« , u . fi . 

■*- +-W1-^jr + -COt6 + 


1 8v 


dr 


r 06 


r sin 6 d<f>' 


2 0i>] 

r* sin 6 J ’ 

(lc) 

(ld) 


Since the depth of the ocean is small compared with the radius a of 
the earth, the equations may be simplified in the usual way by taking 
r — a and djdr — d/dz, where z is the vertical distance of a point in the 
liquid from the undisturbed free surface. Then we may also write 

Q = -Wp-*(* + Q. (2) 


where S is the displaced position of a particle originally at z. 

Equation (lc) can be reduced by means of (Id), u and v being eliminated 
from it. Then, making these changes and putting jx — cos 0, the equa¬ 
tions (1) become 
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(3c) 
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(3d) 


We shall next assume that, for a sufficiently small depth of ocean, the 
vertical velocity w may be neglected in comparison with u or v. We 
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shall use only equations (3a), (3b), and (3c), from which w has been 
dropped, to determine u, v, Q; and then afterwards use equation (3c) 
and the values of v, Q just determined to estimate the value of w. 

We therefore proceed to solve the equations 


~ , 1 ,,, *•. 3Q , r3 4 u . 2 du . 1 d n 2 .du 
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I 


d*U 


_“if-^ 1 (4 a) 

a 2 (l - p*) 04 .. ’ K } 
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a 2 (1 — (x 2 ) d <j> 2 a 2 ( 1 - (x 2 ) 

1 0Q 


a v'(l - ix 2 ) S«A ' ’ L ?z 2 + a 2 dz + a 2 0j* U ** j 3 |a 


+ v 


+ 
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-1 _ 


c 2 (l ~ t* 2 ) P<£ 2 a 2 (l — fi s ) ' a 2 (l — (a 2 ) ?<£ 


o = VO - n 2 ) du 
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dv 


Next introduce two auxiliary quantities p, q, analogous to the velocity- 
potential and stream-function respectively, and determined by the 
relations 


and put 
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The substitution of (5) in (4c) gives 

A (p) — 0. 


This equation has no solution finite at both poles except p — 0. Hence 
in place of (5) we take 


VO-M- 1 )^. ) 
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It is readily shown that 

d du 1 d i u _ u 2(x dv 

^ Tjl 1 — (x® 3<^ s 1 — (jl 2 1 — |i* d<f> 
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dg\ 

■*Tt / * 
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Equations (4a), (4b) now reduce to 

-zwa-^l^ + lvo-rtf? 


-VO - fx*),f A(?). 

r jji 


+ v 


1. g8 g , 2 i A /yi f?A) 
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0Q 
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Eliminating Q from these equations we find 

*•&- ’[(»+ H) A < ? > + ? A,< 4 


( 8 ) 


Since a is large compared with the range of value of z we may omit the 
terms involving 1/a. The reduced equation then becomes 




d*q) 

d^) 


to dq 


(9) 


When q has been determined from (9) either (7a) or (7b) may be used to 
determine Q. 


Solution of the Equation (9) 

We require a solution of equation (9) which will satisfy also certain 
boundary conditions. At the bottom of the ocean we must have the 
velocities vanishing. At the free surface certain further conditions must 
be satisfied. Consider the solution 

q = e^P„* (fx) sinh {a n * (1 - i) (z + d)}, (10) 



where 
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At the bottom of the ocean, z — — d, the function q, and hence also 
the velocities u and v, vanish for all (x and <j>. Since the ocean covers 
the whole globe s must be an integer and in consequence n also must be 
a positive integer. In these circumstances q is completely determined 
with the exception of an initial constant. Taking the real and imaginary 
parts and introducing constants A, B we have the solution 


Q = P„‘ (i^) [A (cos s<f> sinh a,,' (z -f d) cos a„* (z + d) 

+ sin s<j> cosh (z + d) sin a„’ (z + d)} 

+ B {sin 5^ sinh a,,* (z + d) cos a„* (z + d) 

— cos s<f> cosh «„* (z + d) sin a B * (z + </)}], 


cP » ( n\ 

11 = t A {cos cosh a n * (z + d) sin a B * (z + d) 

— sin s<f> sinh a„* (z + d) cos a„* (z + d)} 

+ B {cos s<f> sinh a n ' (z + d) cos a B * (z + d) 

4- sin s4> cosh a n * (z + d) sin «„' (z + d )}], 


v — — v'(l — ^ 2 ) [A {cos S<i> sinh a n * (z + d) cos a„* (z + rf) 

+ sin s<^ cosh a„‘ (z + </) sin a„* (z + d)} 

+ B {sin s<f> sinh a.,’ (z + d) cos *„* (z + d) 

— cos s<f> cosh a,," (z + </) sin a„* (z + </)}]. (11) 

A more general solution may be obtained by taking several terms of 
this type with associated undetermined constants. 


The Tangential Stresses at the Free Surface 

The effect of the wind on the surface of the ocean is to produce tan¬ 
gential stresses there. We shall assume that these stresses may be derived 
from a single function <J> (0, <f>), so that 
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The lines of stress will then be given on the surface of the ocean by the 
equation 4* — const. 

Now in the liquid we have* 


and 




(1 dw , du u 

la 00 + 02 al*-o 





1 0w 
a sin 0 


+ 


0V 

02 



to the degree of accuracy we have adopted. Hence on applying the 
solution (11) we find 


lPt*]e = o 

= sxSP^ 

VO - n*) 


[A (cos s</> (sinh a„* d sin a„* d + cosh a n * d cos a n *d) 

— sin s<f> (cosh a B * d cos a„* d — sinh a„* d sin a„* d)} 
-f- B (cos s<j> (cosh «„' d cos a„* d — sinh «„* d sin a B * d) 
+ sin s<f> (sinh a„* d sin a„* d -f cosh a B * d cos ot n 'rf)}], 


■> 0 

= — a„* y(l — (X 8 ) [A {cos s<f> (cosh a„* d cos a„* d 

— sinh a„* d sin «„‘ </) 
-f sin s<f> (sinh a B * d sin a„* d -f- cosh a B * cos a„* d)} 
+ B (sin s<f> (cosh a B * d cos «„' d — sinh « B * d sin a„* d) 

— cos s<f> (sinh d sin «„* d + cosh a„* d cos a„‘</)}]. 


These two expressions may be obtained by operating upon the expression 


<: n *P n ' ((i) [A {cos s <f> (cosh # B * d cos a n * d — sinh d sin « B * d) 

+ sin s<f> (cosh «„* d cos « B * d + sinh a B * d sin «„* d)} 

+ B {sin sif> (cosh a n * d cos a„* d — sinh «„• d sin a B * d) 

— cos (cosh a„' d cos a„‘ d + sinh a„‘ sin a„*</)}]. (12) 


with the operators — 


1 


and — ^(l 


fi s ) respectively. 


V(1 - (X s ) 0^ 

The tangential stress-function 4 (t*» 4) may be assumed expansible 
in a series of surface harmonics valid over the whole sphere. We shall 


* Basset II, p. 258. 
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consider only a typical term CP f *(jx)sin s</>. The surface condition 
then becomes 

a„* [A {cos s<f> (cosh a„' d cos a„* d ~ sinh a„* d sin a n ‘ d) 

+ sin s<f> (cosh «„' d cos a n ‘d+ sinh a„* d sin a,,' d)} 

4- B {sin s<f> (cosh a n ” d cos a,* d ~ sinh a„* d sin «„* d) 

— cos s<f> (cosh a„* d cos a„* d + sinh a „'d sin a„* </)}] — C sin 

On solving for A, B we find 

A — — cosh «„* d cos a„* d + sinh «„* d sin « n * d 
2a„* cosh 2 a n 'd — sin* «„' d ’ 

B — _£L cosh a,, 11 d _cos — sinh *„* sin a,,*</ 

2a„* cosh 2 a„* — sin 2 a n * 

These values substituted in the expressions for q, u, v given in (11) 
complete the solution for steady currents arising from a wind for which 
the stress lines are determined by the equation P„” (ja) sin s<f> — const. 

The Magnitude of the Vertical Velocity 

By use of equation (3c) and the approximate solution already found 
we may estimate the magnitude of the vertical velocity, which, so far, 
has been neglected. Omitting as before the terms factored by 1/a in 
comparison with the rest the equation becomes 

-WCl-^-g+vg?. (.5) 

For the determination of Q we may use equation (7 b). Taking a typical 
term of the solution from (10) we have 

q == e u + P,/ ((a) sinh k(z + d), 

//P 8 

v — — yXl — 4 2 ) ((a) e u + sinh k(z + d), (16) 

where k is written for <x n * (1 — i). 

From (7 b) we find (omitting terms factored by 1/a) 


Q = - 2oa {|aP„* + sinh k(z + d). 



54 G. R. Goldsbrough • 

Equation (15) then becomes 

+ «** a » kk <* + *> 


or 


-f 2w (1 — tx 4 ) < ~i- e w * sinh k(z + d), 
a\i 

= akf x (\L, ^)cosh k(z + d)+A(v, ^)sinh k(z + d)}, 

02 V 

fi % ft being introduced for brevity. 

Hence 

w — okfi ({jl, <f>) cosh k(z + d) +/ a (ix, <f>) sinh k(z + d) 

+ f» z + /i}» 

/ 3 , / 4 being functions of (i, <f>. 

Now w must vanish at the surface z — 0 and at the sea-bottom 
z ~ — d. 

Therefore 0 = — akf x cosh kd + /, sinh kd + / 4 "j 
0 = - aAr / i -/ 3 </+/ 4 j 


(17) 


From these 


1 


/s = ^ {— okfx (1 — cosh kd) — / 2 sinh kd), 
/ 4 = + akfx cosh kd — / 2 sinh kd. 


and 
Finally 

w = — ^ j^aAc/j jcosh A: (z + d) — ^ cosh Acrf + 
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The first term is of order | kd | 2 and the second of order | kd |®, while 
it is dear from (16) that q (and hence u, v) are of order \kd\. Hence for 
sufficiently small values of | kd | the neglect of the vertical velodty in 
comparison with u, v is justified. Since k (= a„* (1 — t)) is independent 
of d the required condition is fulfilled by taking the depth small enough. 

A Modification of the Solution 
The equation (9) which governs the steady motion is also satisfied by 

9 r= *»„•<>-<>* . (^ (18) 

where, as before, « ' — \/( — , ) • This solution is merely part 

V \vn(n + l)l 

of (10). 

Jt has been shown that if the depth d of the ocean is sufficiently small 
the vertical velocity may be neglected in comparison with the horizontal 
velocity. Since in (18), oc„* is real and positive, q will diminish with 
increase of depth. Therefore, whatever the whole depth of the ocean, 
if a„‘ is sufficiently large, the depth with perceptible motion will be small, 
and again the vertical velocity may be neglected. We shall proceed on 
the assumption that a„* is sufficiently large for this purpose.* 

The form (18) has also the advantage that no further condition has to 
be applied at the sea-bottom. We may then take v as the coefficient of 
eddy-viscosity. 

From (18) we may form the more general solution 
q e A e°n‘ P B * ((a) cos (s<f> — <* n ‘z) 

+ B e'n* P„* (|a) sin (s<f> - a„*z). 

Hence we derive 

0 P/ (V-){- A sin (s<f> - tt/ 4) + B cos (s<j> - tc/4)}, 

= 2a„V(l ~ { A cos (s<j> — 7t/4) + B sin (j^ - tt/4)}. 

These stress-components may be derived by differentiation from the 
function V2 (Z «„* P n * (n) {A sin (s<j> - n/4) -f- B cos (s<f> — jt/ 4)}. If the 
stresses due to the wind are derived as before from CP„* (n) sin s<j>, we 
find A - B = 

* Using the value of v as found by Durst at 400 cm*/sec, we have 
a n * « 0-0003 yj ( n( „ + ]))• 

The depth with perceptible motion will then be of the order of 100 m. 
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Hence the stream function for the currents is 

cos (s<f> — a „‘z — nj 4). (19) 

®n* V 2 


Discussion of the Results 

The solutions obtained for a globe bear a close resemblance to those 
obtained for a plane by Ekman. But in certain important particulars 
they differ. We shall use the form (19) rather than the form (11) owing 
to the simplicity of the former. We then assume that the winds produce 
a system of tangential stress-lines which are expressed by the equation 

P„* (n) sin s <f> = const. (20) 


The corresponding stream-function for the motion produced in the 
ocean is 

1 


_ ,P„'( fx) e a n'~ cos (s <t> - ot„’z - 7r/4). 

V 2 (**« 

The current components at any point are 

“ - S sin ~ ~ | 

* = - k M e ”" cos <I '*" -■' r - 

At the free surface the stream-lines will be 


( 21 ) 


( 22 ) 


or 


P,," (jx) cos (s<f> — tc/4) — const. 
P B ’ ([x) sin (s<j> + tc/4) = const. 


) 

j. (23) 


The lines (23) are similar to those of (20), but they are displaced on the 
globe backward through an angle tc/4 s; that is, they are displaced 
westward by this amount. 

This result may be more fully illustrated by taking a definite example. 
Suppose the tangential stress-lines due to the wind are given by 

P 4 8 (|x) sin 3 — const., (24) 

the corresponding surface stream-lines being given by 

P 4 ® ((x) sin (3 <j> + rc/4) = const. (25) 

The curves (24) form a system of closed curves bounded by <f> — 0, 
tc/ 3 and the Equator (with repetitions elsewhere) hearin g a rough 
resemblance to the wind systems of the North and South Atlantic. 
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The limiting points of the system are <f> — it/6, (a — ± That is, 
mid-way between the two meridians and 30° north or south of the 
Equator. 

The limiting points of the system of streamline curves, from (25). 
are at (x = ± i and <f> = tc/ 12. These points are in the same latitudes 
as the former, but 15° further west. 

It is of interest to compare these results with those of the Atlantic 
north and south systems. We may take the vanishing points of the 
systems of wind curves at approximately the centre of the isobars. These 
points are approximately* 33° N., 37° W.; and 27° S, 11° W. 

The corresponding vanishing points of the current systems are approxi- 
matelyf 29° N., 56° W.; and 25° S., 27° W. 

The latitudes are roughly the same while the longitudes show a dis¬ 
placement to the west of 19° and 16° respectively. 

The agreement between calculation and observation is good in the 
circumstances; for all consideration of the effect of the shore boundaries 
has been omitted, and it has been assumed that the effect of the wind 
can be adequately represented by a single surface harmonic. 

It is readily seen that the curves (20) and (23) do not intersect in a 
fixed angle. In the vicinity of the pole, however, a special result appears. 
We may take 

P„- (cos 0) - sin- 0 11 - + I) si„« JO - ..), 

omitting a constant factor. 

Let y,,,, y„ be the angles made respectively by the directions of the 
wind and the current with the eastward circle of latitude, the positive 
direction being from east to south. 

Then 

tan y w = — cot s<f>. s shi* - 1 0 jl - ^ ~ ~~ sin2 i 0 • •} 

- 1 - [j sin*- 1 0. cos 6 jl - ~ sin 2 P .. | 

+ sin-0{- ^-^ 4 t 1 X±i ) s |n 0..}] 

— — cot s<f>, for small values of 0. 

* Schott, “ Geographic des Atlantischen Ozeans,” Plates 20, 21. 
t Ibid., Plate 15. 
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Similarly tan y c — — cot (s <j> + ir/4) to the same degree of accuracy. 
Hence y c — y w = n i 4 - 

In the vicinity of the pole therefore Ekman’s law holds good. Else¬ 
where the angle y e — y K , will be a function of the co-ordinates of the 
point and may even be negative. 

If more complicated systems of tangential wind stresses are used, such 
as, for example, £CP n * ((i.) sin s<f>, where the sum is taken over a finite 
number of surface harmonics, it is evident that the value of the angle 
Y c — y„ will in addition depend upon the coefficients C and will only 
be 7t/4 in special cases. 


Summary 

It has been shown by Ekman and Jeffreys that the effect of a steady 
wind upon a plane rotating sea is to produce a current in a direction 
included to that of the wind. Under certain conditions, the resultant 
drift of the water is perpendicular to the wind, but the surface current 
is inclined at an angle of 45° to the wind. 

A comparison of the prevailing winds and the corresponding surface 
currents at various points of the actual oceans has shown that the angle 
between the two varies considerably but in general it is less than 45°. 
There may be many causes for this difference between theory and observa¬ 
tion ; the purpose of this paper is to examine the effect of the curvature 
of the earth. 

It is shown that under the same conditions as those assumed by Ekman 
and Jeffreys, the angle will not be 45° except in the polar regions, where 
the law is found to hold. A further result appears from the analysis. 
The currents formed by winds which circulate in closed curves are them¬ 
selves moving in similar closed curves, but the latter curves are displaced 
to the westward. An application is made to the motions of the waters 
in the North and South Atlantic Oceans. 
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On the Anomalous Flow of Colloidal Systems 

By Arthur Stuart Clark Lawrence, Colloid Science Laboratory, 

Cambridge 

(Communicated by Eric K. Rideal, F.R.S.—Received May 30, 1934) 

[Plates 3- 5] 

Part I— The Nature of Anomalous Flow 

The flow of many solutions, most of them colloidal, is now known to 
be anomalous since they do not obey the linear Poiseuille relation 
connecting volume efflux with pressure applied. Under small pressure 
heads, the rate is disproportionately small compared with that under 
higher pressures so that the “ viscosity coefficient ” calculated from these 
rates is not a constant but becomes larger as the rate of flow decreases. 
This was first established by Hess in 1906; although in 1903 it had been 
found that the oscillating disc method gave “ viscosities ” for colloidal 
systems which varied with the amplitude of the oscillation. In 1913 
Hatschek* found similar effects in many colloidal systems using the 
Couette co-axial cylinder viscometer. Most lyophilic colloids show 
anomaly to a greater or less extent; and for these systems particularly 
viscosity has always been regarded as a characteristic property and used 
as an indicator of lyotropic changes. 

It is because viscosity is a property so suitable for investigation of 
lyophilic colloids that it is of importance that more should be known of 
the relation between viscosities and particle dimensions; of the nature 
of anomalous flow and its origin. Anomaly is obvious as deviations 
from a linear relation between pressure head and volume efflux, but its 
detection in this manner throws no light upon its nature or its origin. 
Hagenbach’sf derivation of the so-called Poiseuille equation first showed 
that this depends upon a parabolic velocity distribution across the flowing 
liquid, as postulated by Newton J. If the equation fails, the velocity 
distribution is not parabolic. Porter§ proposed a formula for anomalous 
flow upon the assumption that the “ viscosity coefficient ” varied with 
rate of shear and that the velocity distribution has an exponent less 

* “ The Viscosity of Liquids,” p. 205; ‘ Kolloid Z.,’ vol. 13, p. 88 (1913). 

t ‘ Po*g. Ann.,’ vol. 109, p. 385 (1860). 

t Hatschek, “ Viscosity of Liquids," p. 2. 

8 ‘ Trans. Faraday Soc.,’ vol. 23, p. 311 (1927). 
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than 2. From the observed volume efflux under known pressures, its 
value was then to be calculated. The anomaly is, however, too complex 
to be dealt with in this manner. 

It is the flow that is anomalous because the velocity distribution is 
not Newtonian. This has not been recognized by most workers who 
have used the expressions “ anomalous viscosity ” and “ structure 
viscosity.” If anomaly exists, values calculated upon the assumption of 
Newtonian flow—that is, with constant ratio of shearing stress to rate 
of shear—are not viscosities. The second name is intended to convey 
that the “ viscosity ” is not a viscosity owing to structure in the system.* 
Exact delineation of the region of “ anomalous viscosity ” between 
ordinary viscosity and “ anomalous flow ” is possible and is described 
later (p. 76). These names are still further misleading in that they 
suggest that there exists only one type of anomaly, whereas it will be 
shown that there are several. In any one solution, more than one type 
may be operative and the effects, upon the rate of flow, of each will vary 
with concentration, rate of shear and temperature—each at its own 
different rate. It was, therefore, decided to attempt measurement of the 
actual velocity distribution of some anomalous systems in flow. 

Soaps were chosen first because anomalies had been observed in the 
thinning of soap films. Ammonium oleate was chosen as representative 
as this was the soap used chiefly for soap films by Dewarf and it has 
also been shown by Hatschekt to show anomalous flow to a remarkable 
extent. The addition of glycerin causes marked changes in the thinning 
of soap films besides improving their lasting capacity; so its effect upon 
flow was investigated. Gelatin was chosen as so much work has been 
done on its sols already and myosin was of particular interest as its 
flow birefringence had already shown its anomaly. Its sols are also of 
interest in view of its function in muscle, the nature of which is still 
obscure. 


Method and Apparatus 

The method employed to measure the velocity distribution across the 
tube was suggested by Osborne Reynolds’ demonstration of streamline 

* Viscosities which are numerically large owing to special lyotropic conditions will 
be called “ anomalous viscosities.” Numerical values obtained by application of 
the Poiseuille equation to systems not obeying it will be called “ apparent viscosities.” 
This is often a convenient method of stating experimental results; as, for instance, 
in giving a non-linear variation of volume efflux with pressure. 

t “ Collected Papers,” vol. 2, p. 1207. 

} * Proc. Roy. Inst.,’ vol. 25, p. 251 (1927). 
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fl ow, in which a narrow stream of coloured liquid drawn into the liquid 
in flow retains its linear identity so long as the critical turbulence velocity 
is not reached.* In this work, the coloured stream was wide enough to 
fill the whole flow tube and its profile was observed as it advanced along 
the tube. Coloured liquid introduced into the clear stream as a right 
cylinder is drawn out, in Newtonian flow, to a paraboloid. Photography 
of its profile will, therefore, confirm, or give a measure of the deviations 
from, Newtonian flow. After a short time, the form of the coloured 
stream approximates to a cylinder whose diameter is that of the aperture 
from which it emerges or the diameter of the flow tube, whichever is 
the smaller. For measurement of velocity distribution it is, therefore, 



Leather ring 
Fig. 1 


essential that the coloured stream shall start with its surface a plane 
normal to the tube and photographs must be taken before the eccentricity 
of the paraboloid has become too great. For this purpose, various 
methods were tried for introducing the coloured liquid into the clear 
stream and, finally, a two-way stopcock was designed for the purpose. 
Its apertures had to be at least as large as the diameter of the flow-tube, 
which itself was required as large as possible. It was also essential that 
operation of the cock should cause the minimum discontinuity in the 
flow. The design used is shown in fig. 1. It was made of brass and 
was of solid construction. The apertures were very slightly larger than 
the diameter of the flow-tube which was 1 -33 cm. One half was fixed 

* Reynolds, “ Collected Papers,” pp. 51, 105, 524. 
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to the flow-tube by a brass sleeve soldered to the cock and cemented 
to the glass by sealing-wax. The two tubes had been ground off square 
and the wax, pushed into the inside, removed so that there was no 
internal discontinuity in the flow tube. This half of the cock was fixed 
rigidly to the bench and the other half rotated by a handle. The liquids 
were supplied by rubber tubing whose internal diameter was a little 
larger than that of the flow-tube. Seizing of the two faces of the cock 
was prevented by a leather ring in a groove in one of them. The ring 
was not complete and projected a little so that when the second face 
was screwed down upon it and rotated, the gap provided the necessary 
take-up and the faces could approach closely enough to be water-tight 
while seizing was prevented. The groove and leather ring were lubricated 



with graphite before assembly. This cock worked efficiently for more 
than a year without alteration or repair; but a modified type was designed 
for higher speeds, fig. 2. High speed of change-over was effected 
by a spring released by a trigger. This design has the advantage that 
the two faces can be ground flat separately whereas in the former type 
only one can be, the final grinding having to be carried out one against 
the other in situ. In the second type the moving block was of ebonite 
so that no lubricant other than water was required against brass. This 
cock was also designed that clear and coloured liquid were flowing 
through twin flow-tubes before the coloured liquid was shunted into the 
clear so that discontinuity due to setting the coloured one into flow from 
rest was avoided. However, work with the first type showed that this 
precaution is not necessary at low flow speeds. 
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The critical rate, of flow, taking the Reynolds’ number as 1400, is 
50 cc per sec. The highest employed was 10 cc per sec. The Reynolds’ 
number is lower in colloidal systems than in ordinary liquids. Hatschek* 
found turbulence at an angular velocity of 70 to 90 degrees/sec in 
ammonium oleate solution where water remained normal up to 120°. 
Andrade and Lewisf found the critical velocity of a colloidal system to 
be about two-thirds of that calculated with the usual Reynolds’ number. 

The two supplies of liquid, clear and coloured, were contained in 
aspirators from which they passed to the flow tube by the simple constant 
level devices shown in fig. 3. These two levels were adjusted to the 
same height. The outlet end of the flow-tube entered another constant 
level device which was adjusted to the level of the two inlet ones so that 



no flow occurred when the cock was open. Flow was induced by 
reducing the pressure in the aspirator to which the outflow constant 
level was connected. This was effected with the aid of a filter pump 
connected to the top of the aspirator by a capillary and the required 
pressure was maintained by a capillary air-leak. The reduction of 
pressure was read by a U-tube manometer and was from 3 to 15 mm 
(of water). No thermostat regulation was attempted owing to the 
large volume of liquid used in each experiment—from 3 litres upwards. 
Uniformity of temperature was assured by leaving the solutions to stand 
overnight in the supply aspirators so that the whole of the apparatus 
and liquid was at the same temperature when the run was made. In a 
few cases runs were carried out at temperatures below that of the room; 

* ‘ Kolloid Z.,* vol. 39, p. 300 (1926). 

t * Kolloid Z.,’ vol. 38, p. 261 (1926). 
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here all that is necessary is that both clear and coloured supplies should 
have the same temperature. That of the flow tube is reduced by the 
preliminary flushing. Any small difference of temperature of the two 
supplies shows itself as curvature of the coloured stream. 

The flow-tube, of Pyrex glass, was 150 cm long and 1 • 33 cm diameter. 
About 35 cm of it was jacketed by a mixture of a-bromnaphthalene and 
carbon tetrachloride of the same refractive index as the pyrex tube since 
it was essential that the photographs should be clear to the wall. 
Illumination was from behind and, as the camera used had a focal plane 
shutter, the lighting supply was interrupted by a relay worked by a 
pendulum. This made contact in a pool of mercury at each swing, the 
length of the exposure being determined by the length of the pool as 
the amplitude of the swing was kept approximately identical. The 
relay completed the power circuit by an iron wire dipping into mercury 
covered by distilled water to quench sparking. The exposure was of 
the order of 1 /10th sec. No attempt was made to make the change-over 
of the cock the time'zero since several exposures were made on each 
plate with uniform known time interval. The camera was fitted with 
an extra back across which the plate holder could be moved by rack 
and pinion. The thread of this was chosen so that a half-turn moved 
the plate across the focal plane by a little more than the width of the 
image. With the length of the jacketed part filling the length of the 
1 /4 plate, five exposures could be accommodated in its width. (Fig. 4, 
Plates 3 and 4, shows typical results.) The time interval could be altered 
as the pendulum length was variable but actually this was not required. 
Sometimes, at low rates of flow, the lens was capped for several (counted) 
flashes to lengthen the time interval. In each photograph was included 
a linear scale in the focal plane of the flow-tube. This did not give the 
reduction factor of the widths of the coloured stream since these are 
also subject to the lens effect of the jacket; but it gave the linear dis¬ 
placement directly. The only measurements to be made on the plate 
were, therefore, the widths of the coloured stream. When their absolute 
values were required, the observed value was multiplied by the ratio 
between the known and the observed (on the plate) values for the internal 
diameter of the flow-tube. Even with the jacket, this was always visible 
faintly but quite clearly. A Ross Xpress lens of focal length 6 inches 
and numerical aperture fjA • 5 was used. It was necessary to work close 
to the tube, the reduction being about 1 /3. Covering power and align¬ 
ment of the camera were simply checked by measuring the image of the 
scale on the plate. When the reduction of scale was identical on the 
two ends of the plate, the camera was fixed to the bench in an emplace- 
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(a) 0 • 25% Ammonium oleate; ( b ) Myosin. The figures are time intervals—number of flash 
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2-5% Ammonium oleate in 7-5% glycerin 
Fig. 4—(continued) 
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ment of cast paraffin wax. No inaccuracy due to the lens could be 
detected, even at the edges of the plates. 

A satisfactory image of the coloured stream was obtained by use of 
non-orthochromatic (Imperial Eclipse) plates and a red dye. Both 
Benzopurpurin and Congo red were used. The former was discarded 
since its solutions show anomalous viscosity alone; the latter, although 
colloidal, has such a small micellar weight (compared with the soap) 
that it is free from objection.* The concentration used was small—of 
the order of 0 01%. That Newtonian flow has been observed on several 
occasions proves that this dye alone has no effect. 



The width of the image of the coloured stream was measured on the 
negatives by a travelling microscope; it was observed at each centimetre 
mark on the included linear scale so that each run gave some 150 values. 
In most runs no difficulty was experienced in making these measurements 
and the values obtained were accurate to at least 1 /50th mm. The widths 
were squared and plotted against the linear scale. Newtonian liquids 
then give a straight line passing through the origin of zero displacement 
for maximum width; that is, the plane of rotation of the cock and the 
square of the internal diameter of the tube. Fig. 5 shows a run with 

* Freundlich : " Colloid and Capillary Chemistry,” p. 358 (1926). 
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water which shows that the method of working does not introduce 
deviations from Newtonian flow so that when these are found they are 
due to the liquid itself. (See also figs. 10 and 12.) 

From the results plotted in this manner, the viscosity coefficient is 
easily derived, since 



From the graph, differences of distance are read off directly at two 
different widths squared (these latter must be divided by four to reduce 
them to radii squared) and converted to velocities by dividing by the 
time interval between the curves used. The time interval between con¬ 
secutive flashes was 10/7 sec. The distances are in real centimetres 
from the photographed linear scale, but the widths need to be multiplied 
by a correction factor which is the square of the ratio of the true width 
of tube to the width of its image on the negative. 

The equation therefore becomes:— 


981 x p / lOn l-77\ 

71 - 4 x 150 x 10 \4- Jd[ - d z ) X T x W 2 ! 


where p is in mm of water, n is number of flashes and W a is in arbitrary 
units on graph by which v x * — v 2 * is measured, 1 -77 being the true 
diameter squared. 

That is 




0-1033 


m [at 

W a \ di 



With this flow tube, the correction for kinetic energy of outflow is 
rather large; without correction, the value found (fig. 5), for water is 
0-016. The correction amounts to 0-003, so that the corrected value 
is in reasonably good agreement with the accepted value at this tem¬ 
perature, 0-0111. 

Ammonium oleate solutions were prepared by neutralizing oleic acid, 
shaken up with hot water, with 10% excess over the calculated amount 
of ammonia. The hot clear solution was then poured into the requisite 
volume of water and left for a few days to attain equilibrium. This 
excess of ammonia has some small effect upon the viscosity of the 
solutions, but it greatly improves the homogeneity and reproducibility 
of solutions. The oleic acid used was free from saturated impurities; 
these increase largely the anomaly of oleate solutions.* The dye used 

* Freundlich and Jores, 4 Kolloid. Z.,’ vol. 36, p. 241 (1925). 



The Anomalous Flow of Colloidal Systems 67 

was the ammonium salt of Congo red. The dye itself was not suitable 
as the sodium ions increase the viscosity of ammonium soap solutions by 
forming the less soluble sodium salts.* Congo red was dissolved in 
hot water, acidified and the Congo blue acid filtered; this was boiled 
several times with water and then dissolved in slightly less than the 
theoretical amount of ammonia and diluted to about 5%. The small 
excess of dye acid remained at the bottom of the stock dye solution and 
assured the absence of free ammonia. For the coloured soap solution, 
5 cc of the dye solution were added to each litre. 



Fig. 6—1% ammonium oleate, 12 mm pressure, 16-4° C 


Results 

Figs. 6 to 9 show that marked deviations from Newtonian flow occur 
in ammonium oleate solutions; the deviation also clearly increases with 
concentration. In most of these records there is evidence of inhomo¬ 
geneity of the solutions, the extent of which, however, is magnified by 
the method of plotting. Squaring the widths of the coloured stream 
means that any small error or deviation dw appears on the graph as a 
deviation 2 w, dw, accounting for the apparent increase of magnitude of 
such deviations as the wall is approached. Since the error of measure¬ 
ment of the plates is less than 1 /50 mm, this cannot explain a deviation 
from the curve of more than 0 01 (on the plate, actually 0-0026 mm) 

* McBain, Cornish, and Bowden, ‘J. Chem. Soc.,* vol. 101, p. 2042 (1912); 
Goldsmith and Weissmann, ‘Z. Elektrochem.,’ vol. 18, p. 380 (1912); Farrow, 
‘J. Chem. Soc.,’ vol. 101, p. 347 (1912); McBain, Willavoys, and Heighington, 

' J. Chem. Soc.,’ vol. 129, p. 2089 (1927). 

F 2 
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towards the wall. The image also becomes somewhat diffuse at the axis 
since the depth of red dye is the same as the width of the stream and, 
when this is small, is not quite opaque to the actinic light. 

A slight periodicity in the deviations from a smoothed curve is noted. 
These may be due to the action of the stopcock in jerking the coloured 




solution into motion. That the sinuosity is more marked in the more 
elastic solutions would support this view. In the 1% solution, elastic 
recoil is so marked that if the stopcock be turned to neutral position the 
tip of the coloured stream recoils about 50 cm. 

The curves show two distinct anomalies; that near to the wall of the 
tube which consists of disproportionately high velocity, and that at the 
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centre of the tube, also an increase of velocity, which is more obviously 
dependent upon concentration of the solution and upon rate of flow. 
In the 1% solution, the progressive falling off of shearing from the wall 
where it is at its maximum (and equal to pr \/2 for Newtonian flow) 
masks the axial effect. This latter appears quite clearly in the 0-25% 
solution (fig. 7) and in the 0-1% (fig. 9) all anomaly has disappeared at 
high rate of flow and at slower rates only the wall effect remains. 

It seems, therefore, that the structure in the solution is being broken 
down in two distinct ways. Near to the wall, by the high shearing force 
and at the axis by the high velocity and not by shearing. It is suggested 



that this latter effect is a breakdown of loose structure of large aniso- 
dimensional micelles and partial orientation of these along the direction 
of flow. 

Similar experiments were then made upon solutions containing 
glycerin.* It was already known that solutions of ammonium oleate in 
glycerin solution of ten times the concentration of the soap were not 
anomalous, so a run was made with 2% ammonium oleate in 20% 
glycerin, which confirmed Newtonian flow (fig. 10). The viscosity 
calculated from these results is 0 0326 in absolute units, which is 2-0 
relative to the value obtained for water. This is in good agreement 

* Glycerin is always recommended for solutions for blowing soap bubbles since 
it greatly improves them for this purpose. Its action is usually attributed to its 
high viscosity. Actually, however, it reduces the viscosity of the soap solution and 
acts as a peptizer. 
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with Dewar’s value of 1 *96 found by the volume efflux method.* The 
glycerin content was then reduced to 7 * 5 with the results shown in fig. 11. 
Not only have the anomalies due to the soap re-appeared but also a 
new one in the extreme inhomogeneity. Around the 5 cm mark on the 



Fia. 10—2% ammonium oleate in 20% glycerin, 6 mm pressure, 19° C 



Fia. 11—2% ammonium oleate in 7 -5% glycerin, 8 mm pressure, 16° C 

linear scale there is clearly a large lump which, after the first exposure, 
has entered the field of view and adhered to the wall of the tube. It 
must have been in the coloured solution since it increases the width of 

* Dewar, ‘ Proc. Roy. Inst.,’ vol. 24 (1), p. 201 (1923). “ Collected Papers," vol. 2, 
p. 1338. 
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the coloured stream. At the other end of the graph there is another 
large lump, this time in the colourless liquid. A similar effect has been 
recorded in the flow of a solution of agar and gelatin on a glass plate.* 

A 0 • 5% gelatin sol was examined and the results confirmed other work 
carried out with this sol.f There is little wall effect, but the shearing 
falls off steadily without any increase of velocity at the axis. 

Sols of myosin were also examined. The solutions were kindly supplied 
by Dr. E. C. Smith, of the Low Temperature Station, Cambridge, who 
suggested their examination by this method after finding peculiarities 
when using an Ostwald viscometer. The solutions contained about 
0 06% of myosin (0-01% nitrogen). Sol “A” contained 0-025% of 



magnesium sulphate and sol “B” 0 01% (figs. 12, 13). The results 
show what small differences of composition can entirely alter the nature 
of flow. The anomaly of sol “ B ” differs from that of ammonium oleate 
in that the reduction of shearing becomes more marked as the axis is 
approached. The viscosity of the Newtonian sol is 0-085 at 11° C. 
Two runs were made just above 0°, but no new features appeared. The 
values obtained for the viscosity of sol “ A ” from three separate runs 
at different pressures at 11° C were 0 093, 0 -096, 0 -087 c.g.s. units. 

The optical anisotropy of myosin under shear has been examined 
and confirms the complexity of the flow since two distinct anisotropies 

* Gallay, * Can. J. Res.,’ vol. 7, p. 662 (1932). 

t Kroepelin, ‘ Z. pliys. Chem.,’ vol. 156, p. 309 (1931); Pichot and Dupin, ‘ C. R. 
Acad. Sci. Paris,’ vol. 192, p. 1079 (1931). 
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are found, one of which is similar to that shown by a gel below its elastic 
limit while the other shows some measure of orientation of micelles. *t 


Analysis of Results 

The method of plotting results used so far for detection of non¬ 
parabolic velocity distribution gives, in absence of anomaly, the viscosity 
coefficient directly as the reciprocal of the slope dvjdr 2 multiplied by a 
factor depending upon the dimensions of the tube and the pressure head. 
Analysis of anomalous flow can be made by extending this calculation; 
the slope of the dvjdr 2 curve is measured at suitable points and its 
reciprocal, after arbitrarily correcting for pressure head, dr^jdvjp, is 



multiplied by the correction factor to reduce to absolute units thus giving 
an “ apparent viscosity ” curve when plotted against distance from axis 
of the tube or its square. Of course these are not viscosities, but are 
rather to be regarded as the stress distribution or resistance, to flow 
across the tube. Fig. 14 shows the results together with the true viscosities 
of those solutions in which no anomalous flow occurred. Gelatin is 
not included as only a single exposure was made, so that, although the 
form of the deviation from Newtonian flow was shown, no quantitative 

* von Muralt and Edsall, ‘ Trans. Faraday Soc.,' vol. 26, p. 837 (1930). 

f Probably the first is similar to the second, given sufficient time. The elastic 
limit is a function of the rate of application of the deforming force. The first might 
be called “ stress ” and the second ** strain ” birefringence. 
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values were obtainable. In form its dAjdvjp curve is similar to that of 
myosin, with more pronounced resistance to flow towards the axis. 

Fig. 14 shows that the solutions examined fall into two classes: 
(a) Where resistance to flow is small at the wall rising rapidly to a 
maximum about a millimetre from it, thereafter falling off as the axis 
of the tube is approached. ( b ) Where the resistance to flow increases 
as the axis is approached, with or without some small specific wall 
effects. Class {b) contains the gelating sols: Myosin, gelatin, and 
ammonium oleate in dilute glycerin, while class {a) contains the non- 
gelating ammonium oleate. 



Part II—The Origins of Anomalous Flow 

The viscosity of lyophilic colloids is peculiar in two obvious respects. 
First, that it is large compared with solutions of molecularly dispersed 
substances of the same concentration. And, secondly, that some of these 
colloidal sols are elastic. Ammonium oleate is the best known example 
of an elastic sol. Both of these effects are due to the nature of the 
micelles, but there is very little information concerning these, largely 
because they are not resolved by the ultramicroscope. The elasticity 
must be considered in relation to the sol-gel transformation since it is 
certain that, in many gels, the only difference between sol and gel is 
elasticity. Freundlich has suggested that the elasticity is additive to 
normal viscosity and this view is supported by an examination of 1% 
gelatin by the oscillating disc method, the results of which lead to the 
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conclusion that anomaly of flow is quite distinct from increase of true 
viscosity.* Ammonium oleate systems confirm this by showing extreme 
anomaly without gelation.f It is necessary, however, to consider all 
systems whose flow is anomalous since many of these do not appear to 
be elastic. The yielding of a structure may be by deformation of that 
structure or it may be by destruction of the structure. In the former case 
there will be elastic recoil, but in the latter no elasticity will be observed. 

It has been shown that a gel of gelatin at low rate of shear advances 
through a tube with a parabolic velocity distribution. The advancing 
surface of the gel is a paraboloid, t In this case, the elastic limit has not 
been reached and the gel is being strained but not permanently deformed. 
Barus showed in 1893 that cylinders cut off square as they emerged 
from the end of a capillary change their shape owing to recoil and 
the front plane end of the cylinder becomes concave and the back end 
convex. On the other hand, systems such as clay suspensions have a 
yield point but no elasticity; the structure is destroyed before flow 
sets in. The majority of cases of anomalous flow are intermediate 
between these two. The structure present is necessarily loose and but 
slightly organized in solutions although it may be sufficiently persistent 
to require a high rate of shear to break it up. 

The viscosity of pure liquids compared in corresponding states does 
not seem to vary with molecular dimensions. But in solutions and 
suspensions there appear effects which are due to the interference of 
the particles of the disperse phase. When the particles are approxi¬ 
mately spherical, their concentration requires to be large before these 
effects appear, but when the particles are anisodimensional, as many 
colloid micelles are known to be, they interfere with each other at quite 
low concentrations. In addition to the increase of viscosity, rigidity 
may appear. 

In Clerk-Maxwell’s classical equation§ 

ds _ 1 dF 1 
dt E ~3t + n F 

where F is deforming force, S the deformation, and E the elasticity. 
Normally for a liquid ?) is small and the first term very small. In a 
solid it is the second term that becomes negligible. Elastic substances of 
small rj form the class of solutions whose flow is anomalous. 

* 4 Z. phys. Chem.,’ vol. 108, p. 153 (1923). 
t Richardson, * Trans. Faraday Soc.,’ vol. 24, p. 494 (1933). 
t Bingham, “ Fluidity and Plasticity.” 

§ 4 Phil. Mag.’ vol. 35, p. 134 (1886). 
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Structure may appear as plasticity. This name has been given by 
Bingham* to those systems, mostly pastes and mud-pies, in which 
fluidity (the reciprocal of viscosity) plotted against pressure gives a straight 
ine which, in contradistinction to Newtonian liquids, does not pass 
through the origin but makes a small intercept on the pressure axis. 
This intercept is assumed to be the yield point of the system below 
which flow does not commence (except for seepage). But in most of 
the systems examined flow measurements could not be obtained close 
to zero pressure and the yield point is, therefore, obtained by extrapola¬ 
tion from the higher pressure region observed. Where, however, rates 
of flow have been observed down to small pressures, the straight line 
relation breaks down at low rates of flow and ends in a curved part 
passing through the origin. It has also been observed that at high rates 
of flow there are deviations from the linear relation so that any number 
of “ yield points ” can be obtained by drawing tangents to the graph. 
Of course, these “ yield points ” may be regarded as a measure of the 
“ body ” of a paste under the particular stress, corresponding to the 
co-ordinate, on the pressure axis, of the point at which a tangent is 
drawn. 

Careful work on clay pastes has shown that flow is not Newtonian 
and that there are four well-defined stages.t First there is no flow 
until a yield point is reached. Yielding consists of flow of the system as 
a plug lubricated by the thin film of liquid at the wall. Volume efflux 
is proportional to pressure. With increase of pressure, volume efflux 
rises more rapidly owing to shearing of the plug progressively with 
increased rate of flow. The last stage is reached when the diameter of 
the plug has become zero and shearing extends through the system. 
Proof of plug flow was provided by photographs of the passage of coloured 
paste through a tube containing colourless paste. The boundary 
remained a plane across the tube until the pressure was high enough for 
shearing to set in. 

In elastic sols, something of the nature of “ plug flow ” will occur as 
soon as the yield point is passed. This will be reached first at the wall 
where the shearing stress is greatest so that shearing of the structure 
will occur as in mud suspensions. It cannot be expected that shearing 
will extend to the axis and completely break down the structure since 
macroscopic elasticity requires its persistence. The rate of shear towards 

* “ Fluidity and Plasticity,” p. 198. 

t Blair and Crowther, ‘ J. Phys. Chcm.,’ vol. 33, p. 321 (1929); Keen and Blair, 
* J. Agric. Sci.,’ vol. 19, p. 684 (1929); Schofield and Blair, ‘ J. Phys. Chem.,’ vol. 34, 
p. 248 (1930). 
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the axis is insufficient to break down the elastic structure completely, 
but the actual velocities are greatest there so that orientation of very 
large particles may occur owing to this cause. A loose cluster of aniso- 
dimensional micelles may only be set in rotation by the couple due to 
large rate of shear at low velocity while at high rate dispersion would 
occur. This effect is shown quite clearly by the ammonium oleate 
solutions as the reduced resistance to flow towards the axis, fig. 7. The 
time taken by large micelles to build up aggregates and loose structures 
may be so large that, during measurement of viscosity, the degradation 
is effectively irreversible. 

Systems containing the disperse phase as anisodimensiona! particles 
show effects due to interference of the particles at concentrations much 
lower than those in which the particles are more symmetrical. Consider 
two particles of the same mass; one spherical of diameter d, and the 
other rod-shaped of length /, and cross-section a. Then, considering 
the rotational degrees of freedom only, the effective volumes occupied 


, , 7 zd a nl 3 to/ 3 

in solution are as to -g- but -g- 


la so that the ratio is as la — 


TC l S 
6 


which is 1 : g- 1 2 la. 

Several equations for the viscosity of anomalous solutions have been 
proposed which contain this term.* None of these has been tested 
adequately. The simple ratio given exaggerates the effect by neglecting 
lateral displacements which increase the effective volume of the spherical 
particle. Also for particles whose length is so great that lateral dis¬ 
placements can be ignored compared with the rotational volume, it is 
unlikely that rotation will be sufficiently rapid for the whole spherical 
volume to be filled in the small time between successive collisions with 
other similarly rotating particles. This time factor must be the effective 
limit to the volume filled. 

Staudingerf has taken the volume « (//2) 2 0, where 0 is the thickness, 
as the critical volume at which interference begins and regards this as 
the point of transition of sol-type to gel-type solution. 

Staudinger’s view requires that the nature of the flow be unaffected 
by the size of the particles, provided their shape remains the same, up 
to the critical concentration of transition sol-type to gel-type solution. 
His own work provides no check upon this point which is fundamental 


* ‘ Trans. Faraday Soc.,’ vol. 29, p. 18 (1933). 

t “ Die hochmolekularen organischen Verbindungen, Kautschuk und Cellulose ” 
(Berlin, 1932). 
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when molecular weights are being determined from viscosities using that 
of a substance of comparatively low weight as a fiducial value. 

From the observations of Kraemer and van Natta on poly-oxy-decoic 
acids valuable information can be obtained.* This is the only work 
published in which measurements of viscosity of solutions of high known 
molecular weight have been made. Further, the mechanism of the 
polymerization is so simple that, making some assumptions, we can 
calculate the dimensions of the polymer-molecule of each fraction and 
confirm Staudinger’s idea of the critical concentration. The molecule is 

HO—(CH 2 )»—COOH 

polymerizing by internal esterification to form a particle of one of the 
forms shown. Its micellar weight can be determined directly by 
titration of the free end carboxyl group. The fractions were all carefully 
separated and the solutions can be taken as monodisperse. 



Fio. 15 


In Table I the first line is the micellar weight of the fraction. This 
divided by the molecular weight increment per molecule esterified— 
170—gives the number of molecules per micelle—line 2. The length 
of the molecule, which becomes the breadth of the micelle is taken as 
13 A. From this, the cross-sectional area of the molecule must be 
24 A s —a value in accord with X-ray evidence from long chain substances. 

* ‘ J. Phys. Chem.,’ vol. 36, p. 3175 (1932). 
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Table I 


Molecule Polymer-Fractions used (micellar weights) 


188 

Number of mols per 


micelle. (1) 

Length 4 . (13) 

Length* . (13) 


Critical concentration — 

Number of micelles per 
100 cc . — 


780 

1710 

5670 

4*6 

10*6 

33 4 

20*6 

47*6 

150 

59*6 

137*8 

434 

3*7 

3*0 

1*2 


2860 

1060 

128 

12*4 

24*4 

29*4 

13*6 

76*7 

91 *5 


9330 25-200 

55 148 

246 663 A 

715 1924 A 

0-7 0-23 gm 

100 cc 

45-3 5-52 x 10“ 

27-8 24-8 cc 

88 78 cc 


Molecular weight increment per esterified molecule = 170. 
Length of molecule, 13 A. 

Cross-sectional area 24 A 2 . 

For calculating V,, 0—12 and length lj. 

For calculating V,, 0 — v'25 and length 1,. 


The critical concentration is taken from the curves in the paper and 
from it, the number of micelles present in 100 cc of this solution calculated. 
The last line gives the total volume occupied by these micelles on 
Staudinger’s formula which should, therefore, be 100 cc. It is clear 
that, whichever picture of the micelle is taken, the results support his 
picture of the critical concentration strikingly except for the lowest 
fraction. Now this is already larger than the size of the fiducial molecules 
used by him so that his values for high polymers calculated by this 
method are rendered suspect. This difficulty would be evaded only by 
the use of fiducial substances of molecular weight not much less than 
1700, if such were available. It seems that the difference in the figures 
is to be explained by the lateral displacements still being considerable in 
the 780 molecular weight particles. These are hardly rod-shaped since 
their length is 20 -6 while their width is 13 and thickness 5 A. 

The authors of this paper state that there are indications of anomalous 
flow setting in at the highest particle size. This agrees with such other 
figures as are available. Cellulose does not show anomalous flow except 
where no degradation has taken place.* By ultracentrifuge, the micellar 
weight of pure a cellulose is 55,000 in cuprammonium.t Polystyrenes 
swell before dissolving and then form highly viscous solutions above 
micellar weight 10,000. On the other hand, sulphur in which the micelles 

* “ Viscosity of Cellulose Solutions,” Dept. Sci. Ind. Res. Rep., 1932, p. 27; ‘ J. 
Amer. Chem. Soc.,’ vo). 47, p. 1430 (1925). 

t Stamm, * J. Amer. Chem. Soc.,’ vol. 52, p. 3047 (1930). 
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are isodimensional shows no anomaly up to micellar weights of 10*. * 
Sols of TiO a have been prepared containing up to 64%, but anomalous 
flow only occurs in the most concentrated ones which are thixotropic 
systems; here the micellar weight is about 10 8 .t 

The idea of this effective volume of anisodimensional particles can 
also be used to interpret other colloidal phenomena. During coagulation 
any linear aggregates formed will sweep out their large effective volume 
with correspondingly increased chance for single particles to adhere. 
Coagulation will, therefore, occur faster than where spherical particles 
are meeting only by their individual collisions. Since the volume 
effectively occupied is that between successive collisions of the chains, 
these need only have a short life and small rigidity. The coagulum may 
reveal no evidence of their temporary existence. 

Consider a sol containing n particles per cc of diameter, d. Then if 
these aggregate to form chains N particles long, their total effective 
volume will be : 


but the concentration, c, is 




where S is the density of the particles. 
Therefore 


Thus the critical concentration (Staudinger) is a linear function of N, 
the linear association number. The experimental values already quoted 
for poly-oxy-decoic acid agree with this. The viscosity relation tj/N 
will be less simple since the apparent viscosity rises more rapidly when 
the critical concentration is passed and the region of anomalous flow 
may be entered. Both of these factors will intensify the autocatalytic 
form of the n change curve. >) will reach a maximum when N no longer 
increases; and, if coagulation continues without increase of chain length, 
it will then fall. These considerations explain completely the observa¬ 
tions of McDowell and Usher J upon the variation of viscosity during 

4 * Oddn, “ Der Kolloide Schwefei.” 

* t Freundlich and Kross, * Kolloid Z.,’ vol. 52, p. 37 (1930). 

$ ‘ Proc. Roy. Soc.,’ A, vol. 131, p. 409 (1931). 
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slow coagulation of a sol of copper ferrocyanide. They observed the 
initial sharp rise which then slows up, passes a maximum, by which 
time the flow has become anomalous, and thereafter falls. Dendritic 
coagula were observed; these represent the last part of the curve where 
coagulation is no longer linear and the total effective volume is falling 
off as the number of particles decreases. 

Freundlich* has observed an autocatalytic viscosity/time curve in the 
coagulation of A1 (OH) 3 which is explained by the same view. It can 
also be applied to Svedberg’s autocatalytic increase of electrical con¬ 
ductivity during the reduction of gold chloride.t In this case, the auto¬ 
catalytic increase sets in when the sol is already showing the characteristic 
ruby colour, which requires that the particles should have a diameter 
of about 25 A. At this stage the autocatalytic effect can be explained 
by aggregation to chains of no more than three or four particles. 

A different type of autocatalytic curve is that given when viscosity is 
plotted against molecular weight for a series of polymers. Data for 
poly-vinyl acetate show such an effect between 1200 and 2000 above 
which dnjd N falls to the same value as below 12004 This suggests 
poly-dispersity of the intermediate polymer solutions. By this test, the 
poly-oxy-decoic acids are all monodisperse. 

The Soap Micelle 

The soap micelle is anisodimensional.§ It is built up from the 
molecules of soap by the adhesion of their long hydrocarbon chains. 
Micelles appear first in solutions of sodium caprylate so that in the 
longer soap molecules there is a hydrophobic hydrocarbon tail 10 or 12 
methylene groups long. The interface hydrocarbon chain/water is 
reduced by adhesion until a micelle is formed with -COONa groups on 
the outside and, therefore, in stable solution in the water. When equili¬ 
brium has been reached, a reduction of the solubility, by lowering the 
temperature, will cause a further aggregation of these micelles; but, at 
this stage, by association of the -COONa groups, a crystallization of 
micelles, in fact. The resulting “ curd ” has a molecular structure very 

* Gann, ‘ Kolloid Beih.,’ vol. 8, p. 63 (1916). 

t Svedberg, “ Colloid Chemistry,” p. 56 (1924). 

t Whilby, McNally, and Gallay, ‘ Colloid Symposium Monogr.,’ vol. 6, p. 232 
(1928). 

$ Zsigmondy and Bachmann, ‘Kolloid Z.,’ vol. 11, p. 150 (1912); Darke, McBain, 
and Salmon, ‘ Proc. Roy. Soc.,’ A, vol. 98, p. 395 (1921); Lawrence, ‘ Kolloid Z.,’ 
vol. 50, p. 12 (1930). 
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similar to that of the lamellar crystals which separate from the molecu- 
larly dispersed soap, which are double sheets of molecules packed as 
shown in fig. 16. X-ray examination of soap micelles and curd therefore 
yields no information about the size of the micelle, but only gives the 
periodicities due to the regularly packed molecules.* For the same 
reason the micelles are birefringent and as a result of their anisodimen- 
sional form can be orientated by flow so that soap sols become doubly 
refracting in flow.f 

Staudinger’s equation can, therefore, be used to calculate the length 
of these micelles. In solutions containing glycerin, the critical concen¬ 
tration is about 3%. Assuming the micelles to be built up 
as pictured, this gives a length of 190 A. That is, about 
40 molecules per micelle. For solutions in water used in 
the velocity distribution experiments, the length is 5700 
taking 0 1% as the critical concentration. This particle 
about 0-5 n long would have a micellar weight of 1,710,000, p lo 15 
a large but by no means impossible value. Such particles 
would still be invisible ultramicroscopically owing to their small cross- 
section. That there is some opacity can be ascribed to loose bundles of 
these micelles. 

Anomalous Flow and the Sol-Gel Transition 

It is clear from the picture formed of the conditions leading to anoma¬ 
lous viscosity that the transition to anomalous flow will not be sharp. 
A considerable interpenetration of the effective volume will be necessary 
and the first stages of structure will be broken down by flow. Also such 
structure will take a considerable time to reach equilibrium. Hatschek 
reports that the elasticity of gelatin-glycerin gels increases for two 
months, t In the earlier part of this work, ageing effects were mentioned 
in soap solutions, and these were circumvented by allowing all solutions 
to stand for a few days before use. It has been observed in the course 
of this work that a 1% solution of sodium laurate at 20° gelated after a 
week when kept in a sealed tube. Its viscosity increases over the first 
three days- This is more than five times the amount of water which 
Fisher§ states as the water holding capacity of this soap. 

* de Broglie and Friedel, ‘C.R. Acad. Sci. Paris,’ vol. 176, p. 738 (1923); Piper 
and Grindley, ‘ Proc. Phys. Soc.,’ vol. 35, p. 269 (1923). 

t Freundlich and Jores, * Kolloid Beih.,’ vol. 22, p. 16 (1926); Thiessen and Triebel, 

' Z. phys. Chem.,’ vol. 156, p. 309 (1931). 

t ‘ Trans. Faraday Soc.,’ vol. 29, p. 1108 (1933). 

§ “ Soaps and Proteins ” (1921), p. 29. 
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When the structure in the solution is easily broken down by flow, it 
will appear as a plasticity if the rates of flow are plotted against the 
pressure head. Thixotropic gels are of this type. Gelatin is at the 
other end of the scale with high viscosity and large elasticity. Ammonium 
oleate is peculiar in that its viscosity is small while its elasticity is very 
persistent. 

Gels are usually formed by reduction of the degree of dispersion, the 
necessary supersaturation being brought about in hydrophilic systems 
by cooling and, in more hydrophobic ones, by slow coagulation or by 
prolonged dialysis. Gels formed of precipitates of very small solubility, 
such as barium sulphate, are, of course, formed by aggregation of 
molecules. The only exceptions to this rule are the gels formed by 
swelling in a solvent before dispersion. Here there is a distinction 
between micellar colloids and molecular colloids; that is, those in 
which the micelle is one giant molecule, such as rubber, and the poly- 
oxy-decoic acids. In these the gel is formed by solvation of the giant 
particles whose size is so great that the solvation does not disperse 
them to sols. Micellar colloids pass through this state but do not remain 
in it since solvation necessarily increases their degree of dispersion and, 
therefore, reduces the micellar size so that sols are formed. Ammonium 
oleate sols containing a deficit of ammonia gelate in this manner on 
addition of ammonia but disperse soon to sols. A similar effect occurs 
on addition of higher alcohols to neutral solutions of oleates*; the 
dispersion is greatly increased finally, but gel is formed when solvation 
has occurred and before dispersion has followed. The very long-chain 
sodium soaps, behenate and arachidate, form stiff gels in boiling water 
before they pass slowly into sols.f 

The gel-type solution is essentially a system of interpenetrating aniso- 
dimensional particles. Their actual dimensions may vary; their rigidity 
and their solvation will also be variable for different substances and 
solutions. Of those studied here, the ammonium oleate sols which are 
elastic but which do not gelate are those in which the particle size is 
greatest. Reduction of particle size, the peptization by glycerin, leads 
to gelation and confirms the general rule that gelation is essentially a 
phenomenon requiring high dispersion. The soap glycerin solutions 
contain micelles which are small and not heavily solvated. The rigidity 
of such gels will be small. Gelatin is much more heavily hydrated. 
Myosin is also heavily hydrated and its micelles are probably larger 

* Green, ‘ Nature,’ vol. 131, p. 872 (1933). 

t Laing, ‘ J. Chem. Soc.,’ vol, 127, p. 2754 (1925). 
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and more anisodimensional than those of gelatin. This explains the 
persistence of elasticity in dilute solutions and their optical behaviour. 
Orientation of micelles in solution by flow seems parallel to orientation 
of crystallites by cold-drawing polymers of high molecular weight, such 
as rubber. Poly-oxy-decoic acids can be cold-drawn when the micelle 
is more than 500 A long, yielding a lustrous transparent thread with 
parallel extinction and which give a crystal X-ray diagram.* 

The breakdown of structure in soap solutions clearly shows that high 
velocity is more effective than high rate of shear. This is readily under¬ 
stood in the light of the interpenetrating anisodimensional micelle 
structure. Shearing can orientate rigid crystalline rods such as Vanadium 
pentoxidc, but it cannot unravel structures of more flexible intertwined 
soap micelles. Where the micelles are smaller, as in gelatin and myosin 
and the soap-glycerin solutions, shearing is more important. It seems 
though that the lessened resistance to flow near to the wall also results 
from the necessary gradual reduction of the amount of structure as the 
wall is approached. There is no adhesion to the wall of the tube. 
There will be a distance of the order of the particle length over which 
the structure will increase until it reaches the extent of the bulk. A 
plug of glass-wool sliding in a tube provides an analogy. This effect 
explains why the resistance to flow does not increase in proportion to 
the falling off of the rate of shear. 

It is known that the smallest curds, which are bundles of micelles, of 
soap visible ultramicroscopically are flexible under Brownian bombard¬ 
ment; so are those of benzo-purpurin. This factor is certainly decisive. 
Sodium soaps, at the concentration where ammonium soaps are elastic 
sols, form curd. The extreme elasticity of ammonium oleate solutions 
seems to be due to the coincidence of great flexibility and very long 
micelles. Anomalous flow also occurs where the disperse phase has no 
rigidity—-in emulsions. Here, however, the anomaly, which requires 
high concentration, 70%, of the disperse phase since the particles are 
spherical, is independent of the viscosity of the disperse phasef and 
surface tension causes it by resisting deformation. 

The flexibility is also a reason why the Einstein equation (corrected 
for anisodimensional particles) for rotation cannot be applied to colloid 
micelles. Bombardment which would produce no torque in a rigid rod 
may deform a flexible one. 

Flexibility may explain why the effective volume of a micelle is propor¬ 
tional to the square of its length, and not to the cube. The effective 

* Carrothers and van Natta, ‘ J. Amer. Chem. Soc.,' vol. 55, p. 4714 (1933). 
t Sibree, ‘ Trans. Faraday Soc.,’ vol. 26, p. 26 (1930). 

G 2 
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volume is, by definition, the space occupied between successive collisions. 
This can only involve / 8 although the volume occupied during several 
successive collisions will be three-dimensional. 


Concentrated Systems 

A sol which is anomalous owing to the anisodimensional form of its 
micelles is, at higher concentrations, subject to the same limitations to 
free movement as a plastic system of isodimensional particles. The 
resistance to flow will be higher still owing to interpenetration of the 
anisodimensional micelles. McBain has shown that sodium soap/water 
systems are of this type when the soap content is above about 70%. 
Actually two separate phases exist, but the difference between them is 
unknown. Possibly the second which appears when the water content 
is reduced to 10% is a water in soap system while the former is soap in 
water. This is supported by the increased difficulty in removing the 
last 10% of water from sodium oleate by warming in vacuo. Both of 
these anisotropic phases are plastic and have apparent viscosities of 
more than 10®*. They are, therefore, not in the liquid crystalline 
smectic state since this is characterized normally by fluidity in one dimen¬ 
sion. A smectic substance behaves as if its resistance to flow fell with 
increasing shear, but this is because a mass of smectic substance contains 
innumerable micro-liquid crystals with their slip planes orientated at 
random. Shearing orientates these until they are all parallel and the 
resistance to flow reaches a minimum. It is doubtful if any soap/water 
system is smectic. Anhydrous soaps are said to be but ammonium 
oleate which is the prototype of smectic substances is not a characteristic 
example. The thallous higher fatty acid salts are very beautiful examples 
of smectic flow. Fig. 17, Plate 5, shows Grandjean’s planes, f That 
they are visible proves that each smectic sheet is not slipping freely on 
its neighbours. The steps are many hundreds of molecules thick. The 
reason for this large-scale periodicity is probably also a surface one. 
As the sessile drop of isotropic liquid cools, it is under the restraint of 
the orientated surface layer of molecules. Contraction causes slipping 
and an arrangement of Dupin’s cyclides results. J In the thallous soaps 
the molecules are orientated normally to the surface in the smectic state. 

* McBain and Watts, ‘ J. Rheology,’ vol. 3, p. 437 (1932). 

t ‘ Bull. Soc. Franc. Min.,’ vol. 39, p. 167 (191). ‘C. R. Acad. Sci. Paris,’ vol. 
166, p. 165 (1918). 

J Bragg, ‘ Trans. Faraday Soc.,’ vol. 29, p, 1056 (1933). 
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Each terrace is then a family of cyclides. In substances not orientated 
normally, each terrace is a row of focal conies.* * * § 

Nematic liquid crystals are also anomalous,t but their behaviour 
seems to be similar to that of emulsions. They show large deviations 
from Newtonian flow close to the melting point, where, at low rates of 
shear, their apparent viscosity is as large as the value, at high rates, at 
the temperature of solidification. Observation shows that the nematic 
form separates from the isotropic liquid in spheres which clearly indicate 
the existence of a considerable interfacial surface tension. J Like emul¬ 
sions, therefore, flow will involve distortion of these and work against 
the interfacial tension. 

I wish to express my gratitude to Professor E. K. Rideal, F.R.S., for 
his encouragement and helpful suggestions during the course of this 
work and my thanks to the Department of Scientific and Industrial 
Research for grants which rendered this work possible. 


Summary 

(1) If a liquid does not obey Poiseuille’s law, it is because the velocity 
distribution is not parabolic; therefore, the velocity distribution in a 
number of anomalous systems has been observed directly by a new 
method. 

(2) The results are analysed and compared with other known anomalous 
systems. 

(3) dr*ldvlp, which in a Newtonian liquid gives the viscosity coefficient, 
is calculated from the results and plotted as a function of distance from 
the wall of the tube. It is taken as an indication of the stress distribution. 

(4) This method enables a clear distinction to be drawn between 
gelating systems and non-gelating but elastic sols. Incipient gelation 
can be detected at a state much earlier than that possible by other 
methods. It confirms the idea that gelation starts from nuclei.§ 

(5) Anomalous flow in dilute solutions is caused by anisodimensional 
micelles. It occurs in solutions in organic solvents as well as in water. 

(6) It is caused by the greater effective volume of anisodimensional 

* Lawrence, ‘ Science Progress,' vol. 28, p. 345 (1933). 

t Ostwald and Malss, ‘ Kolloid Z.,’ vol. 61, p. 305 (1933). 

t These are quite distinct from the “swarms” postulated byOmstein, ‘ Z.Kristallog., 
vol. 79, p. 117 (1931); ‘ Trans. Faraday Soc.,' vol. 29, p. 932 (1933). 

§ Hardy, ‘Proc. Roy. Soc.,’ A, vol. 87, p. 29 (1912). 
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micelles resulting from rotation and increasing the mutual interference. 
The Einstein equation for viscosity cannot be applied to anomalous 
systems since it postulates no mutual interference of particles. 

(7) When the effective volume of the solute is equal to the volume of 
the solution, mutual interference begins to increase rapidly with increasing 
concentration. (Staudinger’s transition sol-type to gel-type solution.) 
It is suggested that this should be called “ anomalous viscosity ” because 
it is still a true viscosity but anomalously large. For systems not obeying 
the Poiseuille equation, it is sometimes convenient and useful to speak 
of “ apparent viscosity.” The anomaly of these systems is anomalous 
flow. 

(8) The volume occupied effectively between collisions is proportional 
to the square of the length of the particle. It cannot be calculated from 
the Einstein equation for rotation under Brownian bombardment as 
the micelles are not rigid. 

(9) Resistance to flow at the wall of a tube is lessened by the necessary 
reduction at a finite distance from it, of any loose structure built up of 
anisodimensional micelles. The adsorption of molecularly dispersed 
soap at the glass/solution interface prevents adhesion. Myosin shows 
some tendency to adhere. 

(10) Whether an elastic sol or a gel is formed depends upon the extent 
of dispersion and solvation. High solvation and dispersion favour 
gelation; very large micelles with small solvation are responsible for 
elastic sols. 

(11) In molecular colloids, in which the micelle is held together to 
reduce free surface energy, degree of dispersion and solvation must be 
parallel. Very large micelles can be heavily solvated only when held 
together by valency forces, e.g., rubber, nitro-cellulose, colloids, which 
swell before dispersion. 

(12) Individual micelles are not degraded by shear, but the loose 
clusters of them formed by limitations of volume are deformed and 
broken. Since anomalous flow is due to mutual interference of aniso¬ 
dimensional particles, it cannot be treated theoretically by consideration 
of a single particle and multiplying by the number present. This treat¬ 
ment can be applied to sol-type solutions. 

(13) The time factor must be considered. AH anomalous systems 
show “ ageing ” effects, which are merely slow equilibration. Slowness 
of re-equilibration after breakdown of structure by flow appears as 
plasticity. 

(14) Anomaly appears in systems of isodimensional particles only at 
high concentrations. 
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(15) Segregating mixtures, emulsions, and nematic liquid crystals are 
anomalous. It is suggested that in these systems surface tension is the 
cause of resistance to deformation of discrete particles. 

(16) Polymermolecules are filling the gap previously existing between 
molecules of normal size and naturally occurring colloid particles. 
Such molecules may form true solutions when dilute and colloidal when 
more concentrated. A quantitative test, made from published data for 
poly-oxy-decoic acids, supports Staudinger’s theory of this transition. 


Investigations in the Infra-Red Region of the Spectrum 

XI—The Absorption Spectrum and Molecular Structure 
of Boron Trichloride, and the Effect of Strain on Plane 
Groups of the Type XY 3 

By A. B. D. Cassie, The Sir William Ramsay Laboratories of Inorganic 
and Physical Chemistry, University College, London 

(Communicated by F. G. Dorman, F.R.S.—Received June 22, 1934) 

Investigations of force constants of molecules become less accurate 
as the number of atoms in the molecule increases. This is due to several 
obvious difficulties such as obtaining exact formulae for the normal 
frequencies of a system with many vibrational degrees of freedom, and 
assigning correctly observed fundamental frequencies. There is, how¬ 
ever, a less obvious source of error in dealing with molecules whose 
equilibrium configuration is one of strain. The force constant of any 
link measures the curvature of the nuclear separation-potential energy 
curve for the link in question at its equilibrium separation. This equili¬ 
brium separation corresponds to the minimum in this curve for diatomic 
and non-closed triatomic molecules. But if the link be under strain the 
equilibrium separation does not correspond to this minimum, and the 
curvature measured by the force constant may be very different from 
that for the same link joining the same atoms in a diatomic molecule. 
Hence force constants deduced from observed vibrational frequencies 
of a molecule whose bonds are under strain cannot be compared with 
those of similar bonds of diatomic molecules unless they are corrected 
for deviation from the minimum of the potential energy curve. 
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Boron trifluoride and trichloride are molecules likely to yield informa¬ 
tion regarding the effect of strain on observed force constants; they are 
stable gases at room temperature, and the chloride is readily prepared 
and purified. Further, quantum mechanics predicts that they should 
have a plane configuration, and allocation of fundamental frequencies 
should be possible with some degree of certainty. 

The fluoride was first chosen for investigation as its moments of inertia 
seemed likely to be small enough for resolution of P, Q, and R branches with 
the prism spectrometer, and this would assist in correct allocation of the 
fundamental frequencies. A preliminary run with the trifluoride pre¬ 
pared from KBF 4 , B 2 0 3 , and H 2 S0 4 showed that the sample was very 
impure, and was insufficiently dry to prevent attack of the rock-salt 
plates. The run did, however, serve to locate several bands, and showed 
that P and R branches can be separated. It is hoped to reinvestigate this 
spectrum with a sample sufficiently pure and dry to overcome the difficul¬ 
ties encountered in the preliminary investigation. 

The trifluoride can be prepared from the trichloride leaving the tri¬ 
chloride as the most probable impurity, and accordingly the trichloride 
was first investigated. 

Experimental 

Boron trichloride was obtained from British Drug Houses, Ltd., and 
was purified by distillation, the middle fraction being dried over phos¬ 
phorus pentoxide and retained for the infra-red absorption measure¬ 
ments. Different samples gave all the bands of the same relative intensity, 
and none of the bands showed any peculiarities associated with impurities. 

The observed spectrum is summarized in Table I, and the contours 
of the bands are indicated in fig. 1. 

Table I—-The Infra-Red Absorption Spectrum of Boron 

Trichloride 



Band centre 

Intensity 

Slit 


Band 

V- 

cm 1 

(arbitrary 

units) 

width 

cnr 1 

Prism 

A 

1400 

714 

4 

5 

Rock-salt 

B 

11*81 

845 

3 

5 

if 

C 

10*44 

958 

100 

5 

n 

D 

10*04 

996 

95 

5 

i* 

E 

8*290 

1206 

2 

9 

>» 

F 

7-208 

1387 

6 

4 

Fluorite 

G 

6*998 

1429 

6 

4 

i* 

H 

5*230 

1912 

2*5 

8 

*i 

I 

5 011 

1995 

2 

8 

i> 
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The bands do not call for individual comment apart from the relative 
intensity of C and D. These bands are much more intense than any of 
the others observed, and the rough scale of intensity used in Table I 
does not bring out their relative intensity: at one pressure of BC1* C gave 
a maximum absorption of 80% whilst D gave 40%, so that C is actually 

Wave-length (u) 



Frequency (cm- 1 ) 



twice as intense as D. Fig. 1 is constructed to indicate the relative 
intensities of the bands except for C and D. The scale of percentage 
absorption is the same for all the bands in fig. 1 , the variation of intensity 
, being obtained by raising or lowering the position of each band without 
altering this scale. One scale of percentage absorption is used for all 
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the bands so that the figure may give an undistorted representation of the 
relative widths of the bands. Thus bands C and D are narrow compared 
with the others, whilst H and I are broad. This may represent a true 
variation in band width, but much of it will be due to the contours having 
been observed at different pressures and with different slit widths. C and 
D were observed with a pressure of a millimetre or less, whereas E, H 
and I required a pressure of an atmosphere. Again E, H, and I were 
observed with slit widths approximately double those used for the other 
bands, and this necessarily reduces the sharpness of band maxima. 

Raman Spectrum 

Before discussing the origin of the bands, the observed data must be 
completed by including vibrational frequencies obtained from Raman 
displacements. The Raman spectrum was first investigated by Bhaga- 
vantam* for liquid BC1 3 . He gives displacements of 470 and 255 cm -1 . 
Venkateswaranf again using liquid BC1 3 , reported lines corresponding 
to 472 (very intense), 255, and 947 cm -1 (weak, probably double). The 
displacement 947 cm -1 probably corresponds to the two intense infra-red 
bands at 958 and 996 cm" 1 . Numerically better agreement is obtained 
by assuming it the first harmonic of a fundamental frequency at 472 cm -1 , 
but Placzek’s selection rules]; indicate that the most intense Raman line, 
472 cm" 1 corresponds to the most symmetrical vibration, and its harmonic 
should therefore be absent from the Raman spectrum. The discrepancy 
between the infra-red and Raman frequencies may be due to the former 
being that of the gas whilst the latter is that of the liquid; for vibrational 
frequencies seem in general to be greater for the gas thqn for the liquid 
phase. Venkateswaran’s observation that this displacement is probably 
double supports this conclusion, although one would expect Raman lines 
corresponding to bands 38 cm -1 apart to be resolved. 

Allocation of the Bands 

The boron trichloride molecule has six vibrational degrees of freedom, 
but even if it be pyramidal there will be only four distinct fundamental 
frequencies. A choice between the pyramidal and planar configurations 
could be made if infra-red observations were available up to 25 p, ; this 
would include the region of470 cm -1 where the most intense Raman line 

* ‘ Ind. J. Phys.,’ vol. 5, p. 73 (1930). 
t Ibid., vol. 6, p. 284 (1931). 
t * Liepziger Vortrfige,’ p. 78 (1931). 
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appears, and if the molecule be planar this frequency will be inactive 
in the infra-red, whereas if the molecule be pyramidal, it will be active. 
This region could not be included in the present observations, but the 
intensity of the Raman line suggests that it is due to simultaneous vibration 
of the three Cl atoms in phase, towards or away from a stationary boron 
atom in the same plane. 

The molecule is therefore assumed to have a planar configuration, 
and we shall try to ascribe observed frequencies to the four fundamental 
frequencies v x , v 2 , v 3 and v 4 . The normal mode of frequency v 4 corre¬ 
sponds to oscillation of the B atom relative to the Cl 8 triangle along the 
line through the median point and normal to the plane of the molecule. 
v 2 and v 8 are both double frequencies corresponding to motion of the 
four atoms in the equilibrium plane. v 4 is a single frequency, and 
corresponds to the symmetrical inactive mode where the B atom remains 
at rest. This choice of v 4 to v 4 follows Nielsen* and Menzies.f 

The positions of the infra-red bands can be satisfactorily accounted for 
if we take 996, 958, 430 and 250 cm 1 as fundamental frequencies. The 
first three select themselves as fundamental frequencies on account of 
their intensity, provided we identify the 430 cm 1 frequency with the 
Raman displacement of 472 cm -1 . The 250 cm 1 displacement might 
correspond to a difference tone, but the relative intensities and the 
positions of the bands agree best with the assumption that this is a funda¬ 
mental frequency. 

The discrepancy between the Raman displacement, 472 cm -1 , and the 
corresponding inactive infra-red frequency is rather large, particularly 
when one remembers that the frequency for the liquid phase is generally 
less than that for the gas phase. Any frequency greater than 430 cm 1 
gives very poor agreement with the infra-red bands, and although 430 cm -1 
is only an estimate of the value required by observed infra-red frequencies, 
it is not likely to be in error by much more than 5 cm -1 . 

Table II contains an allocation of the infra-red frequencies. The 
allocation of 996, 958, 250 and 430 cm 1 to v ls v a , v 3 and v 4 respectively, 
is not arbitrary, but is in agreement with the investigation of force con¬ 
stants given in the following paragraphs. 

Evaluation of Force Constants 

Formulae relating fundamental frequencies to force constants have 
been given by Nielsen (loc. cit.) and Menzies (loc. cit.). Their results 

• ‘ Phys. Rev.,’ vol. 32, p. 773 (1928). 
t * Proc. Roy. Soc.,’ A, vol. 134, p. 265 (1931). 
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are not in agreement, and we shall use the expressions given by Menzies. 
The difference between the two sets of formulae probably arises in 
approximations involved in transforming the potential function, 

V = F (r) + f(a) + F' (r) (g 4 + q s + q 6 ) + iF" (r) (0 4 2 + 0 6 2 + ?,*) 

+ f (a) (0i + 02 + 0 3 ) + i/" (o) (0i 2 + 0a* + 9a*). 

where r is the BC1 separation, a the C1C1 separation, <?,, q t and q 3 are 
the displacements of the sides of the triangle, and q 4 , q & and q e are the 
displacements of BC1 from their equilibrium separations. F' (r) and 
F" (r) are the first and second derivatives of the potential function F (r) 
and /' (a) and f" (a) those of the potential function / (a). The six inde¬ 
pendent co-ordinates used to specify the six vibrational degrees of free¬ 
dom are q u q 2 , q 3 , x, y, and z, where x, y, and z are the rectangular 
co-ordinates of B relative to the centre of gravity of the Cl atoms, z is 
normal to the plane of the triangle, and x is parallel to one undisplaced 
side. The co-ordinates q 4 to q t in the expression for V must be replaced 
by ft, 03, x, y and z, and only approximate expressions can be obtained 
for the transformation. Menzies’ results check with the approximation 
that the deviation of any angle C1BCI from 120° is due to the displace¬ 
ments x, y, z; this takes into account motion of the Cl atoms, for x, v 
and z are displacements of B relative to the centre of gravity of the Cl 
atoms, but a further approximation would include terms in q t to q 3 
depending on the individual displacements of the sides of the triangle. 
This further approximation seems unnecessary, particularly for BCl a , 
where the displacement of the light nucleus B will always be much greater 
than that of any Cl nucleus. 


Table II—Allocation of Observed Infra-Red Frequencies 



Centre 


Centre 

(Cal. - obs.) 

Band 

cm~ l 

Mode 

calculated 

cm 1 




cm 1 


A 

714 

V, - Vj 

708 

—6 

B 

845 

2v 4 

860 

15 

C 

958 

V» 

— 

— 

D 

996 

V| 

— 


E 

1206 

V, + V, 

1208 

2 

F 

1387 

v t + v 4 

1388 

1 

G 

1429 

v t -f v 4 

1426 

— 3 

H 

1912 

2v, 

1916 

4 

1 

1995 

2v, 

1992 

-3 
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Menzies' expressions for the frequencies are: 


VI 


J 2tc V 

\/ ilKl + P)+(l + 3a) ± - 


Vi 


v/svtrosr. 


where m is the mass of Cl, M that of B, [x is —i— , k is F" (r), 

M 

- is f" (a) and P is F(r)/f 

,S FIT) ’ an ° P 1S F" (r) ’ 

One notes that v x is assumed to arise only from the strain of the mole¬ 
cule. This is unlikely to be the complete picture, for the molecule will 
resist displacement of B normal to the equilibrium plane even though 
strain be absent. In fact the molecule most likely possesses rigidity 
with respect to deformation of the plane configuration, just as linear 
triatomic molecules resist deformation of their straight line configura¬ 
tion. 

The procedure adopted in the present discussion is to obtain the three 
unknown parameters k, a and fi from the three known fundamental 
frequencies v a , v 3 and v 4 . The value of fi thus obtained depends only 
on the strain of the molecule, for all three normal modes involve only 
motion in the plane of the triangle. Deviation of the value of fi obtained 
from from this value, gives a measure of the rigidity of the plane con¬ 
figuration. 

The most convenient method of discovering the correct allocation of 
the fundamental frequencies is to eliminate two of the unknown para¬ 
meters k, a and (3 from the three equations contained in (2) and (3). 
Actually if a and (3 be eliminated, one obtains the expression: 

[(v,« -f v 3 2 ) 2 — (v a 2 — v 3 2 ) 2 + hy(y — v 4 2 )] A 2 — 4(xyA + 4[a = 0, (4) 


where A is 4?t 2 ^ , and y is j (v a 2 + v„ 2 — ^v 4 2 ). 


The frequency 430 cm -1 , corresponds to the most intense Raman line, 
and must therefore be v 4 . There remain the frequencies 250, 958, and 
996 cm -1 as possible values of v a and v 8 . If the two higher frequencies 
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be chosen as v a and v 3 , imaginary values are obtained for A. Hence v 3 
and v 3 must be either 996 or 958 and 250 cm -1 . According to Menzies’ 
expressions v 3 must have the lower frequency; hence v 3 is 250 cm -1 . 
Two solutions are obtained with either 996 or 958 cm -1 as v 3 . These 
are given in Table III. 


Table III— Possible Values of Potential Coefficients for 


F" 

dynes/cm 

2*6 y 10 * 
0*74 x 10* 

2*6 x 10 s 
0*74 x 10* 


Boron Trichloride 

r 

dynes/cm 
0*36 x 10* 


0*97 x 10* 

0*36 x 10* 
0*97 x 10* 


F' 

dynes 

1*3 x 10 3 
4*4 x 10 3 

I*0 x 10 8 
4*1 x 10 8 


* v a equal to 996 cm 1 
' v 8 equal to 958 cm 1 


Replacement of 996 by 958 cm 1 affects F" and /" negligibly, but the 
value of F ' jr is appreciably altered. Table III gives F' for r equal to 
1 -75 A, corresponding to Wierl’s value* of 3-03 A for the Cl-Cl separa¬ 
tion in BC1 S . 

The value of F 'jr obtained from v 3 is 1 -65 x 10 5 dynes/cm, and is in¬ 
appreciably changed by substitution of 958 for 996 cm -1 as this frequency; 
the corresponding value of F'is approximately 2-9 x 10 3 dynes. Thus, 
the first solutions of Table III where F' is near 1 x 10 3 dynes, corre¬ 
sponds to a molecule whose plane configuration would be maintained 
even though there was no strain due to repulsion of the Cl nuclei. The 
second solutions where F' lies near 4 x 10 ® dynes corresponds to a 
molecule whose plane configuration can only be maintained by this 
repulsion; for the strain value of F' is actually greater than that calculated 
from the deformation frequency. 


Effect of Strain on Force Constants 

The force constants given in Table III cannot be compared with those 
of similar links of unstrained molecules; for as has been indicated in the 
introductory paragraph, they do not measure the curvature of the potential 
nuclear separation curve at its minimum value, but at some point 
arbitrarily determined by the size of the atoms repelling one another. 
The actual stress in BC1 3 appears from the values of F' given in Table III. 
The mass of the Cl atom is 5-8 x 10-“ gm, so that the acceleration due 

* * Ann. Physik,’ vol. 8, p. 521 (1931). 
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to a force of 10~ 3 dynes is of the order of 10®“ cm/sec. The magnitude 
of this stress is probably better appreciated when one recalls that two 
particles of unit electronic charge 1 • 5 A apart repel one another with a 
force of approximately 10~ 8 dynes. Deviation from the minimum of 
the potential curve must therefore be appreciable, and the values of F" 
given in Table III are unlikely to be even approximate values of the force 
constants. 


Application of Morse’s Formula to Strained Bonds 

The true value of the force constant for the BC1 bond can be obtained 
if the potential nuclear separation curve can be specified from observed 
values of F" and F'. The most useful analytical expression describing 
this curve is due to Morse, and provided unknown parameters in the 
formula can be obtained from observed data, the curve can be specified 
and the true force constant evaluated. Morse’s formula is: 

F = Dr-* |f '•> - 2D e~ a {r ~ 


where D is the energy of dissociation of the bond in question, r 0 the 
separation of the nuclei at the position of minimum potential, and a is 
a constant given for a diatomic molecule by: 


a 0-245 v'M 0 w u .y in A \ 

M 0 being , where M, and M a are the masses of the atoms in 

(M t + Mjj) 

terms of the mass of the H atom, and tv 0 .v in cm 1 measures the deviation 
of the lower vibrational frequencies from their harmonic values.'® 

This formula has two unknown parameters, D and a; (r — r 0 ) is also 
unknown, being the extent of the strain of the BC1 bond. Analysis of 
the vibrational spectrum gives F' and F" for this value of (r — r 0 ), so 
that some third relation must be obtained to evaluate F" for r equal to 
r 0 . This may be obtained by estimating D, or alternatively, the an- 
harmonic constant a. 

The heat of formation of BC1 S is given by Berthelotf as 90 k.cal., or 
3 -9 volts. This energy represents the net result of Cl 2 molecules uniting 
with amorphous boron to give BC1 S . Hence the energy associated with 
the three BC1 bonds also contains the heat of atomization of Cl 8 and 
the heat of sublimation of boron. SidgwickJ gives for the first 1-25 
volts. 


* Condon and Morse, “ Quantum Mechanics,” McGraw-Hill, 1929, p. 163. 
t 1 Ann. Chim. Phys.,’ vol. 52, p. 84 (1878). 

t “ Covalent Bond in Chemistry,” Cornell University Press, 1933, p. 100. 
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There appears to be no experimental determination of the heat of 
sublimation of boron, and one can only form a rough estimate from that 
of carbon. Sidgwick* * * § gives the heat of sublimation of carbon as approxi¬ 
mately 6-5 volts. The diameters of C and of B in the solid state are 
approximately equal, f and both have exceptionally high temperatures 
of sublimation, although the qualitative evidence available^ indicates 
that boron sublimes more readily than carbon. Hence the two heats of 
sublimation are probably of the same order with that of carbon as the 
higher, and we shall take that of boron as 6 volts. 

One-third of the heat of formation of BC1 3 and of the heat of sub¬ 
limation of B, and one-half of the heat of atomization of Cl a will be 
associated with each BC1 bond. This gives approximately 4 volts for 
D. There is, however, another factor to be taken into account, namely, 
the energy required to break down the s-p quantization of the normal 
boron atom to provide the trigonal quantization required for formation 
of the molecule. Thus, the normal boron atom has the electron con¬ 
figuration 2s 2 2p 2 P°, and that required for formation of BC1 3 must have 
two electrons in 2p orbitals, and must have in all three electrons with 
uncoupled spins. Pauling§ estimates the energy required for this change 
in electronic configuration as 9-3 volts. One-third of this will be 
associated with each BC1 bond. This gives the rather large value of 
7 volts for D. The last factor is the largest and probably the most 
doubtful; for the heat of sublimation may include some similar factor, 
when D would lie between 4 and 7 volts. Finally the repulsion of the Cl 
atoms must represent a loss in energy. The amount of this loss can be 
estimated from the values of F' given in Table III, and appears to be 
roughly one-tenth of D, and may therefore be neglected. 

The parameter a may also be estimated, and in fact there appears to 
be fewer doubtful factors involved in a than in D. a does not seem to 
vary over a large range; the observation that D is proportional to the 
force constant for unstrained bonds implies that a does not vary from 
bond to bond. Thus, taking Morse’s formula, the true force constant 
is given by F" for r equal to r 0 ; this is readily verified to be 2o*D, and if 
the force constant is proportional to D, a must remain constant. A 
reasonable value for w<yX for a diatomic molecule of the type BC1 will 
lie between 5 and 10 cm -1 , or a will lie between 1 -5 and 2-3 A -1 . 

* Ibid., p. 109. 

t Cf. ibid., p. 84. 

t Cf. Mellor’s *’ Treatise on Inorganic Chemistry,” vol. 5, p. II. 

§ * J. Amer. Chem. Soc.,’ vol. 53, p. 1375 (1931). 
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If a be taken as 2A~ l , the calculated values of F' and F” given in 
Table III, are sufficient to evaluate D and F" 0 , the value of F" at r equal 
to r 0 . The significant results are summarized in Table IV. 

Table IV— Values of D and K, the True Force Constant, for 
the BC1 Bond, (a ~ 2A” 1 ) 


F" 

F' 

F"„ or K 

D 

dynes/cm 

dynes 

dynes/cm 

volts 

2-6 x 10 s 

1-24 x 10 8 

12*5 x 10* 

10 

2-6 x 10“ 

1 02 x 10 a 

10 x 10* 

7*8 

0-74 x 10 5 

4-2 x 10 8 

35 x 10* 

25*5 


The data of Table IV immediately suggest that the solution with F" 
equal to 0-74 x 10 5 dynes/cm is impossible. The other solutions 
indicate that the allocation of 958 cm 1 to v 2 gives the most reasonable 
values of D and K. The value of D may be decreased by taking a value 
of a greater than 2A ' J . Thus, if a be taken as 3A~\ corresponding to 
approximately 20 cm” 1 for w 0 x, then D becomes 4-5 electron volts, and 
the true force constant 13 x 10 s dynes/cm. 

The values of F' and of F" obtained from vibrational frequencies do 
not correspond to values of these quantities at one value of r, but to 
mean values for the range of r corresponding to the amplitude of vibration. 
Since both F' and F" vary rapidly with r near the minimum of the 
potential nuclear separation curve, the effect of the amplitude of vibration 
on the values of K and D given in Table IV must be determined. The 
magnitude of the amplitude of vibration has been estimated from the 
intensities of X-rays scattered by the atoms in individual molecules. 
Gajewski* estimates the amplitude for molecules containing Cl as 0-2 A. 
The energy of vibration is presumably that of an unexcited molecule, 
and must therefore be £/»v; this means that the amplitude in the first 
vibrational state will be greater than 0 -2 A. If the amplitude of vibration 
of the Cl atoms be taken as 0-3 A, K becomes 8-8 x 10* dynes /cm, and 
D 6-9 volts. 0-3 A seems rather large for the amplitude of vibration, 
but smaller values give K. and D intermediate between these values 
and those quoted in Table IV. 

There remains one interesting point in connection with the strain of 
the molecule, namely, the actual extent of the strain as measured by 
(r - r 0 ). This is readily calculated from Morse’s formula. If we take 
the second solution of Table IV, insertion of corresponding values of 
F' or of F", gives (r — r 0 ) as 0 • 12 A. Wierl’s-value of the Cl-Cl separa- 

* ‘ Phys. Z.,’ vol. 33, p. 123 (1932). 
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tion of 3-03 A gives r equal to 1*75 A. Hence the unstrained value of 
the BC1 link is approximately 1-63 A. Sidgwick gives the radius of 
univalent Cl as 0-97 A, so that the radius of trivalent B in an unstrained 
molecule is 0-66 A. Pauling* gives 0-89 and 0-80 A for the radii of 
mono- and di-vaient boron respectively, and this indicates that the tri¬ 
valent atom should have a radius of approximately 0-7 A, in good agree¬ 
ment with the value just calculated. 

The above calculation of the true force constant for a strained molecule 
can only be approximate, chiefly because D or a can be only roughly 
estimated; but it does show that force constants as ordinarily determined 
for such molecules may be in error, not by a few per cent., but by several 
hundred per cent. The other uncertainty in the calculation is how far 
Morse’s curve can be used to represent the potential energy of bonds of 
molecules in general. The values of D and of K obtained for the BC1 
bond of BC1 8 are certainly reasonable though approximate, and it seems 
probable that if D or a could be accurately calculated, Morse’s formula 
would be of considerable value in specifying this bond. Data at present 
available indicate that K is approximately 9 x 10® dynes/cm, and D is 
7 volts; for these are the most likely values when amplitude of vibration 
is allowed for. Each BC1 bond is a single link, and from known force 
constants for molecules formed from atoms in the boron row of the 
periodic table, this force constant is expected to be at least 7 x 10 5 dynes/ 
cm; 9 x 10® dynes/cm is therefore quite a reasonable value. Again, 
although 7 volts is considerably greater than the heat of dissociation 
normally associated with a single link, the estimate given earlier suggests 
that the energy appropriate to D in Morse’s formula, is in fact near this 
figure. 


Rigidity of the Molecule 

The rigidity of the molecule can be evaluated from observed funda¬ 
mental frequencies. Suppose it is measured by a tangential restoring 
force constant K„, so that the potential energy associated with a deviation 
of one BC1 bond from the plane configuration is given by: 

V = -JK* (r»8>), 

where 6 is the angle between the displaced link and its equilibrium position. 
V! is then given by 

4*V=I(K»)|z, (5) 

rn 

* 4 Proc. Nat. Acad. Sci.,’ vol. 18, p. 293 (1932). 



Investigations in the Infra-Red Region of the Spectrum 99 

and Menzies’ expression is: 

4tcV = - (— } ) [*. (6) 

Hence F ' jr calculated from Menzies’ relation gives K«, or the tangential 
restoring force constant. The value of K„ calculated in this way must 
be corrected for the strain of the molecule. The frequencies of normal 
modes confined to the plane of the molecule give F'/r as 0-6 x 10® 
dynes/cm, and this is due to strain alone. v t gives F'/r as 1-64 x 10® 
dynes cm. Hence the true rigidity of each bond is given by a tangential 
restoring force constant of approximately 1 x 10® dynes/cm; or the 
rigidity associated with the central B atom in BC1 3 is 3 x 10® dynes/cm. 

Electronic Configuration of Boron Trichloride 

Boron trichloride provides an excellent example of Pauling’s trigonal 
quantization.* The B atom has five electrons, (Is) 2 , (2s) 2 , and 2p. The 
l.v electrons may be assumed to remain in theii closed shell, but as the 
atom is trivalent, the s-p quantization of the 2s and 2 p electrons must be 
disturbed so that one of the two 2 s electrons passes to a 2 p orbit. The 
atom has now three electrons in separate orbits, one an s orbit and the 
other p orbits. An orthogonal linear combination of the corresponding 
proper functions has three maxima along three directions making 120° 
with one another in one plane. The chlorine orbits occupied by one 
electron will form bonds along these directions, giving the three orbitals 
necessary to accommodate the six valence electrons. 

If this picture of the electron configuration be correct, the plane con¬ 
figuration should of itself possess rigidity. This agrees with the first 
solutions of Table III, but not with the second solutions. The extent of 
this rigidity according to the first solution is given by a tangential restoring 
force constant 3 X 10® dynes/cm for all three bonds. This is surprisingly 
close to the values 3-3 and 3-6 x 10® dynes/cm observed for the same 
constant in SO a and C10 s respectively.! The fundamental feature of 
the electron configuration of these molecules seems also to be trigonal 
quantization of the central atom,! and this will account for the similarity 
of the three tangential restoring force constants. In fact, the observed 
rigidities of different molecules suggest that this may be determined to a 
first approximation by the particular quantization of the central atom. 
Thus, molecules belonging to one of the three types of central quantiza- 

* • J. Amer. Chem. Soc.,’ vol. 53, p. 1381 (1931). 
t Cf. Bailey and Cassie, ‘ Proc. Roy. Soc.,’ A, vol. 140, p. 607 (1933). 
t Cf. Cassie, ‘ Trans. Faraday Soc.,’ vol. 30, p. 91 (1934). 

H 2 
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tion so far investigated from this point of view, appear to have similar 
rigidities, whilst molecules belonging to different types have very different 
rigidities. Molecules whose central atom has s-p quantization, such as 
H 2 0, appear very rigid with respect to deformation, those with trigonal 
central quantization are characterized by tangential restoring force 
constants near 3 x 10* dynes/cm, and those with linear central quantiza¬ 
tion are characterized by tangential constants of approximately 1 x 10 s 
dynes/cm. 

Nitrate and Carbonate Ions 

X-ray, infra-red, and Raman investigations of the nitrate and carbonate 
ions are in general agreement with the plane configuration. Pauling* 
suggests that they are slightly pyramidal and merely simulate the plane 
configuration by vibration of the N or C nuclei through the oxygen 
plane. Menzies (loc. cit.) has shown that observed fundamental fre¬ 
quencies are consistent with the analytical expressions for the normal 
frequencies. He did not, however, distinguish rigidity from strain in 
relation to the frequency v t , nor did he attempt to evaluate the true force 
constants for the NO and CO bonds. The question of rigidity of the 
ions is clearly important if one is to decide whether the ions are planar 
because of their central quantization, or merely simulate the plane con¬ 
figuration due to strain tending to bring all four atoms into one plane. 
Evaluation of the true force constant, on the other hand, will indicate 
the type of link in the CO and NO bonds. Thus interesting information 
regarding the nitrate and carbonate ions should be obtained from an 
investigation of their fundamental frequencies along the lines followed 
for BCl a . 

The optical properties of crystals whose infra-red spectra have been 
examined automatically allocate observed frequencies to the four distinct 
normal frequencies ;f in Menzies’ notation, the CO" 8 frequencies are 
880, 1430, 706 and 1087 cm -1 for v t , v 8 , v 8 and v 4 respectively. Insertion 
of these values in formula (4) gives the two possible solutions: 

F 

dynes 
3 0 x 10-» 

6-9 x 10-* 

F is obtained by taking the 0-0 separation as 2-25 A} or r as 1 -30 A. 

* • J. Amer. Chem. Sac.,’ vol. 53, p. 1382 (1931). 
t Cf. Schafer, Matossi and Anderhold, • Phys. Z.,’ vol, 30, p. 581 (1929), 

J Cf. Pauling, ‘ 3. Amer. Chem. Soc.,’ vol. 53, p. 1382 (1931). 


F' 

dynes/cm 
5-3 X 10 s 
2-25 X 1(P 


f" 

dynes/cm 

1- 9 x 10* 

2- 95 x 10 s 
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One notes that the stress in this ion is very much greater than in the 
BC1 9 molecule, and the curvature for the CO bond, even in the strained 
position, is much larger than for BC1 3 . This means that a Morse curve 
fitted to the above data will give a large true force constant, and a large 
value for D. Actual calculation using various values of the true force 
constant, instead of estimating a or D, confirms these general conclusions. 
If the true force constant be taken as 21 x 10* dynes/cm, the first solution 
gives D as 20 volts, and the second gives D as 110 volts. Smaller values 
of K merely increase D, and as even 20 volts is too high, K is likely 
to be greater. The value of 110 volts given by the second solution 
excludes it from being a possible interpretation of the observed normal 
frequencies. 

The large values of K and D might be due to neglecting the amplitude 
of the vibrations, but simple calculations reveal that an amplitude of 
03 A increases D to 25 volts if K is to remain at 21 x 10 s dynes/cm; 
smaller values of the amplitude give values of D intermediate between 
25 and 20 volts. These results might seem to contradict similar results 
obtained for BC1 3 , where averaging F" and F' over a range of values 
decreased both D and K; but this is due to the ratio of F''/F' for BC1 3 
being 2-6 x 10 s cm -1 , whilst this ratio is 1-76 x 10 s cm 1 for CO" 3 . 

The true force constant is unlikely to be as great as 21 X 10 5 dynes/cm, 
for this normally corresponds to a triple bond between C and O, so that 
D cannot be reduced below 20 volts to give a consistent interpretation 
of the observed spectrum. The difficulty is probably due to the bonds in 
CO" 3 not being at all localized along the CO directions. The BCI 8 
molecule is in this respect quite unlike the CO" 3 ion. Trigonal quantiza¬ 
tion of the B atom gave just the condition for three bonds that could 
unite in the three BC1 directions with monovalent Cl. The CO" 3 ion, 
on the other hand, has two possible electronic structures*: one corre¬ 
sponds to trigonal quantization of C+ with three monovalent O' ions, 
the other to the purely ionic structure of C 4+ with three 0~ ~ ions. A 
linear combination of the proper functions for these two configurations 
gives the true structure, and localization of bonds associated with the 
trigonal quantization must be destroyed. Morse’s curve, although it 
may satisfactorily represent a localized bond, is unlikely to represent the 
potential energy associated with two atoms in a group whose valence 
bonds are far from independent, as in CO" 3 . Hence from this point of 
view, the impossible values obtained for D and K from Morse’s formula 
are not at all inconsistent with the results obtained for BC1 3 ; they merely 


• Cf. Slater, ‘ Phys. Rev.,’ vol. 38, p. 325 (1932). 
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indicate that trigonal quantization of the central atom in CO" 8 is an 
incomplete picture of the ion. 

The conclusion that trigonal quantization is not maintained, is sup¬ 
ported by the rigidity of the plane structure. The possible solution 
consistent with observed frequencies of normal modes in the equilibrium 
plane gives F'/r as 2-3 x 10 5 dynes/cm. The transverse frequency, v l5 
is 880 cm \ and this substituted in equation (6) gives F'/r as 1 - 5 X 10 5 
dynes/cm. The true rigidity of the ion, as distinct from its strain rigidity, 
is therefore negative to the extent of K„ equal to 0-8 x 10 s dynes/cm. 
This means that the CO" 3 would be pyramidal in the absence of the 
repulsion of the oxygen ions. 

The nitrate ion gives results very similar to those of the carbonate ion. 
The normal frequencies are 835, 1389, 727, and 1070 cm -1 for v x , v a , v 8 
and v 4 . The modes in the equilibrium plane give the two possible 
solutions: 

F" 

dynes/cm 
5-2 x 10 s 
2-8 X 10 s 

r is taken as 1-30 A.* 

The true force constant and heat of dissociation of the NO bond 
calculated from Morse’s expression have values close to those of the 
carbonate ion. Thus, the first solution appears to be the correct one, 
although even it gives too large values for K and D. 

The deformation frequency, v 8 , gives F'/r as 1-5 x 10* dynes/cm. 
If the strain value, 2-9 x 10 s dynes/cm be deducted from this value, the 
rigidity as measured by K„ again appears negative, and of magnitude 
1-4 x 10 6 dynes/cm. The nitrate ion has therefore a greater tendency 
to become pyramidal than the carbonate ion. This is consistent with 
N having one more electron than C, and therefore requiring more energy 
to break down the s-p quantization. 

An ion that might more closely follow central trigonal quantization is 
(BO s ) 3 ~. Unfortunately infra-red and Raman data are lacking for 
this ion, but Zachariasen’s crystal structure dataf suggest that it does 
follow this type of central quantization more closely than either CO" 8 or 
NO' a . Zachariasen gives 1 -23 A for the CO and NO separations, and 
1-35 A for the BO separation. This means that the (BO a ) s ~ ion is 

* Cf. Pauling, ‘ J. Amer. Chem. Soc.,’ vol. 53, p. 1382 (1931). 

t 4 J. Amer. Chem. Soc.,’ vol. 53, p. 2124 (1931). 


/" 

dynes /cm 
1-9 x 10® 
1-5 X 10 5 


F' 

dynes 

3-75 x 10-® 
7-3 X 10-» 
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much less strained than the other two, and the true rigidity of this ion 
must be more nearly positive to maintain the plane configuration. 

Zachariasen’s value of the CO and NO separations is even smaller than 
that given by Pauling and used in the present paper. If the smaller 
value of 1 -23 A is used, the values of K, D and the negative rigidity are 
still further increased, giving further support to conclusions regarding 
the difference in quantization for BC1 S and for the two ions. 

The author owes his thanks to Mr. C. R. Bailey for much helpful 
discussion throughout the course of the work, and to Professor F. G. 
Donnan, C.B.E., F.R.S., for his continued interest and encouragement. 


Summary 

The infra-red absorption spectrum of boron trichloride has been 
examined between 1 and 18 (x. Nine bands have been located, but no 
branch maxima were observed. 

The observed bands have been correlated with Raman displacements 
and fundamental frequencies assigned. 

First and second derivatives of the potential with respect to nuclear 
separation of the BC1 bonds have been evaluated for the equilibrium 
separation. 

Morse’s potential nuclear separation expression has been used to 
deduce the true force constant for the BC1 bond. 

The true rigidity of the plane configuration is distinguished from the 
strain rigidity; both are evaluated, and show that the plane configuration 
is not due to repulsion of the Cl atoms alone. 

The electron configuration is discussed. 

The carbonate and nitrate ions have been similarly investigated with 
respect to the true force constant and true rigidity. The true force con¬ 
stant shows that bonds of these ions are not localized as in boron tri¬ 
chloride; the true rigidity is negative, showing that only repulsion of the 
oxygen ions maintains the plane configuration. 
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The Characteristics of Downcoming Radio Waves 

By D. F. Martyn, Ph.D., and A. L. Green, Ph.D., Research Physicists, 
Radio Research Board, Australian Council for Scientific and 
Industrial Research 

(Communicated by T. H. Laby, F.R.S.—Received July 3, 1934) 

1—Introduction 

In a recent paper* Cherry and Martyn, from a study of the fading 
experienced simultaneously on a loop and vertical aerial, concluded 
that there was normally present a lateral deviation of the downcoming 
rays from the vertical plane through emitter and receiver. It is the main 
object of the present paper to examine this lateral deviation more com¬ 
pletely, and to measure its amount. 

It has been noted by several workersf that the measurement of the 
angle of incidence of downcoming rays by simultaneous observations 
on loop and aerial leads to results which vary markedly in periods of a 
few seconds, and are moreover inconsistent with those deduced from 
the heights of the reflecting regions in the ionosphere. These incon¬ 
sistencies have been attributed by various authors to (a) “ angle flicker ” 
of the sky wavef; (b) the purely geometrical consequence of lateral 
deviation of the sky wavef; and (c) the fact that the measurements were 
made in low latitudes.^ 

In order to obtain measurements of the angle of lateral deviation a 
new technique has been developed. This involves the simultaneous 
reception and recording of interference fringes between ground and 
sky wave on three independent aerial systems. From observation of 
the relative amplitudes and phases of the fringes on the three systems 
and their number, it has been found possible to make certain deductions: 

(a) The intensity of the normally (Hj) and the abnormally (H'l) 
polarized components of the magnetic force in the downcoming 
wave. 

( b ) The phase difference 5 between H x and H\. 

(c) The true angle of incidence i of the downcoming wave at the 
ground. 

* ‘ Rep. No. 4 Radio Res. Board,’ p. 33 (‘ Bull. Australian Council Sci. and Indus. 
Res., No. 63’). 

t Appleton and Ratcliffe, ‘ Proc. Roy. Soc.,’ A, vol. It5, p. 291 (1927). 

t Rakshit, ‘ Phil. Mag.,’ vol. 12, p. 897 (1931). 
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(d) The deviation of this wave from the vertical plane through 
emitter and receiver. 

(e) The equivalent path P' of the downcoming wave. 

The simultaneous measurement of (c), (d), and (e) has permitted us to 
determine the co-ordinates of that part of the ionosphere which is respon¬ 
sible for reflection of the downcoming wave. 

2—Simultaneous Reception on Loop and Aerial of a Laterally 
Deviated Downcoming Wave 

The vectors influencing the aerial systems at the ground surface are 
shown in fig. 1. The e.m.fs. in the loop LII whose plane is the vertical 

I. II 



plane through emitter and receiver and the vertical aerial are proportional 
to 

El — H 0 [sin pt + a cos <]/ sin (jpt + 6) — a' cos i sin + sin (pt + 6')] (1) 
and 

E a = H„ [sin pt + a sin i sin (pt + 0)], (2) 

respectively, where 

p is the angular frequency of the wave, 

H 0 is the magnetic force in the ground wave, 




106 


D. F. Martyn and A. L. Green • 


8 is the phase difference between the ground wave and the normal 
component of the sky wave, 


2Hj 


0 ' » 5 + 8 , 

and o' - 


2H\ 

H 0 ' 


If now interference fringes are produced between the ground and sky 
waves, either by naturally occurring movements in the ionosphere, or 
by the artificial device* of making a small continuous change in p, then 
we may write 



M — m \ 
M + nth 


and 


/M — m\ 

A = 1 MTmV 


where M and m are the maximum and minimum signals recorded on 
each system. 

Further, expressing E r , in the form 


= H 0 [sin pt + Vo 2 cos 8 + a' e cos 8 i sin 8 — aa' cos i sin 2 1 [». 


it follows that 


. cos \. sin (pt + 0 + *)], 


(3) 


where 

and 


F a __ sin i sec 

Fr, a/ 1 + R 2 cos 2 i tan 2 t|/ — 2R cos / tan <\> cos \ 

— k sin j, 



. _ R cos i_ tan sin \ 

R cos i tan ^ cos Z — 1 * 


(4) 


(5) 


e being the phase displacement between the interference fringes recorded 
on the two aerial systems. 

In the particular case when <]> = 0, we have 

r — sin i, t — 0, (6) 

which is the formula originally derived by Appleton and Ratcliffe (loc. 
cit.) for this simple case. 


* Appleton and Barnett, ‘ Proc. Roy. Soc.,’ A, vol, 109, p. 621 (1925), 
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Now it has been observed* that a certain phase difference is normally 
present between the fringes simultaneously recorded on two such aerial 
systems, while the variability of observed values of sin i has been com¬ 
mented on above. It appears probable therefore that both of these 
effects may be caused by the lateral deviation of an elliptically polarized 
downcoming wave. The adequacy of this view is further examined 
below. 


3—Simultaneous Reception on Loop and Aerial of Two 
Downcoming Waves 


In their paper Cherry and Martyn (loc. cit.) concluded that their 
experimental results gave clear evidence of lateral deviation of the down¬ 
coming waves. This view has recently been criticized by Ratcliffe and 
Pawsey,t who suggest that the experimental results could be explained 
by the presence of two or more downcoming waves both in the plane of 
propagation. It is desirable therefore to set out the reasons why this 
criticism is invalid, both in application to that investigation and to its 
continuation in the present paper. 

Let us consider two downcoming waves denoted by the subscripts 1, 2. 
Then we have 


El = H 0 [sin pt + V a? 4 - a 2 2 + 2 a x a 2 cos (0 2 — 6 X ) . sin (pt + <4.), (7) 


E a = H 0 [sin pt + VAS + A 2 2 + 2A x A a cos (0 a - Oj). sin (pt + (8) 


where 

tan (fv—- 
and 


_ OjOi (sin ig — sin if) sin (0 a — Q t ) _ 

Oj 2 sin + o a 2 sin i t + a x a a (sin i x + sin 4) cos (0 a — Oj) 

(9) 


A = a sin i. 


Ratcliffe and Pawsey presumably consider that the phase differences 
between the fringes obtained in Cherry and Martyn’s experiments could 
be explained by equation (9). 

Now the experiments of Green J in New South Wales using the trans¬ 
mitter 2BL (855 kc/s), together with some hitherto unpublished observa- 

* Parkinson, ‘Proc. Inst. Rad. Eng.,’ vol. 17, p. 1042 (1929), and Cherry and 
Martyn (loc. cit.). 

t * Proc. Camb. Phil. Soc.,’ vol. 29, p. 301 (1933). 

t ‘ Rep. No. 2 Radio Res. Board ’ (‘ Bull. Australian Council Sci. Indust. Res. No. 
59,’ 1932). 
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tions in Victoria using transmitter 3AR (620 kc/s), in both of which the 
frequency-change method of equivalent path determination was employed, 
revealed that the greatest part of the downcoming energy was due to a 
single wave. There were, however, numerous occasions on which other 
waves of relatively weak intensity were observable. These observations 
are in accord with those of other investigators, notably Appleton and his 
associates, in other latitudes, and, in agreement with him, we attribute 
these subsidiary waves sometimes to multiple reflections from the E 
layer, and sometimes to reflection from the F layer. In either event 
the angles of incidence of these downcoming waves is considerably less 
than that of the main wave, being nomally less than half the latter value. 
We may give these observations quantitative form by writing 

a 1 < 3 a % 


sin 4 < 2 sin /' 2 . 


Putting these values in equation (9) above and noting that the condition 
for maximum phase difference is given by 


we find that 


cos (6, 


a y a 2 (sin 4 -f sin / 8 ) 
a 3 sin 4 + a 3 sin i a ’ 


(^a - <f>>) > 9°. 


( 10 ) 


It follows that the phase difference between the observed fringes will not 
exceed 9° except in the most exceptional circumstances, and will seldom 
attain even that value. 

There is one other possibility which may be considered. It is just 
conceivable that two or more rays of comparable intensity, and of very 
nearly the same equivalent path might be present. The separate existence 
of two such rays might not be indicated in the fringe experiments described 
above. In such circumstances, however, it is easy to see that we must 
have 

sin 4 5= sin /„ 


so that once again (<f> A — <f> x ) === 0. 

We conclude that it is not practicable to explain the results of Cherry 
and Martyn by the hypothesis of two downcoming waves in the plane of 
propagation. In the experiments to be described below, as in the previous 
experiments of these authors, care has been taken to see that the con¬ 
clusions are not influenced by the presence of more than one down¬ 
coming wave. In the present work this has been achieved by the selection 
for analysis of only those records which consist of smooth fringes. For 
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these records it may be shown* that E x < 4E a for the experimental 
conditions of our investigation, so that ( <f> A — <^,) > 7°. 

4— Experimental Procedure with Loop and Aerial 

As a preliminary to the measurement of lateral deviation of the atmo¬ 
spheric wave the experiments of Cherry and Martyn ( loc. cit.) were 
repeated, making use, however, of the frequency-change method of 
fringe production, and of the other experimental conditions of site, etc., 
to be used in the investigation. 

The sender, located at the P. N. Russell School of Engineering, Uni¬ 
versity of Sydney, distant 25 km from the receiving equipment at Liver¬ 
pool, New South Wales, supplied transmissions throughout at a mean 
frequency of 1 -45 megacycles/sec. The loop was one metre square and 
the vertical aerial was 9m in height. The spacing between them was 
sufficient to prevent interaction, yet small enough to ensure that the same 
signal was received on each, as well as to permit adjustment of all the 
apparatus by one operator. The Einthoven galvanometer employed 
had two moving fibres, one of which was connected to the loop system 
and the other to the aerial system. The two receiving sets were similar 
in design, having a two-stage radio-frequency amplifier with band-pass 
coupling to ensure flatness of tuning, followed by a balanced triode 
adjusted for grid rectification. 


5—Experimental Results with Loop and Aerial 

(a) Typical Photographic Records —In figs. 2, a and b are shown repro¬ 
ductions of typical simultaneous loop-aerial records. In each case the 
loop record is the upper trace, the zero signal being at the top of the 
diagram, while the aerial zero is at the bottom. 

In fig. 2, a the subsidiary fringes, though well marked, do not disturb 
the phase correspondence appreciably. Such records have, however, 
been rejected for calculation of i on account of the uncertainty in the 
determination of the fringe amplitudes. 

Fig. 2, b refers to the F region at a time when its height was 215 km 
and was increasing. The angle of incidence, calculated by triangulation 
from the path difference is therefore 3 -5°. The calculation of i in the 
usual manner, however, using (6) yields values of 60° for the first group 
of fringes and 6° for the second. It will be observed that the phase 


* Appleton, ‘ Proc. Roy. Soc.,’ A, vol. 126, p. 542 (1930). 
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displacements between corresponding fringes are large, being of the 
order 90°. 

(b) Correlation between Calculated Values of sin i and the Amplitude 
of Fringes obtained on the Loop —In figs. 3, a and b are plotted measured 
values of r for the E and F regions respectively, the abscissae being the 
corresponding values of the fringe amplitudes in the loop system. If 
no lateral deviation is present the value of r should be equal to sin and 
should be independent of F L . 


~!a) I. U Zero —/*j 

-AA/V '^AA/V 

AAA\ /VWV 


VA. Zero 



The results plotted in fig. 3, a were obtained during the sunset periods 
on September 4 and 19, 1933, the height of the E region being approxi¬ 
mately 100 km, and the value of sin i for regular reflection consequently 
0T2. It is seen from the figure that r varied from 0 • 1 and 0 • 5 when the 
fringes were small. At greater values of fringe amplitude the variability 
of sin i is less, however. It is readily seen that the average value of sin i 
is considerably greater than the value deduced by triangulation from the 
path difference. These results are therefore in agreement with those of 





Characteristics of Downcoming Radio Waves 


111 


Cherry and Martyn (loc. cit.) who have previously commented on the 
low values of ionospheric heights obtained by the loop-aerial method. 

The results plotted in fig. 3, b were obtained between 8 p.m. and 9 p.m. 
on September 1, 1933, when the height of the F region rose from 200 
to 225 km, the value of sin i being approximately 0 06. Once again it 
is to be remarked that the range of variation of r is much greater for the 
smaller fringe amplitudes. The greatest value of r was 0-85 and the 
least 0 1. Like the E region the average value of sin i is therefore con¬ 
siderably greater than the value deduced from the path determinations. 



, £sin t, Regutar Reflection I 

0 Of 0 2 

Fig. 3—(«) September 4 and 19, 1933, E region; (b) September 1, 1933, F region 

(c) Correlation between Calculated Values of sin i and Loop-aerial 
Phase Correspondence —In Table I are shown values of i calculated for 
the F region from consecutive groups of fringes, the twelve sets in each 
case occupying about 30 seconds. The results in row A, Table I, are 
for a period when the phase differences between corresponding fringes 
on the aerial and loop were large, of the order 90°. Row B refers to a 
period of small phase displacements of the order 10°. Row C will be 
referred to later. 

It will be observed that the variability of the calculated angle of incidence 
is considerably less in row B than in row A, showing that the values 
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of i tend to become more consistent as the phase correspondence 
improves. 

Table I— Temporal Variations of /; F Region 

A 12° 11 28 59 6 15 15 26 17 30 19 23 

B 16° 14 15 11 9 9 9 9 10 11 10 9 

C 8° 64765555667 

Row A, from records showing poor phase correspondence; row B, from records 
showing good phase correspondence; row C, from loop-aerial-loop records (Section 8). 
For regular reflection i — 3 ■ 5 '. 


6— Simultaneous Reception on two Loops and Aerial of a 
Laterally Deviated Downcoming Wave 


(a) Determination of Characteristics of Downcoming Wave —The three 
aerial systems employed consisted of (a) a vertical aerial, (b) a vertical 
loop LI making an angle of —45° with the plane of propagation, and 
(c) a vertical loop L1II at right angles to LI. 

Fig. 1 is a ground plan of the magnetic forces linked with the loops, 
TR being the direction of propagation of the ground wave. The angle 
of lateral deviation <p is shown as having a positive value. Then, pro¬ 
ceeding as before we have 


E a ----- H 0 [sin pt + a sin i . sin ( pt + 0)] (11) 

E u = [sin pi + VV - 2 * 1 ^ cos l + p^. sin (pt + 0 + s x )] (12) 

Ei.nt = [sin pt + V<x s 2 + 2* 3 p 3 cos \ + p 3 2 . sin (pt + 0 + e,)] (13) 

where 


_ 2Hx A _ 2H' t cos 
H 0 ’ H 


«] ,a = a (cos <[/ T sin <J>), 


Pi, 8 = b (cos ± sin +) 


tan e x — 


p t sin \ 
a x — p x cos l ’ 


tan e 3 = 


Pa sin \ 
at 8 + p 8 cos £ ’ 


and e 8 being the amount by which the phases of the fringes in the 
loops lead those of the vertical aerial. 

Again, 


F a = a sin /, 

Fj -■ Vatx 2 — letiPi COS l + Pi 8 , 

F 9 ~ Vot 8 a + 2a 3 p 3 cos \ + p 3 *. 


(14) 

(15) 

( 16 ) 
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The six quantities measured in the experiments are F A , F„ F a , t t , e 8 , and 
An, the latter being the number of interference fringes produced by a 
frequency change A/ in the signal. It is desired to obtain H x , H' lt 5, 
i, 4*, and P' the equivalent path of the wave. The problem is therefore 
soluble. The form of solution most suitable for purposes of calculation 
appears to be 



an*-!;*™'! 

F r sin e x — r 3 sin e 3 

(17) 


R_S> = *.«.1 

Hj a 

(18) 

where 

F t 2 F* 2 sin 2 (cj - s s ) 

Fj 2 sin 2 + F 3 * sin 2 £3 ’ 

(19) 

and 

VP = (F, 2 + F 3 2 ) - 2a 2 

(20) 


sin 1 ----- F A /a 

(21) 


sin l ” Fl Fs * in ,~ £s) , 
lab 

(22) 


cot 5 ~ i (cot e, + cot e 3 ) + i (cot Cjl — cot e 3 ) sin 2 + 

(23) 

and 

P'=£|2 + G, 

(24) 


where G is the ground wave path and c the velocity of light in vacuo. 

The sign of i is determined by (22) and (23), so that the polarization 
completely specified. A possible ambiguity exists in the joint deter¬ 
mination of the signs of / and This ambiguity is removed, however, 
if we assume that reflection does not normally occur from a point behind 
the receiver. This assumption is borne out in practice, since + has never 
been found to approach the value 

( b ) Position of Ionospheric Reflecting Centre —In fig. 4 O is the mid¬ 
point of the ground path between T and R, H is the point of reflection 
of the wave at the ionized layer, and P is the projection of H on the 
horizontal plane. 

Calling h' the equivalent height of the layer, x and .y the displacements 
of P from O laterally and along TR respectively, it follows that 

+ (P' 2 - G 2 ) cos i 
~~ P' — G sin / cos ^ ’ 

x = h' tan i sin + 
y — h' tan / cos 4> — -s , 


VOL. CXLVUI.- A 


I 


(25) 

(26) 
(27) 
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where x and y are reckoned positive respectively when + is positive, and 
when i has a value greater than the value corresponding to symmetrical 
propagation. 

7—Experimental Procedure with Loop-Aerial-Loop System 

The experimental procedure followed closely that described in Section 
4 above, with the addition of another complete loop aerial receiving 
system. Two Einthoven galvanometers were used, one of which con¬ 
tained two moving fibres. Two Cambridge cameras using sensitive 
paper were synchronized on a common drive. Little difficulty was found 
in preventing interaction between the two loops. The following additional 



tests were carried out to make certain that the apparatus was functioning 
correctly. 

The two loops were turned parallel and simultaneous records of both 
artificial and natural fringes were taken on both systems. It was found 
that the signals recorded on each system were identical. 

A series of observations was then taken on the three systems and the 
characteristics of the downcoming waves evaluated. Each of the loops 
was then rotated through 90°, so that loops I and III were interchanged, 
and the observations were repeated. It was found that calculations of 
the characteristics of the downcoming waves gave results similar to 
those previously obtained. 

The observations were carried out chiefly during the sunset period. 
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8 —A Typical Photographic Record 

Fig. 5 is a reproduction of a typical pair of photographic records 
obtained at a time when the E layer was observable, the 3-1 fringes 
obtained corresponding to a value for P' of 195 km. The record obtained 



from loop HII is uppermost, the zero being at the top of the diagram. 
The middle groups of fringes were obtained on the vertical aerial, the 
lowest groups on loop I, while the zeros for the latter two records are 
coincident at the bottom of the diagram. The phases of the signal 
fluctuations in the loops, relative to those in the vertical aerial, can be 
read directly from the diagram, bearing in mind that the frequency of 
the sender was decreasing while the left-hand group was taken. It 
follows that in this case e x — 20° and e s — — 50°. Calculation of the 
characteristics of the downcoming wave by the methods outlined in the 
previous section yields the following values:— 

September 25, 1933, 5.30 p.m. Wave-length 207 m. 

R = 0-7, £--= 267°, right-handed polarization. 

<j,= _17°, i — 10-8°, P' = 195 km. 

h' — 96-4 km, xr, -5 5 km, y= + 5-5km. 

The receiver is almost due west of the sender, so that at the time the 
record was taken the position of the reflecting centre in the ionosphere 
was 5 • 5 km north and the same amount west of the point which would 
correspond to symmetrical reflection. 

It is interesting to note that for this amount of displacement of the 
reflecting centre there is no appreciable difference between the value of 
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h' deduced as above and that deduced on the assumption of symmetrical 
reflection. 

Temporal Variations in the Characteristics of the Downcoming Wave — 
Typical variations of the characteristics of the downcoming wave are 
shown in Tables II and III. The results shown in the former table were 


Table II— Characteristics of a Downcoming Wave Reflected from 



the E Region. 

September 25,1933. 

5.30 P.M. 


Time (secs) 

r 

5° 

r 

i° 

F (km) 

0 

105 

253 

20 

11 

201 


0 81 

247 

19 

9*5 

204 

5 

0 91 

245 

21 

10 

207 


0-82 

263 

—7 

10 

210 

10 

0-85 

246 

5 

9*5 

207 


0*78 

263 

14 

10 

201 

15 

0*72 

257 

—4 

8*5 

198 


0*79 

252 

12 

10*5 

195 

20 

0 71 

251 

6 

11 

195 


0 51 

273 

—9 

11 

195 

25 

0*69 

267 

-17 

11 

195 


0*78 

256 

0 

11 

195 

30 

0*93 

266 

0 

12*5 

198 


0*57 

279 

-13 

11*5 

198 

Mean values 

0*78 

258 

-f 1 

10*4 

200 

Table Ill- 

Characteristics 

of Downcoming Waves Reflected from 


the F Region. 

September 25, 1933. 

8.00 P.M. 


Time (secs) 

R 

V 


r 

P' (km) 

0 

1*15 

270 

42 

5*3 

406 


1*27 

260 

39 

4*7 

406 

5 

1*07 

262 

33 

5*5 

420 


0*80 

268 

36 

4*9 

420 

10 

0*90 

259 

24 

5*1 

412 


M0 

269 

38 

5*7 

412 

15 

1*23 

257 

32 

6*6 

426 


1*23 

276 

36 

7*1 

426 

20 

1*00 

270 

15 

8*9 

426 


0*94 

283 

8 

8*6 

426 

25 

0*83 

288 

-7 

71 

460 


0*75 

282 

-10 

7*1 

460 

30 

1 *18 

280 

-20 

9*1 

460 


0*76 

294 

-14 

7*5 

460 

35 

0*86 

278 

-13 

7*3 

452 


0*81 

298 

-27 

7*6 

452 

Mean values 

0*99 

275 

13 

6*8 

433 
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obtained for the E layer, while those in the latter table refer to the F 
layer. In each case the measurements were made at intervals of 2-5 
seconds, and each table therefore covers a period of about 30 seconds. 

Positions of the Ionospheric Reflecting Centre —Making use of the 
formulae derived in Section 6 ( b ), it is possible to obtain the co-ordinates 
of the region of the ionosphere responsible for the reflection of the waves 
whose characteristics are given in Tables II and III. Figs. 6, a and 6, b 



Fio. 6—Ground plan of ionospheric reflecting centres September 25, 1933. The 
numbered circles refer to records taken at intervals of 5 seconds, (a) 5.30, 5.30, 
5.35 p.m. H' — 100 km. (b) 8.00, 8.01, 8.30 p.m. Height of F region approxi¬ 
mately 210 km. 


are ground plans of the reflecting centres responsible for the waves 
examined in each of these tables. 

In the case of the E region results, fig. 6, a, it is seen that a circular 
area of radius approximately 7 km, located somewhat nearer to the 
sender than to the receiver, is responsible for returning the waves. In 
fig. 6, b the reflecting centre in the F layer swept steadily round from 
south to north in a wide arc which actually passed behind the sender 
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in its course. Other results for this region show that the effective 
reflecting area may be considered to have a radius of the order 20 km. 
A similar value for this radius has recently been obtained by Ratcliffe 
and Pawsey ( loc. cit.) by a different method, which does not, however, 
permit of the precise location of the reflecting centre at any instant. 

9—Discussion of Results, and Conclusions 

One of the most striking features of the results is the great improvement 
in the consistency of the values of sin i as obtained by the three aerial 
systems when compared with those obtained by the original loop and 
aerial method of Appleton and Barnett (loc. cit.). For comparison 
purposes a typical set of measurements made by the former method has 
been included in row C in Table I. From this table it can be seen 
that the values of / for the F region measured by the loop and aerial 
method range from 6° to 59°, while the values measured by the three 
aerials method range only from 4° to 8° for the same layer. There is 
thus a great improvement in the latter case both towards consistency and 
towards obtaining the values which might be expected if nearly sym¬ 
metrical reflection of the atmospheric wave occurred. We conclude 
therefore that the large fluctuations in the values of i obtained by the two 
aerial method are not to be interpreted as indicating large flickering 
movements of the atmospheric ray either in the plane of propagation 
or laterally to it, but are actually spurious values, not directly inter¬ 
pretable in terms of angles owing to the invalidity of the assumption 
implicit in that method, that the abnormal component H,' does not 
influence the loop aerial. This assumption necessarily breaks down if 
any degree of lateral deviation of the downcoming wave is present. The 
results of the three aerials method in which this assumption is not made 
therefore show that the angle of incidence of the downcoming ray varies 
actually by a relatively small amount. 

In fig. 6, a it is evident that the reflecting points lie nearer to the sender 
than to the receiver. This asymmetry is evident in other of our results, 
and moreover there is a tendency for the reflecting points in the F layer 
to lie more often to one side of the centre line than to the other. Now 
for the experimental conditions of our work the angle i is small, owing 
to the comparative shortness of the base line, 25 km, so that if but a small 
part of our vertical aerial had a horizontal portion we might expect 
an appreciable and relatively constant error of this nature in our results. 
On the other hand, Baker and Green * have suggested that the presence of 
* ‘ Proc. Inst. Rad. Eng.,’ vol. 21, p. 1103 (1933). 
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the earth’s magnetic field is capable of producing an asymmetry in the 
propagation of the atmospheric wave for certain conditions of ionization 
gradient in the ionosphere. We are not yet, however, in a position to 
decide between these two possible explanations of the asymmetry of the 
reflecting points. 

It will be observed from Tables II and III that the average values of the 
polarization constants of the downcoming waves correspond approxi¬ 
mately to circular right-handed polarization, which is the type of polariza¬ 
tion which should theoretically be observed in our experiments. On the 
other hand, marked departures from circular polarization do occur from 
time to time. It must be remembered, however, that the limiting polariza¬ 
tion of a downcoming ray is dependent upon the angle made by the ray 
with the earth’s magnetic field. Now the occurrence of the observed 
amounts of lateral deviation necessarily entails quite marked variations 
in this angle, so that we may expect certain variations to occur in the 
observed polarizations. A correlation of the instantaneous values of 
polarization with corresponding measured directions of the downcoming 
ray will appear elsewhere, but it may be remarked that the theoretically 
calculated polarizations, corresponding to the continuous sweeping 
movement of the reflecting centre shown in fig. 6, b are in good agreement 
with the measured values. 

The work described forms a part of the programme of the Radio 
Research Board of the Commonwealth Council for Scientific and 
Industrial Research, to whom the authors are indebted for permission 
to publish their results. 

Thanks are due to the Defence Department for the provision of a site 
for the receiving equipment and to the University of Sydney for the 
experimental transmitter. 

The authors wish to thank Mr. A. H. Mutton, B.E., who provided the 
’experimental transmissions, and have pleasure in acknowledging the 
continuous advice and help of Professor J. P. V. Madsen, Chairman of 
the Board. 


10— Summary 

It is shown that the inconsistent results obtained by other workers 
when measuring the angle of incidence of downcoming radio waves 
are mainly due to lateral deviation of the elliptically polarized wave 
from the plane of propagation. A new method of measurement of these 
angles, which is unaffected by the presence of lateral deviation is described. 
Using this method, which involves simultaneous reception of signals 
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on three aerial systems, it has been possible to determine all the electrical 
and geometrical characteristics of the downcoming waves and their 
variations from second to second. It is found that the measured angles 
of incidence of the downcoming rays from both E and F layers approach 
the values corresponding to symmetrical reflection, and that a considerable 
amount of lateral deviation of the downcoming ray is normally present. 
The polarization of the downcoming wave is normally right-handed and 
approximately circular, but marked departures from the circular form 
occur. These departures appear to be correlated with the angle between 
the downcoming ray and the earth’s magnetic field. 
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[Plates 6-8] 

1—Introduction 

It is a familiar fact, first pointed out by one of the present authors 
many years ago,* that metal wires can be prepared which, when stretched, 
glide on a number of parallel faces. Such wires are usually spoken of 
as single crystals of the metal, and X-ray analysis has proved that the 
directions of the crystallographic axes of the metal are fixed throughout 
the wire. If, however, the wire consist of atoms arranged on an ideal 
crystal lattice, there seems no reason why there should be, among a set 
of crystallographically equivalent glide planes, certain more or less 
regularly spaced planes of weakness, along which glide takes place. The 
existence of these slip planes, periodically spaced, may be interpreted 
as evidence of a periodic secondary structure inherent in the crystal, for 
the preferential glide is not a cumulative process; that is, the resistance 
to glide along such planes does not become less as slip progresses, but 
greater. The phenomenon is, therefore, not due to certain chance planes, 

* Andrade, ‘ Phil. Mag.,' vol. 27, p. 869 (1914) 
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among a set of almost identical planes, starting as glide planes and then 
continuing as such, rather than their neighbours, because of progressive 
softening, but rather to certain preferred planes being disposed to glide. 

On the other hand, the phenomenon may be set down as due to a 
secondary structure not inherent in the crystal, but called into existence 
by strain, a dislocation of any one crystal plane producing a dislocation 
of a distant plane by some process of accumulation of small disturbances 
handed on from plane to plane. A third possibility is that the preferred 
slip planes would not be found in a lattice of perfectly pure metal, but 
are due to impurities, which may be either foreign metals or dissolved 
gases; these may be supposed to segregate into particular planes and 
have a weakening effect. In this connection reference may be made to 
the electrical resistance of metals at low temperatures. Kapitza,* in his 
extended investigations of the effect of a magnetic field on the resistance 
of metals, attributes the residual resistance! of a metal to structural 
imperfections of the lattice, which he appears to associate with minute 
impurities. “ It is known that in a metal which is not in a perfect 
crystalline state, and which contains even small traces of impurity, there 
exists a disturbance which increases the specific resistance.” The 
residual resistance is well known to decrease with increasing purity, as 
particularly exemplified by gold and platinum,! while for mercury there 
is no residual resistance. If, therefore, the preferential glide on certain 
planes is due to impurities, pure mercury should not show it. 

On the other hand, Zwicky considers that there is an inherent instability 
in the perfect lattice, which leads to periodic departures from perfection^ 
For an ionic lattice the spacing which he calculates for the secondary 
network is much smaller than the kind of spacing observed with metal 
single crystals, but he suggests that for a homopolar lattice the spacing 
must be considerably greater than for a heteropolar.|j 

In view of the uncertainty as to whether the glide on selected planes 
is a property of the lattice of pure metal, or is due to impurities, it seemed 
of interest to investigate the spacing and certain other properties of the 
slip bands in a metal of the highest purity where, if there are lattice 

* ‘ Proc. Roy. Soc.,’ A, vol. 123, p. 292 (1929), vol. 126, p. 683 (1930). 

t The resistance of metals which do not become super-conducting at low tem¬ 
peratures approaches in general a small constant value as the metal approaches the 
absolute zero. 

tSee e.g„ Kammerlingh Onnes, “Les Supraconducteurs ” in “Atomes et 
Electrons,” Solway Institute, 1923. 

8 See, e.g„ * Phys. Rev.,’ vol. 40, p. 63 (1932). 

II ‘ Helv. Phys. Act.,’ vol. 3, p. 269 (1930). 
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irregularities, they cannot be attributed to foreign atoms. Mercury is 
a particularly suitable metal for this purpose. It can be prepared in a 
higher state of purity than, probably, any other substance, and the purifica¬ 
tion is particularly easy to carry out. It does not dissolve the least 
detectable traces of gases.* Single crystals of the metal can be prepared 
without difficulty (Andrade loc. cit.). 

While the purity of carefully prepared mercury provides one point of 
interest in the study of its single crystals, there is another aspect to 
which much of this paper is devoted. Mercury crystallizes in the face- 
centred rhombohedral system, and very little is known about the glide 
planes and method of twinning of metal crystals of this structure. It 
has, for instance, been doubted if bismuth has a definite slip plane, f 
and in the other two rhombohedral metals which have been investigated 
(antimony and tellurium) there is also much uncertainty.! We have 
found the clearest evidence for glide in single crystals of mercury, and 
have been able to fix the glide plane with certainty. We have also found 
many beautiful features of the system of glide planes, which can be 
readily explained as due to twinning, and have determined the plane on 
which the crystals twin. 

2—The Preparation of the Mercury 

The mercury was distilled first in a quartz still in vacuo. The rate of 
distillation was about 800 gm per hour, this being somewhat slower than 
that specified by Riesenfeld and Haase.§ Slow distillation is favourable 
to purity. For certain experiments, where the highest purity was aimed 
at, mercury which had been distilled once in this way, was again distilled 
using the method recommended by Hulett, loc. cit., as removing all traces of 
oxidizable metal. In this method, air is allowed to bubble slowly through 
the hot mercury in the still, passing over with vapour, and being removed 
by a pump, which maintains the pressure at about 25 mm of mercury. 
Oxidization of the impurities takes place, apparently, in the air, just 

* See, e.g., Hulett, ‘ Phys. Rev.,’ vol. 33, p. 307 (1911), where the question is fully 
discussed. " The absorption of oxygen by mercury has never been detected, even 
when the gas has been in contact with mercury at great pressures.” 

t See, e.g., Gough and Cox, * J. Inst. Met.,’ vol. 48, p. 1 (1932) ; also Gough, 
“ Edgar Marburg Lecture,” p. 86; Georgieff and Schmid, * Z. Physik,’ vol. 36, p. 759 
(1926). 

♦ Cough and Cox. ‘ Proc. Roy. Soc.,’ A, vol. 127, p. 431 (1930) ; Wassermann, 
‘Z. Kristallog.,’ vol. 75, p. 369, 1930 ; Schmid and Wassermann, ‘ Z. Physik,’ voL 
46, p- 653 (1928). 

§ Naturwiss., vol. 13, p. 745 (1925). 



Mechanical Behaviour of Single Crystals of Mercury 123 

above the surface, and the oxides deposit in the bulb of the still. Details 
are given by Hulett, whose apparatus and technique were closely followed. 
No analyses were made of the mercury produced. But all authorities* 
agree that twice distilled mercury contains less than 1 part in 10 s of 
gold, while Hulett says that oxidizable metals are entirely removed by 
his process. He gives no figures, except for gold, silver, and platinum; 
the figure for silver, when the second distillation was carried out without 
air, was 3 parts in 10 s , and that for platinum much less than 1 part in 
10 s . In the case of silver the mercury was distilled from a saturated 
amalgam, without air bubbling, so that it seems safe to suppose that for 
mercury with only a trace of silver originally, when the second distillation 
was carried out with bubbling, the silver is less than 1 part in 10 s . There 
is, then, good reason to believe that the best mercury used by us contained 
impurities not exceeding 1 part in 10 s . It has already been pointed out 
that there is no trace of dissolved gas. 

3—The Preparation of the Crystals 

The method of preparing the single crystals was to lower the glass 
tube full of mercury slowly into a cooling bath of alcohol and carbon 
dioxide snow. The method originally usedf for removing the mercury 
was to score the glass tube with a diamond previous to immersion, and 
then to break away the glass after the crystal was formed. This pro¬ 
cedure is not altogether satisfactory, as it is very liable to lead to defor¬ 
mation of the soft crystals, which it was particularly desired to avoid. 
It was found that careful cleansing of the glass tube, and heating in vacuo 
to remove all surface moisture, led to increased adhesion of the mercury 
to the glass. The adhesion is, therefore, apparently not due to moisture 
or other surface contamination, but to direct contact of the mercury 
with the glass. 

It was found that sticking could be completely avoided by the intro¬ 
duction of a film of alcohol between the mercury and the glass wall. 
This may be simply effected by washing out the tube with alcohol just 
before the mercury is put in. No doubt any other liquid of low freezing 
point, which wets the glass, but attacks neither it nor the mercury, 
would act as well. 

The procedure eventually adopted is as follows. A thick-walled 
capillary tube, of about 1 cm external and 0-166 cm internal diameter, 

* Hulett, loc. cit .; Riesenfeld and Haase, loc. cit .; Tiede, Schleede, and Goldschmidt, 
* Naturwiss.,’ vol. 13, p. 745 (1925). 

t Andrade, be. cit. 
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is slightly enlarged at one end and the edge rounded by heating, so that 
when the completed wire is removed the surface of the metal may not 
be damaged. The tube is cleaned, dried, and polished internally with 
cotton-wool plugs. The flared end is closed with sealing wax and the 
tube rinsed out with alcohol, all visible drops being run off. Although 
sealing wax is soluble in alcohol, the operation lasts such a short time 
that the wax is not visibly attacked, and any minute traces of shellac 
or resin which may be deposited on the surface of the glass will not 
have a harmful action. Clean, pure mercury is then introduced from 
the closed end of the tube by means of a fine capillary funnel, to avoid 
air bubbles. A small air space is left at the lower end of the thread, 
so that it is not in contact with the wax plug. 

The crystal is formed by slowly lowering the tube, closed end first, 
into a bath of alcohol and solid carbon dioxide. This is effected by a 
clock-work mechanism, which gradually unwinds a thread attached to 
the open end of the tube. The rate of immersion is of the order of 
2 mm per minute. After the mercury has been frozen, the sealing wax 
cap is removed, and the crystal allowed to fall out of the tube under its 
own weight. 


4—Manipulation of the Crystals 

It was desired:— 

(1) To extend a monocrystalline wire by a given amount without 
deformation by bending or torsion, either before or during the extension; 

(2) to be able to rotate the wire as a whole about its axis, at any stage 
of the stretch, for purposes of observation; 

(3) to observe and to photograph the wire through a microscope; 

(4) to measure the stretching force. 

It was further necessary for the crystal to be maintained at a temperature 
well below — 38 -8° C, the melting point of mercury. 

The final form of the apparatus, shown in fig. 1, was as follows. A 
cup-shaped Dewar vessel AA was used to contain the alcohol and carbon 
dioxide snow mixture. A thin copper vessel CC, immersed in the 
mixture, was filled with alcohol, and in this the wire was held and 
manipulated during the experiments. A clear view was in this way made 
possible at all stages of the experiment. The two ends of the wire were 
gripped in pin chucks G, H, having four jaws, tightened by a collar. 
One of the chucks was fastened to a block D, rigidly connected to the 
main frame F, which extended right across the vessel. This frame also 
supported a travelling piece B, sliding in bevelled brass guides parallel 
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to the length of the wire, which do not show in the section; the block 
holding the other chuck was attached to B. Each chuck was mounted 
on a cylindrical shank, which passed through a well-fitting hole in the 
block, longitudinal motion being prevented by two collars, as shown, 
while axial rotation was possible. 

The pin chucks provided a prefectly satisfactory grip, holding the 
wire without deforming it, so that it retained its original cross section 
at the chuck, and slip lines first appeared at some little distance from 
the face of the chuck, as shown in fig. 9, Plate 6. 



Fig. 1 


To avoid any torsion of the wire when it is turned on its axis for 
examination, the two chucks must be rotated as if rigidly connected. 
This was effected by means of a rigid bar, carrying a flat tongue at each 
end, the two tongues being coplanar. The distance between the tongues 
was adjustable. The slots of the chucks, which were themselves mounted 
so as to be coaxial, were aligned at the time when the crystal was first 
gripped. The tongue of the bar could then be inserted in the slots, 
and in this way the single crystal wire was rotated on its axis without 
distortion. The disposition of the apparatus allowed a rotation of 
more than 90° in one operation; for further rotation, if required, the 
bar could be removed and the tongues inserted in the next pair of slots. 

When the stretching force was not to be measured, the crystal wire 
was extended by means of the screw S, which bore against a small brass 
plate on the wooden box which contained the Dewar vessel and supported 
the main frame F. The dimensions were such that a wire 3 cm long 
could be extended by 100%. The amount of stretch was measured on 
a scale at the side of B. 
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When it was desired to measure the stretching force the chuck H was 
attached to a flat strip of hard wood, carried by an iron slab floating 
on mercury. This provided a frictionless bearing, the tension being 
applied by a thread attached to the far end of the wooden strip. A 
device was provided by which the iron float could be clamped in position 
for fixing the mercury wire, or for taking a photograph. With very 
small pulls there is a tendency for the free float to drift to one side of 
the cistern, which can be avoided by floating suitable glass tubes on 
either side. 

The thread applying the tension passes over a pulley, and to it is 
attached a weight, consisting of a conical flask loaded with shot embedded 
in paraffin wax. This floats in a stable upright position 
in a vessel from which the water can be run out at 
a controllable rate. The flask floats initially up to its 
neck, and the tension in the thread at any moment is 
measured by the difference between the actual water 
line on the flask and the initial water line. A light 
pointer from the flask reads against a scale on which 
the water level can also be read, and so enables this 
difference to be read immediately. The device was 
calibrated directly and the calibration showed that up 
to 150 gm the mean error of a reading was not more 
than 1 -3%. The advantage of a conical form is that 
it cuts down the percentage error made in the force 
as a consequence of a fixed error in the vertical 
reading to about one-ninth of that obtainable with 
a cylindrical float, with practicable limitations of dimensions. 

The mercury single-crystal wire, obtained as already described, was 
very soft. To place it in the chucks, the position of which was rigidly 
fixed for the operation, use was made of a glass ladle of the form shown 
in fig. 2. The wire, about 4 cm long, was lifted in the semi-cylinder, 
which was about 2 cm long, so that about 1 cm overlapped at each end, 
and one end was then inserted in each chuck to a depth of about 5 mm. 
The chucks were then tightened just sufficiently to grip the mercury 
wire without crushing it. If the end is crushed, the structure of the 
crystal is disturbed, and when the tension is applied the wire will generally 
pull out of the holder. 

For photography a platform was adapted to a vertical board, which 
allowed the attached microscope to be traversed along the wire. For 
most of the photographs and observation a 40 mm Beck apochromatic 
objective was used in conjunction with a x 8 eye-piece. Occasionally, 
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for visual observation, a x 12-5 eye-piece was used. A 3-in. objective 
for studying a large field, and an 8 mm apochromatic (NA -26) for 
detail, were also brought into service from time to time. The camera 
was a light Leitz attachment, provided with a right-angled prism and 
subsidiary eye-piece, which enables the image to be directly observed 
up to the moment of exposure, and so gives much greater facilities for 
focussing than the ordinary ground glass screen. For measurements of 
angles, an eye-piece with cross-wire was used in conjunction with an 
eye-piece mount, which could be clamped rigidly to the microscope 
tube and carried a divided scale reading to 15'. For measurement of 
small extensions, or of the distance between slip bands, a micrometer 
eye-piece carrying a fixed cross-wire and a wire moved by a micro¬ 
meter screw was employed. With the 40 mm objective one division of 
the screw represented 1 /350 mm and with the 3' objective 1 /200 mm. 

The question of illumination presented some difficulty. For general 
visual observation scattered daylight was suitable. To show up slip 
bands only, oblique illumination from a pointolite lamp was often used. 
For a photograph to show up general detail a uniform illumination of 
the whole crystal proved desirable, anything in the nature of a high light 
often spoiling the general effect. The best results were generally obtained 
by using a small pea lamp, clamped near the objective, with a tissue 
paper screen interposed between it and the wire, and a piece of tin foil, 
as a reflector, bent round at the bottom of the alcohol bath. 


5—General Results on Glide 

The slightest extension results in general in the local formation of slip 
bands, which appear as the intersections of undistorted parallel planes 
with the cylindrical surface of the wire. By suitably turning the wire 
about its axis they can be seen as perfectly straight parallel lines, some 
well developed, others very faint and barely visible, fig. 10, Plate 6, 
while in general they appear as glide ellipses of the type well known with 
certain other metals, e.g., cadmium. Fig. 11, Plate 6, represents the 
wire at the same stage of stretch as fig. 10, but turned about the wire 
axis.* 

Further extension leads to the appearance of the slip bands all along 
the wire, and the glide becomes visible by the stepping of the plane sections 
enclosed between consecutive glide surfaces. Figs. 12 and 13, Plate 6, 

* The little nodules are due to irregularities in the glass tube or the lubricating 
alcohol layer, and have no significance. 
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are views of a further stage of the extension of the wire represented in 
figs. 10 and 11, taken at two different angles of rotation about the wire 
axis. The angle between the glide planes and the axis of the wire becomes 
less on extension, according to the well-known law:— 

where 1 is the length of the wire and % the angle which the glide plane 
makes with the axis of the wire, /„ and / 0 being the initial values. Finally, 
figs. 14 and 15, Plate 6, show another phenomenon, the appearance of 
widely spaced bands, with a characteristic discontinuity of reflection, 
clearly visible in fig. 15 (see explanatory diagram, fig. 15a, Plate 6), but 
better shown in other photographs, e.g., fig. 16, Plate 7, which represents 
another crystal. This is due to twinning, as will be further discussed. 
The appearance of a set of slip lines, followed by twinning, comprehend 
the simpler phenomena. But the details of the phenomena are governed 
by the angle which the glide planes and glide direction make initially 
with the axis of the wire and, under favourable conditions, additional 
sets of glide planes may appear both before and after twinning, as 
discussed later. 

6—The Geometry of the Rhombohedron 

Mercury crystallizes in the rhombohedral form, on a single lattice, 
and not two interpenetrating lattices, such as characterize antimony and 
bismuth.* Each face is a rhombus, having for the angle «, adjoining 
the axis of trigonal symmetry, the value 98° 15'. 

For the purposes of this paper and future work certain geometrical 
considerations are now necessary. They will be developed in terms of 
the angle a, so as to be applicable to any rhombohedron, and afterwards 
the numerical values for mercury will be given. The most convenient 
rectangular axes for our purpose, represented in fig. 3, are as follows:— 

As origin, a corner at which two smaller angles and one larger angle 
are adjacent. 

Axis of x, long diagonal through one rhombohedron face. 

Axis of y, in plane of rhombohedron face containing axis of x. 

Axis of z according to the usual conventions, as shown in the diagram. 
The diagonal axis of trigonal symmetry is BC. 

* Wolf, * Z. Physik,’ vol. 53, p. 72 (1929). See also McKeehan and Cioffl, * Phys. 
Rev.,’ vol. 19, p. 444 (1922), and Terrey and Wright, ‘Phil. Mag.,’ vol. 6, p. 1055 
(1928). 
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It can be shown that the direction cosines of the short diagonals are:— 


CA : — £ tan £a, 


cos a + cos 2 
2 COS 2 


Vcos 2 $■« — cos 2 oc 
2 cos 2 Ja 


CE : 
QC : 


i tan •!*, 
0 , 


cos « + cos 2 jet. \Zcos 2 \v- — cos 2 « 
2 cos 2 ’ 2 cos 2 

1 , 0 



Fig. 3 


AEDO is the plane which will later be proved to be the twinning plane, 
and for the front half of the crystal to twin, F and C must be moved 
down into positions F' and C', in the vertical plane through BFCH, 
such that F' and C' are mirror images of B and H in the plane AEDO. 
Tf | is the angle which the plane OC'D makes with the xy plane, 


cos — 


Vcos 2 ja — cos 2 a 
cos 


sin i ^ = 


cos a 
cos £« 


and the direction cosines of the short diagonals of the twinned crystal 
are:— 


OF' : i tan Jot, 


1 

2 cos 2 


(sin 2 — 2 cos* a). 


1 + 2 cos a 
2 cos 2 4-a 


Vcos 2 — cos* a 


VOL. CXLVI1J.—A. 


K 
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F' D : i tan — j ^ (sin 8 ia — 2 cos* a), 

1 + 2 cos a ,-y-i-y— 

_ 2Wi - Vcos* i a ~ cos* a 

QC' : 0, 1-2 , 

COS 8 ia 

Vcos 8 ±«-cos 8 a 

Putting in the numerical values corresponding to a = 98° 14', we have, 
for the direction cosines:— 


CA 

- 0-5775, 

- 0-3329, 

0-7454 

CE 

0-5775, 

- 0-3329, 

0-7454 

QC 

0 , 

1 , 

0 

OF' 

0-5775, 

0-6193, 

0-5319 

FD 

0-5775, 

- 0-6193, 

- 0-5319 

QC' 

0 , 

0-9043, 

- 0-4270 


Turning to the planes, the direction cosines of the normals are:— 

Twinning plane AEDO : 0, cos J <J», — sin£ ^ 

Plane OAFC : -4— Vcos 2 — cos 8 a, 
sin a 

-IZSFIi Vcos * ia - “ s ‘ “• - 

Plane EDCF : -j-j— Vcos 8 1* — cos* a, 

Sill ot 

rjVji Vcos' 1« - COS’ «, 

Of the three twinned planes, OAF' C' and EDO' F' are, of course, 
parallel to OAFC and EDCF, while the direction cosines of the normal 
to ODC' are : 0, sin V cos V 
The numerical values for the normals of the planes are :— 


AEDO 0, 0-9758, - 0-2188 

OAFC 0-6453, - 0-7454, 0-1671 

EDCF 0-6453, 0-7454, - 0 1671 

ODH 0, 0 1 

ODC' 0, 0-4268, 0-9043 


With these numerical data the angle 6 between the axis of the wire 
of known direction cosines /, m, n, and any diagonal or normal of 
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direction cosines a, b, c, can at once be found from the familiar formula, 
cos 6 = la + mb -f nc. 

If x is the angle between the glide plane and the axis of the wire, and 
X is the angle between the glide direction and the axis of the wire, then 
the criterion for the commencement of glide is :— 

t — Z cos X sin x — Z cos X cos ^ 

where t is a constant, Z is the tensional stress, and <f> is the angle between 
the normal to the glide plane and the axis. From these considerations 
it is easy to find which planes are the more favourably disposed for 
glide, once the direction cosines of the axis are known. 

Certain angles, which can be derived at once from this discussion, are 
important for our future discussion. The small and large dihedral 
angles between adjacent sides are, respectively, 80° 24' and 99° 36'. The 
angle between the twinning plane AODE and the (ace which it bisects 
is 77° 24'. From this it follows that the angle, after twinning, between 
two planes which originally formed one set is 2 x 12° 36' 25° 12'. 

The angle between the axis of three-fold symmetry and each short 
diagonal of the rhombus faces is 41° 48', and between the axis of 
symmetry and the twinned plane is 60° 47'. The plane of the hexagonal 
base is A EH, and the angle which it makes with the rhombus faces 
is 48° 11'. 

The following geometrical considerations can be applied to obtain x 
from the traces of the slip planes, when the glide direction lies close to 
the projection of the wire axis on the glide plane. It is useful when, 
for lack of time or other reasons, no photograph or measurement has 
been obtained for the direction that gives straight line traces for the 
glide planes. 

Fig. 4 (a), unbroken line, represents the trace of the glide plane as 
seen on a photograph; Fig. 4 (b) the trace of the same plane as seen 
from a point in the plane and in a direction normal to the axis of the 
wire; fig. 4 (c) a cross-section of the wire normal to the axis, having 
major and minor semi-axes a and b. The lengths c and/, and the angles 
a and x, of which the last named is the angle required, are indicated in 
the diagram. Let DF = OP = d, and EF = g, where E is the point 
where a plane normal to the wire axis touches the ellipse. 

Then 


k 2 


and 


d* = a* cos* a + h* sin* * 
g = b sin * 
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since the point E in (c), at the extremity of the minor axis of the cross- 
section, corresponds to the point E in (a) and (b). 

We have ajb = lil 0 — s, say, where / is the length of a portion of 
wire originally of length 






tan x = 2 bjc 



If the glide direction is exactly along the projection of the wire axis on 
the plane, the heads of the glide ellipses and of the twinning plane ellipse 
are on the same generator, or g is the same for both ellipses. If there is 
a slight difference in thp value of g, a small correction can be applied to 
find the true angle between the glide plane and the twin plane. 

This method has, for instance, been applied to the case represented 
in fig. 15, Plate 6, as described in Section 7. 


7—The Establishment of Glide Planes, Glide Direction, and 

Twinning Planes 

The fact that the wires have to be kept in a freezing bath limits the 
methods that can be applied to determine the glide elements of the 
crystal and, for instance, prevents the application of geometrical methods 
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for measuring X, the angle between the glide direction and the wire axis, 
which have been worked out in this laboratory.* The task before us 
was to select the glide and twinning planes from a comparatively small 
number of possible planes, given by the already known crystal structure 
of solid mercury, rather than to measure the angles with high precision. 
The method adopted was therefore to make a large number of crystals, 
stretch them, and, with a suitable orientation of the wire, to photograph 
the resulting glide figures, especially those appearing in the first stage of 
the extension. These photographs were then studied and measured at 
leisure, and proved quite adequate to give the required information. 

An early indication as to which planes act as glide planes was furnished 
by a case, represented in fig. 17, Plate 7, in which double glide 
took place on surfaces symmetrically disposed with respect to the axis 
of the wire. By rotating the wire about its axis the appearance shown 
in the photograph was obtained, in which both sets appeared as straight 
lines, showing that the intersection of the glide planes was practically 
normal to the axis. The extension was about 10% of the original length. 
The angle between the two sets of planes, as measured by two independent 
observers, was 74-2° and 74-6°, average 74-4". By the formula (1), 
remembering that half the extension must have occurred by slip on one 
set, and half by slip on the other, we have for the original angle which 
the presumably equivalent planes made with one another before glide 
the value 78-8°. 

For the rhombohedral metals already investigated there is nothing 
approaching certainty as to the glide planes. For bismuth Georgieff 
and Schmidf have suggested that diagonal planes (101) and to a secondary 
degree (110) planes (treating the rhombohedron as a deformed cube) 
act as glide planes, but Gough and Coxt deny gliding at all for this 
metal, and say that it deforms plastically by twinning only, on a (Oil) 
plane. For tellurium Wassermann§ suggests tentatively the (lOlO) planes 
(hexagonal notation) as glide planes, but does not make a definite attri¬ 
bution. These latter planes are sides of a hexagonal prism, and make 
an angle of 60° with one another. The diagonal planes suggested for 
bismuth make a right angle with one another. It does not, therefore, 
appear possible that either of the systems of planes previously put forward 
can be operative in mercury. 

* Chalmers, ‘ Phil. Mag.,’ vol. 14, p. 612 (1932) ; Roscoe and Hutchings, ‘ Phil. 
Mag.,’ vol. 16, p. 703, 1933. 

t ‘ Z. Physik,’ vol. 36, p. 739 (1926). 

t ‘ J. Inst. Met.,’ vol. 48, p. 1 (1932). 

§ ‘ Z. KristaUog.,’ vol. 75, p. 369 (1930). 
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On the other hand, the smaller dihedral angle between the surfaces 
of the rhombohedron is 80-3°, which agrees within experimental error 
(probably about 2°) with the observed angle. It seemed likely, therefore, 
that for mercury the rhombohedral surfaces are glide planes. If this is 
so, the glide direction, which is without exception, in all crystals hitherto 
investigated, the closest packed in the glide planes, seems certain to be 
the short diagonal. If twinning takes place, the likeliest planes are 
clearly the {110} planes, for glide on rhombohedron planes can lead to 
a mirror image formation about such planes. A large number of other 
photographs have been examined with the object of confirming or contra¬ 
dicting this suggested scheme, and it may be said at once that a great 
body of confirmation has been obtained. Some of the more obvious 
cases will be examined in this section. 

Double glide, without twinning, has frequently been obtained, without 
the planes showing the symmetry of fig. 17, Plate 7, which is clearly an 
exceptional case. In general, if y A and y 2 are the angles which the two 
sets of planes make with the axis of the wire, and <f> is the angle through 
which the wire has to be rotated about its axis to get from a position in 
which one set of planes appear as straight lines* to a position where the 
other set appear as straight lines, then 

cos 0 = sin xi sin y 2 + cos cos y v2 cos <f> 

gives the angle 6 between the two sets of planes. Such measurements 
can be accurately made with an improved apparatus constructed by the 
senior author, in conjunction with Mr. Greenland, in preparation for 
further experiments over an extended range of temperature. Several 
cases have been examined where double glide set in early. The values 
obtained for 0 are always slightly (from 1° to 3°) less than 80° 24'; e.g., 
in one crystal where the lines appeared at very small extension, the angle, 
measured at an extension of 1 ’2%, was 77° 12', which, corrected for 
the rotation of planes during a stretch of 1 -2%, comes to 78° 12', about 
2° too small. The explanation is probably that at the place where the 
glide bands appear most plainly (they always appear locally in the first 
instance) the local percentage stretch exceeds the average stretch for the 
whole wire, which is what is measured. A local stretch about 2% in 
excess of the observed would make the angle 80°, and would be insufficient 
to show perceptible “ necking,” the contraction of diameter being only 
1%. We may say, then, that the angle measured in the way described 
is generally about 2“ less than the angle of 80° 24', which corresponds 


* To an observer looking along a fixed direction normal to the wire axis. 
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to slip in rhombohedral faces, and that this slight defect is easily explained 
by the slight extra local extension that accompanies the local appearance 
of the glide planes. The measurements on double glide offer, then, strong 
evidence that the rhombohedral faces are slip planes. This is rendered 
practically certain by the observations on twinning, now to be described. 

At a certain stage of the extension, which may be earlier or later 
according to the orientation of the crystal axes with respect to the axis 
of the wire, a few isolated lines appear, which make a considerable angle 
with the ordinary slip lines. They are characterized by:— 

(1) the fact that they are parallel to one another; 

(2) the comparatively large separation between them; 

(3) a difference of reflection by the crystal to either side of the boundary, 
manifested by the difference of brightness; 

(4) the fact that any further extension after the first appearance 
leads to a local irregularity of outline of the wire in the neighbourhood 
of the band, in such a way as to produce a lumpy appearance of the wire. 

These lines can be shown to be the traces of twinning planes, as will 
now be demonstrated. The simplest case for discussion occurs when the 
“ heads ” of both sets of elliptic traces (i.e., the points at which they touch a 
plane normal to the axis of the wire) lie on one line parallel to the axis of 
the wire. This means that the glide direction lies along the projection 
of the wire axis on the glide plane. * Such a case is represented in fig. 18, 
Plate 7. It is at once clear, from fig. 18, that the glide lines to either 
side of the boundary, make a small angle with one another, and that 
there is an irregularity of outline of the wire in the neighbourhood of 
the boundary. Fig. 19, Plate 7, which is a view of another wire, turned 
so that the twinning plane gives a straight trace, but the glide planes 
slightly elliptical traces (owing to the fact that the glide direction does 
not coincide with the projection of the wire axis on the glide plane) also 
shows the same phenomenon. 

The observed features find an easy explanation if we suppose that 
the boundaries are twinning planes corresponding to the plane AODE 
in fig. 4. The irregularity of outline does not appear until the extension 
has been carried beyond the stage at which the boundaries first appear; 
and is a secondary effect, discussed later. The quantitative proof that 
we shall now adduce, to strengthen the general qualitative arguments, 
is concerned with the angle which the boundaries make with the glide 
planes. 

* Cf. fig. 30, Plate 8, and discussion p. 131. 
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In fig. 19, which is not very favourable for measurement, owing to 
the marked extension which has taken place subsequent to twinning, the 
angle which the boundaries make with the glide planes in the part between 
them (where the deformation due to subsequent extension is not large) 
is about 75°, which is not far from the value of 77° 24' calculated on the 
above identification of planes. The discrepancy is in the direction to 
be anticipated from a consideration of the deformation by further 
stretch. 

A good case for the determination of the angle made by glide planes 
and twinning planes is that represented in figs. 14 and 15, Plate 6, since 
here the twinning bands have only just appeared. The method applied 
was that of measurement of the elliptic traces, as described in Section 6, 
since it was very hard to see the twin boundaries when the wire was 
turned so that the traces were straight. The local extension was deter¬ 
mined in two ways: firstly, from the local contraction, as shown in 
fig. 14, Plate 6, and secondly, from comparison with the angle Xo in 
the practically unextended wire. They both agreed to give s~ 1-31. 
The result is that the angle made by the twinning planes with the axis 
of the wire is 45°, while the angle made by the twinning planes with 
the glide direction is 76° 45'. 

A very good crystal for measurement, obtained by Mr. Greenland, is 
illustrated in fig. 5, as it was not photographed owing to lack of time. 



There were two bands of twinning, Ti T a and T\ T' 2 . The angles x 
and <f> were measured. For the twinning boundaries T x and T 2 , x = 45° 25': 
for T\ and T' 2 x = 44° 25'. The angle between twinning boundaries 
and glide planes, the latter taken just before twinning appeared, came 
out to be 77" 0' and 77° 30' respectively. The wire had to be turned 
through 15° to pass from the straight line position for the twinning 
boundary to that for the glide planes, indicating that the glide direction 
did not coincide with the projection of the wire axis on the glide plane. 

It is a remarkable fact that with the four crystals just quoted the 
twinning boundary makes an angle very close to 45° with the wire axis. 
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This is a matter for comment later. The angle between twinning planes 
and glide planes is very close to the calculated 77° 24'. 

The glide direction has been assumed to be the short diagonal of the 
glide plane, for a reason already given. This is confirmed by cases 
quoted in the next section. 

Another confirmation of the glide direction can be obtained from 
considering the surface of rupture of the wire when slowly extended to 
breaking. Photographs of a break arc shown in figs. 20 and 21, 
Plate 7, which are views of the same fracture from two positions at right 
angles.’" The traces of the {100} planes on which the slipping has been 
taking place are clearly shown on the left in fig. 20; the other lines are 
traces of other systems of glide planes developed at an earlier stage of 
the extension. The final slipping leading to rupture takes place on one 
of the adjacent sets of planes {010} or {001}; on which is, of course, a 
matter of chance. The line indicated by R R in fig. 20, along which 
rupture commences, is parallel to the long diagonal of the rhombohedral 
{100} faces. Now traces of the glide, parallel, of course, to the glide 
direction, can be seen on the surface of rupture; they are indicated by 
arrows in fig. 20. They make an angle of about 50° with R R, which 
agrees with the value 49° 7' to be expected if the glide direction is, in 
fact, a short diagonal of the rhombohedral face. The relative sideways 
displacement of the two parts of the wire on rupture, as shown in fig. 20, 
is a general indication in the same sense. 

An experiment was carried out with the mercury of the highest purity, 
distilled under the special conditions detailed in Section 2. The results are 
shown in figs. 22, 23, Plate 7, and fig. 24, Plate 8, taken at three stages of 
glide at the same point. The mercury globule on top acts as a convenient 
fiducial mark. Fig. 22 is useful as showing the way in which glide begins 
in patches; the other two pictures show the sharpness with which selected 
glide planes occur even in the purest material. No difference could be 
detected between the behaviour of single crystals of ordinary pure 
metal and of metal for which the purification had been pressed to the limit. 

Supposing that the impurities in this specially purified mercury amount 
to 1 in 10 ® (and it has been argued already that they cannot well exceed, 
and may be less than, this limit) we can estimate the proportion of 
foreign atoms on a preferred glide plane, supposing that complete 
segregation has taken place. The separation of the glide planes is 

about 0-005 cm, which means that there are 2 3^ x 10~® x 


* In fig. 21 only the right-hand half of the rupture has been rotated through 90”. 
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atomic planes between them,* or that there is one foreign atom in 
10 8 

2-2 x 10 s := on t * ie P re f® rre d glide planes. It can scarcely be 

contended that this is enough to confer on the planes a marked readiness 
to glide. 

By way of contrast figs. 25 and 26, Plate 8, are given, which represent 
a crystal made from mercury deliberately contaminated with 0-5% of 
silver. These pictures show the same part of the wire seen from two 
different directions, both normal to the axis. The slip bands are less 
sharp, but the spacing is much the same. This is possibly due to a 
segregation of the contaminating silver to the slip planes. 

8—Some Particular Cases of Glide and Twinning 

We have considered twinning when the glide direction lies approxi¬ 
mately along the projection of the wire axis on the glide face. Such 
cases frequently occur, and are the simplest. It often happens, however, 
that the glide direction lies at some other angle, so that, after twinning, 
glide is taking place in the original glide face and its twin in two directions 
which do not lie in a plane passing through the axis of the wire. 

A striking case of this kind is shown in fig. 27, Plate 8. The heads 
of the twinning-plane ellipses in fig. 27 are about at the middle of the 
wire, while the heads of the glide plane ellipses lie on a line towards the 
bottom of the photograph. There is a twist in the alternate segments 
of twinned crystal, as shown by the high lights and by the edge. The 
extension at the stage photographed was about 50%. 

The case represented in figs. 28, 29, and 30, Plate, 8, is also instructive, 
although the photographs are not very good. Fig. 20 shows the wire, 
extended by 9%, shortly after the occurrence of twinning. A main set 
of slip planes is clearly visible, corresponding to the plane CODH in 
fig. 6 a of the rhombohedron. The broken nature of the glide planes is 
worthy of remark, the heavier traces being connected by lighter cross 
lines making a small angle with them. This has been observed in other 
cases where twinning has taken place at an early stage of the extension; 
it seems possible that in such cases one part of the crystal does not 
necessarily maintain its orientation, while the part on the other side of 
the boundary changes, but rather the orientation is modified to either 
side of the twinning boundary, which appears at 45°. Two fresh sets 
of glide planes, one to each side of the boundary (making an angle of 

*The side length of the surface-centred rhombohedron, 4-598 A, according to 
Wolf, loc. cit. 
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about 12° with the original glide planes), therefore appear, the traces of 
which intersect the old traces at this very acute angle. 

Fig. 29 shows the effect of further extension, and it will be observed 
that a fresh set of slip planes, the traces of which are nearly straight, 
have appeared in the part of the crystal between the two twinning 
boundaries, but not in the other parts of the crystal showing. Further 
extension, illustrated in fig. 30, which shows the state of affairs at an 
extension of 56%, brings up a second new set of slightly curved bands 
in the same portion of the crystal, but once more leaves the 
two extreme portions unchanged. 

This is easily understood from the explanatory rhombohedron diagrams, 
figs. 6 a and b. Originally the glide direction on the faces AOCF and 




AOHB have the positions shown by the broken-line diagonals. These 
directions are not far from normal to the axis of the wire, and so glide 
cannot take place on these faces. On twinning, however, the glide 
directions take up the positions shown in fig. 6 (b), and it will be seen that 
the glide direction (short diagonal) F'O is now very favourably placed 
for glide, as will be the glide direction F'D of the adjacent face (not 
shown). If the intersection OD of the twinning plane with the face 
CODH is approximately normal to the axis of the wire, the glide direction 
will be equally favourable on both these faces; if OD is not quite normal 
the reorientation which accompanies glide will soon bring the glide 
direction in the second face into as favourable a position as that of the 
first. Actually, the glide shown in fig. 29 was very soon followed by 
glide on the new set of planes, as shown in fig. 30. Owing to twinning, 
therefore, we have the possibility of treble glide between the two twinning 
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boundaries shown, and only single glide in the parts of the wire to left 
and right, in both of which, of course, the crystal axes are the same. 

It was found possible, by measurement of the local extensions, and of 
the angles made by the new glide planes appearing in figs. 29 and 30, 
to form an estimate of the angles made by these glide planes with one 
another at their first appearance. This came out to be 77°, as required 
by the theory. It is, of course, much less in fig. 30. The case repre¬ 
sented by these three photographs furnishes very strong confirmation 
of our identification of glide planes, glide direction, and twinning planes. 

Fig. 31, Plate 8, is given merely as an example of the beautiful systems 
of bands that can be obtained as a result of double glide. It has not been 
worked out. 

9—Considerations of Twinning 

There are three possible twinning planes, the one on which twinning 
actually takes place being called the operative one. This operative 
twinning plane is always the one through a line in the glide plane normal 
to the glide direction. Hitherto little success has been obtained in the 
attempt to find a criterion, general for all structures, determining which 
of various possible twinning planes is operative. With zinc, for instance, 
where there are three pairs of twinning planes, Gough* gives as the 
condition that twinning takes place on the two pairs which do not contain 
the direction of glide, but as in the present case none of the twinning 
planes contains this direction, this rule clearly cannot be extended. A 
rule which does, however, cover both cases is as follows. The operative 
planes arc those for which the intersection with the glide plane makes 
an angle as near 90° as is geometrically possible with the glide direction. 
With mercury the angle is 90°; with zinc it is 60°, as against 0° for the 
inoperative plane. 

A question clearly including that of the operative plane is that of 
what decides when twinning shall take place. In mercury, as already 
pointed out, the condition appears to be that twinning takes place when 
the twinning plane makes an angle of approximately 45° with the 
direction of the applied force. When the projection of the wire axis on 
the glide plane coincides with the glide direction, an angle of 45° for the 
twinning plane means that the new and the old equivalent glide planes 
and glide directions are both disposed in a manner equally favourable 
for glide; when the glide direction does not coincide with, but lies near, 
the projection of the wire axis, the angle will not be exactly, but in the 
near neighbourhood of, 45°. How far this principle, that twinning takes 

* Cf. Cough, “ Marburg Lecture," p. 21. 
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place when the glide planes and direction make such angles with the 
direction of the applied force that the new glide planes formed by twinning 
will be just as favourably disposed for glide, is a matter to which further 
attention is being devoted. 

As regards the method of twinning under tension, the crystal to one 
side of the twinning plane does not swing across bodily with respect 
to that on the other side, as described in text books for the twinning of 
calcite; in other words, the individual atoms on a particular plane making 
77° 24' with the boundary do not migrate en masse to a particular plane 
making an angle of 102° 36' with the boundary. Frequently two sharp 
boundaries, separated by a distance of the order of the diameter of the 
wire, will be seen to appear suddenly at a certain stage of the extension, 
the outline of the wire retaining its well-defined linear character. Further 
extension does not lead to anything corresponding to a growth inwards 
from these boundaries; rather, the whole crystal between the two boun¬ 
daries behaves as if reorientated at the time when the boundaries appeared. 
To picture how twinning takes place in such a case we may imagine the 
crystal ruled with a lattice which represents the twin with respect to 
the operative twinning plane. Under stress, the atoms migrate into 
the point of the twin ruling which lies nearest, in such a way that the 
twin structure is adopted without the movement of the individual atom 
ever exceeding an interatomic distance.* Bulk movement does not, 
apparently, take place under the conditions of these experiments. 

Irregularities of outline, such as are shown in figs. 18 and 19, appear 
under continued extension. These are such as are to be expected from 
the two different directions of glide, the axis of the wire at parts distant 
from the boundary being kept in a straight line by the tension, much 
as in ordinary flexural glide. Frequently, when twinning has taken 
place after considerable preliminary extension, traces of both the original 
and the new glide direction can be seen on the one part of the crystal, 
as shown in fig. 18 and fig. 19 (the latter scarcely visible in reproduction). 
Cases also arise, such as fig. 28, which has already received reference, 
where the crystal structure is modified to both sides of a twinning plane. . 

10—Packing of Glide Planes and Glide Directions 

The structure of the two chief rhombohedral metals which have 
hitherto been investigated, namely, antimony and bismuth,t consists of 

* Cf. Gough, “ Marburg Lecture,” p. 21. 

t See, e.g., GeorgiefF and Schmid, ‘ Z. Physik,’ vol. 36, p. 759 (1926) ; Gough and 
Cox, ‘Proc. Roy. Soc.,’ A, vol. 127, p. 431 (1930); Gough, “ Marburg Lecture.” 
1933. 
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two interpenetrating lattices. This introduces an element of uncertainty 
in all questions of the packing of glide planes, for it is difficult to decide 
if two planes that are very near together are to be treated as two or one. 
This difficulty does not arise with mercury, which is built on a single 
lattice. For this metal the area of the rhombohedral face, of side length 
/, is 0-9897, and of the equilateral triangle (J of hexagonal base), is 
0-9902, while the areas of the two diagonal planes (twinning plane and 
plane normal to it) are 1-512 and 1-277 respectively. Each of these 
areas has two atoms in it, so that the rhombohedral face is the most 
closely packed, but differs in density from the hexagonal base by only 
3 parts in 10,000, which lies within the range of experimental uncertainty. 
All the other planes are packed much more sparsely. The most closely 
packed line is the short diagonal of the rhombohedral face, length 1 -309, 
which has two atoms, as contrasted with the edge, length 1, with 1 atom, 
or the side of the hexagonal base, length 1 -512, with 2 atoms. Hence, 
while the packing of the rhombohedral face, and the hexagonal base, 
are the same, the rhombohedral face contains a line with 1 atom per 
0-645 s, while the hexagonal base contains, as most closely set lines, 
lines with 1 atom per 0 -756 s, s being the side length of the rhombohedral 
face. This close-packed line in the rhombohedral face which acts as 
glide direction, no doubt confers on this face its prerogative as a glide 
face. 

If we may, then, generalize from this result for mercury, we can say 
that, in a single lattice, glide takes place on the most closely packed 
plane, and in the direction of the most closely placed line in such a 
plane, and that if two planes are packed equally closely, then that which 
contains the most closely packed glide will be the glide plane. 

While previous work has always indicated that, the plane being fixed, 
glide will take place along the crystallographic axis of maximum atomic 
density, exceptions have been found to the law that the glide planes are 
the most closely packed planes. The best established case is that of a 
iron*; results obtained with (3 brass and tungsten point in the same 
direction. It seems, then, that while close packing is not always the 
deciding factor which fixes the glide plane, the behaviour of rhombohedral 
crystals cannot be called upon to supply an exception to the rule, 'as has 
been suggested. The present position seems to be summarized by 
the empirical rule that with face-centred structures the glide planes are 
the most densely packed (most widely separated) planes, while for body- 
centred structures this rule does not hold. 

* Taylor and Elam, * Proc. Roy. Soc.,’ A, vol. 112, p. 337 (1926); Gough, ‘ Proc. 
Roy. Soc,,’ A, vol. 118, p. 498 (1928). 
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11—The Spacing of the Preferred Glide Planes 

By the spacing of the glide planes is meant the distance between the 
traces as shown in the photographs reproduced in this paper. Owing 
to obvious difficulties the crystal surface has so far not been examined 
at high magnification, to see if there is a finer structure of glide planes 
imposed on that visible at the magnification of x 22, but it is hoped 
to undertake such an examination Jater. 

Thirty-five successive intervals were measured on a crystal, and gave 
an average spacing of 0-00535 cm, with a mean square deviation of 19%. 
The crystal of very pure mercury, in the first stage of stretching, as photo¬ 
graphed in fig. 22, gave 0 -00543 cm for the spacing, with a mean square 
deviation of 21%. For the third crystal the spacing was 0-00528 
with a mean square deviation of 20%. 

It appears from these results (one crystal in the first stage of stretch, 
the other two much later) that the main effect of increasing stretch is to 
cause further glide to take place on the glide planes developed in the 
first stages of stretch. There are, however, signs that finer glide planes 
can develop between the main planes, as shown in fig. 24, but that these 
appear at a comparatively later stage, and are never so prominent as 
the original glide planes (figs. 22, 23, 24). The original glide planes are 
distant about 0-005 cm from one another, and in between them three 
or four less developed glide planes are to be seen in such cases as fig. 24. 

Reference has already been made to the crystal of mercury contaminated 
with 0-5% silver, represented in figs. 25 and 26, for which the spacing 
is much the same as for very pure mercury. 

It appears, then, that the distribution of planes of pronounced glide 
at roughly equal intervals, of the order of 10,000 times the atomic lattice 
spacing, is a fundamental feature of the metal lattice which does not 
depend on metallic impurities or dissolved gas. 

12—The Critical Shear Stress 

The experiments here have been mainly of a preliminary nature, 
owing to the fact that no special steps were taken to measure the glide 
direction. However, a fairly precise value of the critical shear stress 
can be obtained by considering the case when the glide direction coincides 
with the projection of the wire axis on the glide plane, which can be 
easily detected by the coincidence of the heads of glide ellipses and twin 
ellipses during the later stages of stretch. Further, when measurements 
are made with several wires, a minimum value is an indication that the 
case of a favourable position of the glide direction is in question. 



144 E. N. da C. Andrade and P. J. Hutchings 

Table I gives the observations on several wires in which the angle x 
of the glide plane lay between 40° and 50°. 


Temp. 

Table I 

X 

F 

- 45 

42-5 

81 *5 gm wt. 

- 45 

43 

96-5 

- 47 

44 

64 

- 50 

47 

75 

- 43° 

49*5 

38 * 5 


The last specimen, which gives the smallest value of F, is that of the 
wire photographed in figs. 10 to 15. In this specimen the glide direction 
coincides with the projection of the wire axis on the glide planes. We 
therefore have for t, the critical shear stress 

t = ^ sin 49-5° cos 49-5° 

= 9-3 gm wt./sq. mm 

the cross-section of the wire being 2-1 sq. mm. This value compares 
with the value 91 gm per sq mm obtained by Hanson for very pure 
zinc, and the value 13-7 gm per sq mm obtained by Roscoe* with pure 
cadmium, at room temperature in both tests. 


13— The Flow at Constant Stress 

In one experiment only was the rate of flow taken. Twinning took 
place as soon as the load was applied, the angles which the glide plane 
and glide direction made with the axis of the wire being approximately 
32 >5° and 57-5° in the original crystal and in the twin respectively. 
The original crystal and the twin were thus equally favourably disposed 
for glide. The load was 100 gm and the total extension was about 
2-2 mm on an original length of 3 cm. The stress, therefore, does not 
vary very much throughout. 

The nature of the flow is shown in fig. 7, where the length at any 
moment is plotted against time. It will be seen that a constant rate 
appears to be reached after about twelve minutes when the extension is 
about 5%. The total extension over the approximately linear part of 
the curve is about 1 • 8%, so that the stress varies very little over this 
range. Further experiments on flow are obviously necessary before 

* • Nature,’ vol. 133, p. 912 (1934). 
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discussion can be profitable, but it may be stated that very similar curves 
have been obtained with cadmium by Mr, Roscoe and myself. 

Our best thanks are due to Dr. R. E. Gibbs, of this department, for 
much helpful discussion, especially on crystallographic matters, Mr. L. 
Waldon, laboratory steward, has rendered valuable help in the photo¬ 
graphy. 



0 5 10 IF, 20 25 

Time (minutes) 

Fig. 7 Temp. • 55' C, wire 4 cm long. 


Conclusions 

In the mercury crystal the rhombohedral faces arc glide planes, and 
the short diagonal is the glide direction. 

The crystal twins under strain on a plane through the long diagonals 
of two opposite faces, acting as glide planes. 

In simple glide twinning takes place when the twinning plane makes 
an angle of 45° with the axis of the wire, at any rate if the glide direction 
approximately coincides with the projection of the tension on the glide 
plane. 

The rhombohedral face and the hexagonal basal plane are equally 
close-packed, but the former contains a much more closely packed line 
than does the latter. «it is suggested that this is why the former acts as 
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glide plane in preference to the latter, on which glide has never been 
detected. 

Double and triple glide can take place, according to the ordinary laws 
governing the glide plane and glide direction. Hardening on one set 
of glide planes hardens the whole crystal. 

The critical shear stress at — 43" C is 9-3 gm wt. per sq. mm. 

The very purest mercury gives, in the early stages of stretch, an average 
spacing of the glide planes which is 0 0054 cm, agreeing closely with 
that for ordinary pure mercury, and for mercury deliberately contaminated. 
The appearance of preferred glide planes separated by about 15,000 
lattice spacings is thus not due to impurities or dissolved gas. 

Under constant stress the single crystal flows at a rate which diminishes 
to a constant value. 


Quantum Theory of the Diplon 
By H. Bethe and R. Peierls, University of Manchester 
(Communicated by D. R. Hartree , F.R.S.—Received July 26, 1934) 

1— Introduction 

The work of Heisenberg,t Majorana.t and Wigner§ seems to show 
that the behaviour of protons and neutrons and their interaction in the 
nucleus may be described by the ordinary methods of quantum mechanics. 
It is of particular interest to study the simplest nuclear system, i.e., the 
diplon, which almost certainly consists of a proton and a neutron. In 
dealing with such a two-body problem, the wave equation can be 
rigorously solved if the forces are known, and this problem therefore 
has the same importance for nuclear mechanics as the hydrogen atom 
has for atomic theory. 

The force acting between a proton and a neutron has been investigated 
by Wigner (loc. cit.) who showed that in order to understand the high 
mass defect of He 4 compared with H 2 one must assume interaction forces 
with a range much smaller than the radius of H 2 . Without knowing about 
these forces more than the binding energy of H 2 , one can, then, investigate 
quantitatively the behaviour of H 2 against various perturbations. 

t ‘ Z. Physik,’ vol. 77, p. 1 (1932) ; vol. 78, p. 156 (1932) ; vol. 80, p. 587 (1933). 

} * Z. Physik,' vol. 82, p. 137 (1932). 

§ * Phys. Rev.,’ vol. 43, p. 252 (1933) ; ' Z. Physik,* voi % 83, p. 253 (1933). 
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2— Wave Equation for H 2 

The variables of our problem are the co-ordinates of neutron and 
proton and the ^-components of their spins. We denote by <J* (■*■*. £<*) 
the wave function for the configuration in which the proton is found at 
the place x with the spin s and the neutron at 5 with spin a. For this 
function three types of wave equation have been proposed: 

t V(jc- 9 «!»(», fr) (lA) 

(sj£j + V f 2 ) + E ) <|> (xs, 5«) = J V (x - l) (\o, xs) (1b) 

1 V (x — 5) (5.V, xcr) (lc) 

where M is the mass of one proton, which is, in sufficient approximation, 
equal to that of the neutron. Equation (1a) (ordinary interaction force) 
was discussed by Wigner (Joe. cit.) who showed that it can describe 
correctly the behaviour of the nuclei up to He 4 . It does not explain, 
however, the fact that the addition of more particles does not increase 
the mass defect per particle (cf. Majorana, loc. cit.). In order to explain 
this fact one has to assume a force of an exchange type leading to satura¬ 
tion, the simplest forms of which are (1 b) and (lc). (1 b) was proposed 
by Heisenberg, but it leads to saturation for the H 2 nucleus already and 
therefore must lead to too low a mass defect for He 4 . The equation (1 c 
proposed by Majorana, leads to He 4 as a saturated configuration, and 
therefore seems to fulfil all requirements. We shall in the following 
adopt (lc), but we shall see that our results for the behaviour of the 
diplon at not too high energies are practically independent of this 
assumption. 

The solution of (1) will be of the form 

4* (.xs, lo ) = /( —!'—) (X (so) < f > (x - l ), (2) 

<t,(x-l)~u(r)? lm (S>4>) (2a) 

where r — | r | is the distance between the points x and J; ; &<f> the direc¬ 
tion of the vector r and P t ,„ a spherical harmonic. Then u must satisfy 
the equation 

aC i ^ <n ' , - u ^") +E “” <-l) ' V( '' ) "- (3) 


For a fixed value of* /, this equation is equivalent to an ordinary 
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Schrddinger equation, the only difference against (1a) being that the 
“ potential ” is attractive for even and repulsive for odd values of /. If we 
had adopted (1 b) the sign of the potential would also differ for the triplet 
and singlet state. 

The function V has been investigated by Wigner who showed that V 
has appreciable values only if r< a ~ 1-0.10 13 cm and at smaller 
distances becomes of the order 10 8 volts.f WickJ tried to determine 
V from the mass defects of heavy nuclei with the aid of (lc). The form 
of V obtained in this way is in reasonable agreement with that of 
Wigner. 

In solving the equation for / = 0, one can therefore at small distances 
neglect the energy compared with the. potential, so that the phase 

= — - of the wave function will have a definite value a at distances 
ru dr 

small compared with the wave-length, but larger than a. Thus one can, 
instead of solving equation (3), work with the equation for free motion, 
but with the boundary condition that 


1 d {ru) " 
ru dr 


for r ----- 0. 


The value of « can be deduced from the mass defect of H 2 . 

For / ^ 0, the potential V will have no appreciable effect at all, because 
the centrifugal force makes the wave function very small for distances 
small compared with the wave-length and the potential at still smaller 
distances will therefore not matter.fj 

If, therefore, (i) the wave-length of the particles is large compared 
with a, and (ii) their relative energy small compared with the values of 

t The arguments of Wigner are based on (1a), but just because the range of the 
forces turns out so very small, the same results may be deduced, without appreciable 
modification, from (lc) as well. The reason is, that over the distances where V (at— 5) 
is different from zero, the wave function varies slowly and <\>(xZ) and 4* (W are 
nearly equal, unless 4 has a node at the point x — 5 which, however, for the nuclei 
up to He 4 will not occur. 

$ ‘ Nuovo Cim.,’ vol. 11, p. 227 (1934). 

§ The very short range of the interaction forces between neutron and proton leads 
to consequences for the scattering of slow neutrons by protons which have been 
discussed by Wigner (loc. cit.) and Wick (‘ Z. Physik,’ vol. 84, p. 799 (1934) ) and loc. 
cit. These authors have pointed out that observations of very fast neutrons would 
afford a means for both estimating the range of the forces and deciding directly 
between equations (1a, b, c). The mathematical treatment for high 1 energies given 
in these papers is, however, not quite complete and we hope to come back to this 
question in a later publication. 
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V at small distances (these two conditions are equivalent) one can replace 
the solution of (3) 

for / ^ 0 by wave functions of free particles, 
for / — 0 by solutions of 

ft* 1 d 2 

< 4 > 


with the boundary condition 

/ 1 d (ru ) \ _ 

V ru dr r-o 


(5) 


Under these assumptions, there is only one discrete state with / 
and the wave function 



* 0 
( 6 ) 


The condition of normalization determines C : 


C = V a/ 2n. 

The corresponding energy is 



(7) 

( 8 ) 


and a has to be so determined as to make e equal to the binding energy 
of H®. This energy has recently been determined fairly accurately by 
Chadwickf and was found to be 


which gives 


e = 2*1 .10° volts, 


« = 2-2.10»cm-\ 


1 /a is indeed much larger than the assumed range of the interaction 
forces. 

3—Absorption of y-rays by Diplons 


If a v*ray of energy hv falls on a diplon it may be absorbed, producing 
a proton and a neutron. This process is analogous to the photo-electric 
effect of an atom and the effective cross section is given by the well- 
known formula t 

8rcVv, , Q . 

«j B -| z 0B j*, (9) 


t Chadwick and Goldhaber, ‘ Nature,’ vol. 134, p. 237 (1934). 
t Cf., e.g., Kemble and Hill(‘ Rev. mod. Phys.,’ vol. 2, p. 11 (1930)) formula (28). 
This formula differs from (9) by a factor A s v/c, because the authors calculate the ratio 
of transition probability and radiation density per unit frequency instead of the cross- 
section per unit energy. 



150 H. Bethe and R. Peierls 

where e is the protonic charge, c the velocity of light and 


z ok — |* w„iz 4>y dx. (10) 

Here u 0 is given by (6), z is the z-component of r, and \z consequently 
the z-co-ordinate of the proton with respect to the centre of gravity. 
<f> K is the wave function of a state with the energy E = Av — c normalized 
in energy scale. Of all possible states with this energy, only that belong- • 
ing to / — 1 gives a non-vanishing matrix element (10). The corre¬ 
sponding wave function is then, as we have seen, identical with the wave 
function for free motion. If, on the other hand, we insert in (10) all 
wave functions of free motion with energy E, again only that with / = 1 
gives a non-vanishing integral. We are therefore allowed to use wave 
functions for free motion in Cartesian co-ordinates : 

<f> k = (2n) 3li e i(k - r> (11) 

(11) is normalized in wave vector scale. In order to obtain energy 
normalization we have to add a factor 

W — dCl = — dtt 
dE ltd ’ 


where dCl is the element of the direction of motion, and the reduced 
mass M/2 enters instead of M as we are concerned with the relative 
motion. Thus in (9) we may write 


where 

(12) 

2 ok — j" d-x « 0 ize <<k ' r) . 

(13) 

The length of k is defined by 


fflk* — p* — M (Av — e). 

(14) 

Inserting (6) the matrix element becomes 




where 0 is the angle between k and r. 
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Inserting this into (12) we obtain 

i, | 2= 2 M 

1 0E 1 3tc //* (a 2 + k 3 )* ’ 

and from (9): 

_ _ 167r a Me 2 vafc 3 
3 t, 3 c ( a 2 + A 2 ) 4 ‘ 

Expressing now a and k from (8) and (14) : 


where 


1 6tc 2 A 2 £ 2 V (/jV — e) 3 2 e 1 ' 2 

1 Me (Av) 4 

8tc e 2 1 (y — l) 8/z 
3 Ac a 2 Y a 

Y = Av/e. 


With the estimated value of a given abovet 


1 -25 . 10 26 (y — 1) 3/2 Y _s cm 2 . 
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(15) 


(16) 

(17) 


This becomes a maximum for y = 2 where a -- 1 - 6.10~ 2? cm 2 . 


4—Capture of Neutrons by Protons 

The inverse process to the one considered in the last section is the 
formation of a diplon from the separate particles under emission of 
Y-rays. The probability P 12 of this process is connected with that P M 
for the inverse in the following way: 

Pia/£s == Psi > 

where g t and g 2 are the statistical weights of the final states of the system. 

The number of states per unit momentum vector is the same for both 
particles and light quanta. The number of states for the relative motion 
per unit energy is proportional to 

£_dp Mp 

dE ~ 2 ’ 

t The experimental value given by Chadwick (‘ Nature,.’ vol. 134, p. 237, August 
18,1934) is only 10~“cm'. This would agree with (16) only if y— 1 *• 0 04, i.e., if by 
accident the energy of the Y-rays employed was only just above the limit of absorption. 
Whether this is actually so or whether (16) is actually too large can only be decided 
by further experiments. 
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where p — is the momentum in the co-ordinate system where the 
centre of gravity is at rest. For the light quantum we have instead 

(/tv/c) 2 </(/jv/r) _ (h'j)~ 
d{hv) " <•* ’ 


and additional factor 2 for polarization. 

Therefore the ratio of the probabilities for capture and absorption 
will bef 

4(/?v) 2 

if the density of the incident particles is the same. In order to obtain 
the cross-section we must compare the yield not for equal density but 
for equal current and so must add a factor cfv, where v is the velocity 
of the incident neutron. Thus if a. is the cross-section (16) the cross- 
section for capture becomes 


or 


«,' = 2^o = 2 

c*p 2 


(M 2 


Me 2 (/tv — e) 


o' = 2 


Y 


Me* y - 1 


, _ 16tt e 2 / n * (y - 1) 
3 Ac \Mc y 


(18) 

(18 a) 


(18 a) is again a maximum for y — 2, i.e., if the energy of the incident 
neutron is e in the relative co-ordinate system, i.e., 2e in the system where 
the proton is at rest. Then 

o' = 2 , 70.10 29 cm 2 . 

The capture therefore seems hardly observable. 

Instead of being captured, the neutron passing through hydrogen may, 
of course, radiate only part of its energy, but the cross-section for this 
process is only of the same order of magnitude. 

t This ratio involves the assumption that proton and neutron can be bound 
together also if their spins are antiparallel and that the probability of capture does 
not depend on the relative spin directions. The assumption is correct if the model 
of either Wigner or Majorana is assumed and the magnetic force between the spins 
is considered as a small perturbation. In Heisenberg's model there would be no 
bound singlet state, the cross-section for capture would then be reduced by a factor 
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5 Scattering of y-rays by Diplons 

y-rays affect both the relative co-ordinate and the centre of gravity of 
the diplon. The latter gives the classical scattering according to Thom¬ 
son’s formula, while the inner degree of freedom gives an additional 
scattered wave which may easily be calculated from the Heisenberg- 
Kramers formula, using the matrix elements (15).f 

The total nuclear scattering per unit solid angle under an angle 0 
then becomes : 

{* ^ (4 + 3y* - 2 (1 + y) 3 “ - 2 (1 - y) 3/2 ) j 2 i (1 I cos* 0), 

if Y < 1, and 

| i (4 + 3 r 2 — 2(1 + y) 3 2 )| * i (1 + cos 2 O) (19) 
if y > 1, where again y Av/e. 

The scattering is always smaller than that of a free proton and becomes 
equal to the latter only for y > 1. The order of magnitude of this effect 
is therefore extremely small, corresponding to a total cross-section of 
about 2. 10“ S1 cm 2 , so that it is practically impossible to observe it. 


6—Disintegration of Diplons under Electron Bombardment 


If fast electrons of momentum P and energy W strike a diplon, they 
may be scattered through an angle 0 and afterwards have a smaller 
energy W' (momentum P'), while the energy difference serves to dis¬ 
integrate the diplon. The calculation of the probability is very similar 
to the disintegration by a light wave (cf. section 3). Instead of the 
light wave one has to insert the electromagnetic field belonging to the 
transition of the electron from P to P'4 If T,. and T P . are initial and 
final wave function of the electron, the field derives from the four- 
potential : 




4 nett 3 (TV T P ) 

(P - P7 - (W - W Jit* 


= 4 


exp (/ (qr)Mc) 
q* - (W - W') 1 




47^ 2 (TV « t Tp) 

(P - P')‘ - (W - W') 2 /c® 


4neti i c t a k 


exp (/ (qr)/*c) 
7 - (W - W') 4 
(k = 1,2, 3). 


(20) 


t Cf. e.g., Kemble and Hill, loc. cit., p. 22, equation (61). 
* Chr. MiStler, ‘ Z. Physik,* vol. 70, p. 786 (1931). 
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Here x k are Dirac’s matrices, a 0 and a k are constants arising from the 
ratios of the components of the Dirac wave functions ¥ r . and 
They depend upon P and P' and upon the spin directions, q/c = P — P' 
is the momentum difference between initial and final electronic state. 
If we consider (20) as a perturbation acting on the diplon, the transition 
probability is proportional to the square of the matrix element 

j «o exp (■£/ (qr)///c) (a„ - £ a k v k /c) <f> M dr. (21) 

Here v k = —4 —- is the operator of the proton velocity and |r in the 
/M or k 

exponent is again its distance from the centre of gravity. qr///c is small 
compared with unity over the region where <f> 0 ^ 0 unless 2W sin 
becomes of the order 4.10 7 volts. Usually, therefore, it is sufficient to- 
expand the exponential, retaining only the constant term where it is. 
multiplied by v and the linear, multiplied by a 0 . After averaging over 
the spin directions of the electron the differential cross-section becomes : 


(t 0 k dE dLl = 


4 it r p< i 2 qk i 2 

\ he) P [q 2 ~-(W-W') 2 ] 2 


[tf - (W - W') 2 )(W 2 + W'*> 


~ i - (W - W '?? - infc* (W - W') 2 ] dE dLl r 
W = W - (e + E). (22) 


Integration with respect to all directions of the scattered electron gives- 


^ok dE — 8tc 


/e 2 { | . It (W 2 + W ' 2 WW'+cW-mV 4 
\hc) | oE 1 l c 2 F g (W-W') me 2 



z 0K is the matrix element (15). 

The total cross-section cr u is given by the integral of (23) over the range 
0 < E < W — me 2 — e. | z 0E | a decreases rapidly at high energies E. 
and we may therefore assume W' = W except in the denominator 
W — W' = E + t, if W is large compared with t. We may then also- 
write W instead of cP and integrate from 0 to oo. Then the total cross- 
section will be 


“ ,6 " (?J £ 1 z » r {>oe • (24> 


We may define an average excitation energy A by putting (c/. (15)) 



(* dE | z 0E I 2 log (E -+■ e/e) 
Jo _ 

Jo 


j" dy (y — l)*' 2 y - 4 log y 

J* (Y — l )*' 2 Y -4 


(25) 



where 
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Y =v (E + e)jhw. 


and with this notation a D becomes: 



2W 2 


z„ |a rfE( ,og ^j 



= 167r (^f( zi )o{ log 


2W 2 
me 2 A 
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(26) 


Too 

Here we have used the fact that dE \ z m | 2 is the diagonal matrix 

Jo 

element of z 2 for the ground state, which is 

(' 2 )o - J «o 2 ( j f d~. = y 2 f «„Wt - JL (27) 

(cf. (10), (6)). The numerical evaluation of (25) yields 


and therefore 


log 


1-375, 


2n ;e_ 

3 <x 2 Uc 


,2 ,2 


(. w 2 , 

l, og __ ^,.432 


(28) 


This, assuming the value for a given in section 2, yields 

- 2-3 . 10- a » (log—, - 1 -432) cm 2 
{ tmc % ) 


The probability of the process per centimetre path in heavy water will 
then be 

1*5.10~® {log ——r — 1-432) 
l emr I 

for W = 10 J volts, log (W 2 /emc 2 ) ~ 9 -2, the process will therefore occur 
once in 0 • 8 km of path. This seems difficult, but not absolutely impossible 
to observe. The produced neutrons will have kinetic energies of the 
order 3*. 

At lower energies, the integral of (23) decreases rapidly, and if the 
available energy W — e — me 2 is small, the total cross-section becomes 
proportional to (W — e — me 2 ) 8 . 


7—Limitations of the Employed Model 

The approximations we have made consisted in assuming (i) that u 0 
has the form (6) throughout, while it actually will differ from (6) for 
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radii of the order a ~ 10 13 cm, and reach a finite value for r = 0; 
(ii) that the functions for 1^0 are solutions of the field-free equation 
while actually at radii smaller than a they are subject to a strong attracting 
(for even /) or repelling (odd /) force. 

The actual wave functions will, therefore, give values for z 0K which 
for small E differ from our approximation by a relative amount of the 
order cm, while for E~ 10* volts, | z 0E | 2 may differ appreciably from 
our result. Since, however, in sections 3 and 4 | z 0E | 2 enters only for 
small E, and in 5 and 6 the large values of E give no appreciable con¬ 
tribution to the integrals, our results can only be wrong by which is 
about 15%. An estimate of the influence of the neglect shows that for 
small energies the deviations for / = 1 have no importance, while 
that for the ground state tends to increase the matrix element slightly. 
This latter fact shows that the results are even to a higher approximation 
independent of whether one assumes equation (1a) or (1b) instead of (lc). 

Equations (1a) and (lc) lead to a solution for the ground state whether 
the spins of proton and neutron are parallel or antiparallel. By taking 
into account magnetic interaction forces one could obtain a splitting 
into two levels, which would give rise to a discrete y-absorption line. 
It seems impossible to treat this problem with the present theoretical 
means. 

The authors wish to express their thanks to Dr. J. Chadwick for dis¬ 
cussion of his experiments which led to these considerations. Their 
thanks are also due to Manchester University and in particular to Pro¬ 
fessor W. L. Bragg for their hospitality. 


Summary 

It is shown that our present knowledge of the intra-nuclear forces 
allows us to make definite predictions for the behaviour of the diplon. 
According to these calculations the cross-section for disintegration of a 
diplon by absorption of y-rays is of the order 10 -27 cm 2 , § 3. In addition 
the cross-sections for capture of neutrons by protons, § 4, for scattering 
of y-rays, § 5, and disintegration by electron bombardment, § 6, have 
been calculated. 
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The Vibrational Analysis of the Absorption Spectrum of 

Lead Sulphide 

By G. D. Rochester, M.Sc., and H. G. Howell, B.Sc., Armstrong 
College, Newcastle-upon-Tyne 

(Communicated by W. E. Curtis , F.R.S.—Received July 26, 1934) 

[Plate 9] 

Introduction 

Band spectra due to the oxides of many elements are well known, but 
as yet little is known about the spectra of the sulphides of the same 
elements. Especially is this true of the sulphides of the metals, for up 
to the present only one, germanium sulphide,* has been reported. A 
search for the absorption band spectra of the sulphides of the related 
elements, tin and lead, resulted in the discovery of two very extensive 
spectra, the first lying in the region X 2600-X 4500 and the second in the 
region X 3100-X 8000. A general description of these spectra has already 
been published.f Both consist of overlapping progressions of bands 
degraded to the red. Raising the temperature of the absorbing vapour 
causes bands at the long wave-length ends of the spectra to be developed, 
the extent of the bands depending only on the maximum temperature 
used (for the same vapour-pressure). 

Lead sulphide bands in the region of greatest dispersion show apparently 
simple rotational structure. By analogy with PbO it would appear 
that the electronic transition is 

There can be little doubt that the molecule giving the spectrum described 
in this paper is PbS and not any other sulphur or lead compound. Other 
possible absorbing molecules are the dissociation and oxidation products 
of lead sulphide, sulphur, sulphur dioxide, and litharge. That the 
spectrum is not part of the extensive sulphur spectrum is proved by the 
complete absence of known sulphur bands; that it is not due to SO s § 
or PbO|| is proved by the fact the spectra of these compounds were 

* Shapiro, Gibbs, and Laubengayer, * Phys. Rev.,’ vol. 40, p. 354 (1932). 

t Howell and Rochester, ‘ Proc. Univ. Dur. Phil. Soc.,’ vol. 9, p. 126 (1934). 

% The analysis of the fine structure of PbS is being undertaken by Bell and Harvey, 
of Manchester University. 

i Watson and Parker, ‘ Phys. Rev.,’ vol. 37, p. 1484 (1931). 

|| Howell (Unpublished work). 
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obtained only when the vapour pressure of the sulphide was small and 
the temperature high. 

On nearly all plates a few Ag 1 absorption lines appear. These are 
due to traces of silver compounds in the lead sulphide. 

Experimental Procedure 

Small pieces of commercial galena were placed in open quartz 
(vitreosil) tubes 30 cm long by 1 cm bore by 1 mm wall and heated in a 
Silit-tube furnace capable of giving temperatures up to 1400° C. A 
current-temperature calibration of the furnace sufficed to give a rough 
indication of the temperature. 

Using a length of absorbing vapour estimated at 5 cm the visible bands 
came up with excellent contrast at temperatures between 1100 and 1200° C, 
and the infra-red bands at 1300° C. 

A preliminary survey of the extent of the spectrum made on Hilger 
small quartz and constant deviation instruments, using sources suited 
to the region examined, indicated that the spectrum extended from 
X3100 to X8000. The spectrum was then photographed on Hilger El 
and E52 spectrographs. Details of dispersion, photographic plates 
and sources used are as follows :— 


. Region 

A- 

Instrument 

Dispersion 
A. per mm 

Plates 

used 

Exposure 

times 

Source 

3100-3800 

El 

5*5-10*0 

Ilford 

mins 

1-10 

100-watt 

3800-6500 

E52 

3*5-22*0 

rapid 

Process 

Panchrom. 

»» 

0*1-10 

Osram 

U,V. lamp, 

900-watt 

6500-7600 


22-35 

Ilford 

1-10 

Osram 

gas-filled 

lamp 

m 

Infra-red 

In all, 230 bands were measured on 14 plates, using iron arc lines as 

wave-length standards. 

Measurements were 

made on a 

Hilger LI 3 


comparator and reduced to wave-lengths in the usual manner. The 
heads of strong bands measured by different observers on different plates 
in the region of greatest dispersion seldom differed by more than 1 cm" 1 . 


Vibrational Analysis 

Of 230 bands, 221 have been fitted into six systems with the same 
ground state. The vibrational constants to, and *,«, for the states 
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giving rise to these systems were derived from the systems by the method 
of least squares. For the ground state the constants were taken from 
the largest system—the very extensive visible and infra-red system A. 



crn' 1 

29586-0 

24952-3 

23150-7 

21774-8 

18768-0 


X 


A BCDE 


Fia. 1—Electronic levels 


Fig. 1 shows the distribution of all the electronic levels involved in 
the band systems except the upper level of the infra-red system which is 
omitted because of the inadequate data concerning it. Table 1 gives the 
wave-numbers and vibration quantum numbers of all the classified 
heads, the difference in wave-number between the observed and calculated 
heads being shown in the last column. 

Intensities have been assigned visually on a 0-10 scale overlapping 
systems giving an opportunity of comparing the assignment in different 
systems. 

Table I 


System A 


v' 

v" 

I 

v obs. 

o - c 

v' 

r" 

I 

v obs. 

O - C 

2 

0 

3 

(cm 1 ) 

19290*2 

(cm -1 ) 

+ 2-2 

2 

1 

8 

(cirr 1 ) 

18863*0 

(cm *) 
+0*7 

3 

0 

8 

19548*8 

+ 1'9 

3 

1 

10 

19120*6 

■“■0*6 

4 

0 

10 

19806*1 

410 

4 

1 

10 

19378*4 

-1*0 

5 

0 

10 

20063*9 

41-4 

5 

1 

8 

19635*7 

— 1*1 

6 

0 

10 

20320*0 

408 

6 

1 

1 

19894*0 

+0*5 

7 

0 

10 

20576*8 

416 

8 

1 

I 

20405*4 

+0*6 

8 

0 

10 

20832*3 

41-8 

9 

1 

3 

20659*2 

-0*1 

9 

0 

8 

21086*3 

41-3 

10 

1 

6 

20912*0 

-1*1 

10 

0 

7 

21338*8 

0 

11 

1 

6 

21164*5 

-1*7 

11 

0 

3 

21590*4 

-1-5 

12 

1 

5 

21416*9 

-1*6 

12 

0 

1 

21842*0* 

-2-2 

13 

1 

3 

21668* 

—2*1 

1 

1 

5 

18603*8 

41*2 

14 

1 

l 

21917*9 

-3*1 
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Table I —(continued) 


System A—(continued) 


v ' 

r " 

I 

v ol s. 

U 

1 

o 

v ' 

v " 

I 

v obs. 

O - C 




(cm 9 

(cm *) 




(cm l ) 

(cm" 1 ) 

0 

2 

5 

17917-5 

-1*4 

0 

1 

9 

15836-7 

-1*6 

1 

2 

10 

18177 4 

1-9 

2 

1 

4 

16358*6 

1 0*3 

2 

2 

9 

18436-6 

-2-3 

3 

1 

0 

16616*6 

-0*6 

3 

2 

7 

18695■1 

-2-7 

4 

1 

1 

16875*8 

f 0-4 

4 

2 

0 

18955* 

1*0 

5 

7 

I 

17133 

+ 0-2 

6 

*> 

4 

19469 5 

0*6 











0 

8 

9 

-a 

t-J 

OC 

0-6 

7 

2 

2 

19725 4 

-0-7 











1 

8 

4 

15688 

... |-7 

8 

2 

2 

19981-4 

0 

T 

8 

6 

15947 

2 3 

9 

2 

0 

20234-8 

1 * 1 

4 

8 

*■> 

16464-7* 

-1*7 

12 

2 

1 

20994* 

1 ■ 1 






13 

2 

1 

21243* 

. .. 3.7 











0 

9 

8 

15022 

—0*8 

14 

2 

1 

21492* 

— 5- 6 











1 

9 

5 

15282 

—12 

15 

2 

2 

21743 

4-7 

3 

9 

6 

15799 

- 2-7 

16 

2 

2 

21995-1 

-20 






0 

3 

8 

17496*6 

1 -4 

0 

10 

8 

14617 

1 ■ 7 

1 

3 

10 

17756-3 

-2*1 

1 

10 

8 

14877 

-2* 1 

2 

3 

10 

18015-8 

2_i2 

*■> 

10 

0 

15136 

2*7 

5 

3 

4 

18789-7 

2*8 

3 

10 

2 

15393* 

-4-6 

6 

3 

1 

19047-4 

1-8 






16 

3 

1 

21574-1 

2 1 

0 

11 

6 

14216 

-0 9 

17 

3 

0 

21820* 

— 4*9 

l 

11 

8 

14477 

0*3 






3 

11 

l 

14990* 

-5*8 

0 

4 

8 

17081-3 

1 1-8 






1 

4 

8 

17340*0 

10-3 

1 

12 

8 

14079 

i 0*9 

4 

4 

8 

181135 

2-9 

2 

12 

6 

14338 

10-3 

5 

4 

2 

18371-5 

-2-5 











1 

13 

6 

13681 

0-2 

0 

5 

10 

16664-6 

f 1-3 

2 

13 

6 

13941 

1 0*2 

1 

5 

8 

16925-3 

+ 1*5 






3 

5 

5 

17443-8* 

i 1-6 

1 

14 

8 

13287 

+0-4 

6 

5 

1 

18209-9* 

-4*6 

2 

14 

8 

13548* 

+ 1 -8 






3 

14 

3 

13806* 

-i 0-9 

0 

6 

9 

16250-1 

-1 0-5 






1 

6 

1 

16509*7 

-0 3 

2 

15 

3 

13159 

+ 4*9 

2 

6 

3 

16770*0 

4 0-4 

3 

15 

8 

13416* 

+ 30 

3 

6 

2 

17027*9 

-0*6 






5 

6 

0 

17544-2 

f01 

3 

16 

8 

13031* 

+ 7*7 





System B 





1 

0 

3 

22056-7 

-1 1 -4 

6 

0 

10 

23432*4 

+ 0*6 

2 

0 

8 

22334*6 

+0*6 

7 

0 

9 

23702-4 

4 0*4 

3 

0 

10 

22611-5 

-f 0 • 5 

8 

0 

9 

23970-6 

+0*1 

4 

0 

JO 

22886*8 

+0*5 

9 

0 

8 

24237* 

—0-3 

5 

0 

10 

23160-4 

+0 5 

10 

0 

3 

24501 * 1 

-1*2 
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Table I—(continued) 
System B—(continued) 


V* 

v" 

I 

v obs. 

O C 

r' 

r" 

I 

v obs. 

O 

; 

n 




(cm ') 

(cm 1 ) 




(cm y ) 

(enr 1 ) 

1 

1 

8 

216291 

-0*4 

5 

2 

0 

22311* 

4-0-2 

2 

1 

10 

21906-9 

- 1 *4 

6 

2 

4 

22582*3 

-0*4 

3 

1 

8 

22184-5* 

0*8 

11 

2 

6 

23914* 

-2*5 

4 

1 

1 

22461 1 

40*5 

12 

2 

3 

24177*3 

-0*9 

7 

1 

3 

23275*3 

-1*0 

13 

2 

3 

24436*4 

1*6 

8 

1 

5 

23544*4 

— 0*4 

14 

2 

2 

24695*7 

-0*5 

9 

1 

5 

23811*9 

*j 0*4 

15 

2 

1 

24950*5 

2*2 

10 

1 

4 

24076*3 

-0*3 






11 

1 

8 

24339*5 

0*4 

0 

3 

T 

20501 * 

3*8 

12 

1 

2 

24601*5* 

-0*1 

1 

3 

1 

20782*5* 

2*7 

13 

1 

3 

24860*0 

- 1 *4 

4 

3 

0 

21614*2 

-2*1 

14 

1 

0 

25118*5 

1*1 

16 

3 

0 

24783* 

2 6 

15 

1 

0 

25373-6* 

-2*5 

17 

3 

1 

25037 

- 2-7 






18 

3 

0 

25288* 

3-0 

0 

2 

1 

20924*1 

-1*6 






1 

2 

3 

21205*2 

— 0*9 

0 

4 

4 

20084*4 

1 *9 

2 

2 

1 

21482*7 

.2-2 






4 

2 

0 

22038* 

4-0*8 

0 

5 

2 

19667* 

-3*1 





System C 





1 

0 

1 

23452*2 

1 0*5 

0 

1 

I 

22723*0* 

2*0 

2 

0 

2 

23750*8 

4-0*9 

1 

1 

3 

23024*4 

-1*6 

3 

0 

4 

24046*0 

40*7 

2 

1 

4 

23323*6 

-0*6 

4 

0 

8 

24339*5 

41*8 

3 

1 

5 

23619*0 

- 0*5 

5 

0 

8 

24626*6 

0*6 

4 

1 

6 

23914*0 

1 2*0 

6 

0 

8 

24912*6 

-1*3 

7 

1 

0 

24771* 

-1*1 

7 

0 

8 

25197*1 

-0-7 

10 

1 

1 

25605* 

-1*3 

8 

0 

8 

25480*2 

41*5 

ll 

l 

l 

25878* 

0 6 

9 

0 

9 

25756*3 

-0*5 

12 

1 

4 

26149*4 

+ 1*3 

10 

0 

8 

26031*6 

-0*4 

13 

1 

4 

26414*7 

0 

11 

0 

8 

26304*2 

-0*1 

14 

1 

4 

26679 

+0 6 

12 

0 

8 

26574*8 

4 1 *0 

16 


1 

27197*2 

0 

13 

0 

6 

26841*6 

41*2 










System D 





1 

0 

2 

25234*0 

40-1 

12 

0 

5 

28175*3 

- 1 8 1 + 

2 

0 

6 

25513*0 

-02 

13 

0 

5 

28424*4 

— 6*21 * 

3 

0 

6 

25790*5 

40*4 

0 

l 

1 

24525*2 

-1*4 

4 

0 

6 

26064*9 

4 0*2 

1 

1 

4 

24808*0 

-0*2 

5 

0 

8 

26336*1 

-0*8 

2 

1 

2 

25086*0 

-1*5 

6 

0 

8 

26606*6 

~ 0*2 

3 

1 

1 

25363*3 

-1 • 1 

7 

0 

8 

26874*1 

-0*3 

4 

1 

0 

25638*0* 

-1*0 

8 

0 

7 

27140*6 

4 1 *0 

11 

l 

1 

27492*7 

~ 2*8 

9 

0 

4 

27403*0 

40*5 

12 

1 

3 

27746*0 

— 5*3) 

30 

0 

5 

27662*3 

— 0 * 7 

13 

1 

5 

27999*3 

— 5 5! + 

11 

0 

3 

27919*0 

-2*2 

14 

1 

5 

28247*3 

-8-7) 


t May not belong to this system. 
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Table I— (continued) 
System E 


v / 

v " 

I 

v obs. 

o - t: v ' 

v " 

I 

v obs. 

C 

! 

O 




(cm"* 1 ) 

(cm 1 ) 



(crrr 1 ) 

(cm" 1 ) 

0 

0 

3 

29587*0 

-fl-0 2 

2 

0 

29326-0* 

-0-3 

1 

0 

6 

29882*0 

— 0*2 4 

2 

3 

29901 • 1 

-1*7 

2 

0 

9 

30173 6 

-1-7 5 

2 

4 

30186-4 

0*0 

3 

0 

8 

30465 • 1 

.0-2 





4 

0 

8 

30752-8 

+ 0-6 0 

3 

10 

28315-7 

-0 3 

5 

0 

8 

31036-4 

] 0-5 1 

3 

7 

28609*9 

“2*3 

6 

0 

7 

31318-3 

+ 1*8 2 

3 

3 

28902-7 

- 2-6 

7 

0 

6 

31592-5 

-0-1 3 

3 

6 

29193-7 

— 1-5 

8 

0 

2 

31868-4 

+ 1*0 4 

3 

0 

29479-7 

-2*2 





0 

4 

8 

27896-6 

-0*8 

0 

1 

10 

29160-6 

+ 0-3 1 

4 

5 

28192-0 

-1*6 

1 

1 

10 

29456-2 

0-3 2 

4 

5 

28484*3 

-2-4 

2 

1 

6 

29749*0 

—0*6 





3 

1 

5 

30039 5 

HI 0 

5 

4 

27479-1 

-2*2 

6 

1 

4 

30890-6 

+ 0-3 1 

5 

2 

27775-0* 

- 2*5 

7 

1 

4 

31167-5 

-01 2 

5 

5 

28067-0 

-3-6 

8 

i 

5 

31441-4 

-0-3 j 

6 

5 

27362-0 

-1*8 

9 

1 

4 

31714-7 

+ 2-0 3 

6 

3 

27942*6* 

-4-1 

0 

2 

10 

28738*2 

+ 1-3 3 

7 

1 

27531*3* 

-4-1 

1 

2 

10 

29032-8 

-0-3 4 

7 

3 

27820*3 

-1-9 


* Bands that are (1) too weak to measure on our plates and have therefore been 
measured on enlargements, or (2) overlapped by other bands. 


Unassigned Bands 


X, A. 

v (cm^ 1 ) 

I 

X, A. 

v (cm -1 ) 

I 

3419*2 

29238-3 

1 

4683-2 

21347*0 

3 

3467-7 

28829*3 

3 

5602-2 

17845*0 

1 

3501*2 

28553-5 

2 

6219*9 

16073*0 

2 

3568*65 

3841*6 

28014*0 

26023*5 

1 

J 

6439-4 

15524-0 

2 


System A 
(X 4545-X 7670) 

This, the largest system, contains 87 bands and consists of long v' 
and v" progressions. The (0, 0) band is absent, but there is little difficulty 
in assigning v values because the Deslandres’ scheme is bounded by 
two long progressions of strong bands. The wave-numbers of the band- 
heads are best represented by the formula:— 

v = 18851 -3 + 261 -09 (y' + \) - 0-365 (y' + ±) 8 

- 428 • 14 iy" + i) + 1 *201 (v" + *) 2 . 
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It will be observed that there are no terms in (v -f- £)*. Further, the 
difference u,' — to," is large enough to lead one to expect the band- 
heads and origins to be close together. 

The intensity distribution in this system is of interest, for, whilst nearly 
all the strong bands lie on a wide parabola, explicable without difficulty 
by means of the usual Condon theory, a second parabola of strong bands 
lies within the first, and is separated from it by very weak bands. Intensity 
distributions similar to this have been found by Frederickson and Watson* 
in Na a and K 2 band systems and have been explained by Hutchissonf 
on the basis of the wave-mechanics treatment of the harmonic linear 
oscillator. 

His method, although rather laborious, can be applied to any molecule 
for which the molecular constants are known accurately. Since these 
are not known for PbS it is not possible to carry out an accurate 
calculation. However, there is a possibility of being able to extend the 
simple Condon theory so as to explain satisfactorily the anomalous 
intensity distributions referred to and others also. 

System B 
(X 3950-X 5080) 

The next largest system (B) contains 42 bands and consists of a few 
long v' progressions; it overlaps systems A, C, and D. In this case the 
assignment of v' values is less certain than in A since there is only one 
progression of strong bands. Assuming the assignment given to be 
correct the formula which best fits the band-heads is:— 

v = 21847-7 + 282-17(t/ + }) - 0-856(t/ + ±) a 

- 428 • 14 (v" + i) + 1 -201 ( v" + i) 1 . 

The two systems, C and D, will be considered together because they are 
similar in so many respects. The bands overlap in such a regular manner 
that they look like doublets. Subsequent analysis, supported by considera¬ 
tions of intensity distribution, pointed to the fact that they are not doublets 
but members of overlapping systems having the formuhe:— 

C. v = 23212-9 + 303-93 («' + i) - 1 -436 (v' + *)* 

- 428 • 14 (v" + *)* + 1 -201 (i v " + })*. 

D. v = 25024-4 + 283-95 (v' + *) - 1 • 171 («' + i)* 

- 428 • 14 (v" + i) + 1 -201 (v" + if. 

* ‘ Phys. Rev.,’ vol. 30, p. 429 (1927). 
t * Phys. Rev.,’ vol. 36, p. 410 (1930). 

M 2 
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Systems C and D 


System C, 25 bands, X 3676-X 4400. 

System D, 22 bands, X 3540-X 4076. 

Table VI— System C Table VII— System C 

Intensity Distribution 
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\ 
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23024-4 

1 

1 
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2 

2 

4 

2 
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23323-6 





295 2 


295-4 

3 

4 

5 

3 

24046-0 
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23619*0 

4 

*8 

*6 


293-5 
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24339-5 

420-0 

23914-0 

5 

8 



287-1 




8 


5 

24626-6 



6 



286-0 


• 

7 

8 

0 

6 

24912-6 







284-5 



8 

8 


7 

25197-1 

426-0 

24771 -0 





283-1 



9 

9 


8 

25480*2 



10 

8 

1 


276-1 






9 

25756-3 



11 

8 

l 


275-3 



12 



10 

26031*6 

426-6 

25605-0 

8 

4 


272-6 


2/3*0 

13 

6 

4 

11 

26304-2 

426-2 

25878-0 





270-6 


2/i-4 

14 


4 

12 

26574-8 

425-4 

26149*4 

15 




266-8 


265-3 



13 

26841-6 

426-9 

26414-7 

16 


l 








14 



26679-0 




15 







16 



27197-2 
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Table VIII— System D Table IX —System D 

Intensity Distribution 


V" 
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1 

\t>" 

t/\ 

0 

»'\ 





0 



24525*2 

0 





282-8 

1 


l 

25234*0 

420-0 

24808*0 

2 
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2 

6 
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25086*0 




277-5 


277-3 

3 

6 

3 
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25363*3 

A 

A 
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*r 

o 

4 
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420-9 

25638*0 

5 

8 


27 J -2 





5 

26336*1 



6 

8 


270-5 



7 

8 

6 

26606*6 
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8 

7 

7 

26874*1 
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9 

4 

8 

27140*6 



10 

5 


262 4 





9 
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11 

3 
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12 


10 
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13 

5 

11 
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27492*7 
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253-3 

14 


12 

28175*3 
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27746*0 




249-1 


253-3 



13 

28424*4 

423-1 

27999*3 






248-0 



14 



28247*3 




Both systems are overlapped by systems B and E. The v' values are 
not as reliable as those for the other systems. 

System E 
(X 3137—X 3654) 

This system contains 37 bands. As with system A the v values could 
be assigned with confidence because of the occurrence of two long pro¬ 
gressions of strong bands bounding the Deslandres’ table. The wave- 
numbers of the band-heads are given by the formula:— 

v = 29650-5 + 299-34 (v' + *) - I -574 (v' + i) a 

- 428• 14 (»" + i) +1 -201 (t>" + i)». 
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\v" Table XII—Infra-red System 

*'\ 

13548 (8)* 41 5 13133 (8) 

288 283 

13836 (3) 420 13416(8)* 416 13000(3) 

281 

14537 (5) 420 14117 (6) 

281 277 

14818 (6) 424 14394(5) 

280 281 

15098 (1) 423 14675 (2) 418 14257(2) 

The intensities of the bands are in brackets after the wave-number. 


The Infra-red System 
(A 6622-A 7690) 

Twelve bands which could not be fitted into system A have been arranged 
in the scheme shown in Table XII. Estimated intensities are given in 
brackets after the wave-number of the band-head. While these bands 
definitely appear to be part of a new system, a formula for the band- 
heads has not been derived, partly because of the small number of bands 
and partly because the wave-numbers are not known with sufficient 
accuracy, the dispersion of the spectrograph being small in this region. 


Dissociation Energies 

It is evident from the size of the systems and the values of and 
x t u>, that dissociation energies calculated in the usual way will involve 
long extrapolations. The resulting values may therefore be considerably 
in error. However, differences in dissociation energies will not contain 
such large errors provided that the extrapolations for the states con¬ 
cerned are of approximately equal lengths. 

Since 

E(atoms) = E (mol) + D' — D" (with the usual notation). 


values of E (at onu) may be calculated, D' and D" being obtained by sub¬ 
stituting the appropriate values of <o, and in the approximate 


expression* 



volts, 


which may be used instead of the complete expression since the x.w.’s 
are much smaller than the w.’s. 


* Jevons, “ Rep. on Band Spectra,” ‘ Phys. Soc. Publ.,’ p. 194 (1932). 
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The lower portions of the potential energy curves and their corre¬ 
sponding dissociation levels as calculated above are shown in fig. 2. 
Assuming that the PbS molecule in the ground state dissociates into 
normal atoms, we have also plotted the excitation energies of the lowest 
pairs of atomic states which would result from singlet molecular states. 
The information necessary for this was obtained from known Pb 1 and 
S 1 line-spectra data. 



It is evident there is so little correlation between the dissociation 
levels and the atomic energy levels that no definite conclusions can be 
drawn regarding the possible dissociation products. 

One or two points may, however, be noted. 

1. The extrapolations to the levels marked A and X are of approxi¬ 
mately equal lengths and hence the value of E (#t om»> calculated from these 
levels (3-38t>) will be more accurate than any of the others. Even so, 
in view of the length of the extrapolations, one is not justified in stating 
that the atomic excitation energy corresponds to the nearest value, 3-79t> 
[i.e„ S (*D 2 ) + Pb ODj)]. 
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2. The values of E (n(omg) for the states B, C, D, and E must all be too 
small because the extrapolation to the level marked X is much longer 
than those to the levels marked B, C, D, and E. It follows that B, C, 
D, and E may correspond to some of the atomic energy levels in group I. 

The analysis of the analogous spectrum PbO, now in progress, may 
give information which will aid in suggesting possible dissociation 
products. 


The Isotope Effect in Lead Sulphide 

Since lead has three abundant isotopes (masses 206, 207, and 208; 
abundances 4, 3, and 7 respectively), it is of interest to calculate the 
magnitude of the lead isotope effect in lead sulphide. The corresponding 
effect in the PbO emission bands has been described in detail by 
Bloomenthal * who compared the rotation structure of Pb^O (i.e., PbO 
containing uranium lead) with that of ordinary PbO. He found that in 
the spectrum containing the ordinary lead there were three equidistant 
lines in place of each one in the Pb*°*Q spectrum; further, that the 
separations and intensities of these lines agreed satisfactorily with the 
interpretation that they were due to the three lead isotopes 206,207, and 
208. 

There being as yet no fine structure analysis of PbS the only isotope 
effect one would anticipate being able to observe is a vibrational isotope 
effect at the band-heads. This effect has therefore been calculated for 
two strong bands chosen so that the weaker isotopic band-heads will be 
on the violet side of the band-head and thus lie in the best place for 
observing them. Suitable bands for this purpose are the 8, 0 band of 
system A and the 7,0 band of system B. For the first band the calculated 
separation, Pb^S — Pb^S is + 1-3 cnr 1 and for the second 4- 1-25 
cm -1 , the displacements for the isotope of mass 207 being approximately 
half these values. It is seen that since the calculated displacements in 
these cases are only slightly larger than the estimated error of setting on 
the bands-heads (1 cm -1 ) no measurements of the isotope displacements 
could be made. However, it was hoped that the isotope heads would 
be visible on our enlargements, but a careful examination has failed to 
reveal them although there is a slight diffuseness of the correct order 
of magnitude. 

The authors take this opportunity of expressing their indebtedness to 
Professor W. E. Curtis, F.R.S., for his constant help and encouragement. 


* ‘ Phys. Rev.,’ vol. 35, p. 34 (1930). 
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Summary 

A new and extensive absorption band spectrum ascribed to the mole¬ 
cule PbS has been discovered in the region X 3140-X 7690. Of 230 
bands, 221 have been fitted into six systems. Constants for six of the 
electronic levels have been found by a least-squares method and are as 
follows, expressed in cm -1 :— 


Level 

v . 



E 

29650-5 

299-34 

1-574 

D 

25024-4 

283-95 

1-171 

C 

23212-9 

303-93 

1-436 

B 

21847-7 

282-17 

0-856 

A 

18851-3 

261-09 

0-365 

X 

•0 

428-14 

1-201 


Interesting intensity “ anomalies ” not explained by the Condon 
Theory have been found in system A. 

The resolution in the photographs was inadequate to give indications 
of vibrational isotope effects. 
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An Investigation of the Visco-elastic Properties of 

Rubber 

By J. C. Eccles (Fellow of Exeter College, Oxford) and J. H. C. 

Thompson (Fellow of Merton College, Oxford) 

(Communicated by E. A. Milne, F.R.S.—Received August 13, 1934) 

[Plate 10] 

1 —Introduction 

The object of the present investigation is to examine the dynamical 
properties of rubber in the light of the theory of visco-elasticity. This 
theory, which attempts to describe the dynamical behaviour of deform¬ 
able solids, has been deduced from the thermodynamics of a solid with 
the help of certain physical assumptions.* * * § Certain mathematical 
approximations are also necessary to obtain the stress-strain relations 
in simple form. In this form they express each stress component as 
the sum of two groups of terms, the first being the usual Hooke’s Law 
expression, linear in the strain components, while the second is a similar 
expression in terms of the rate of strain components. Now, according to 
the theoretical deduction of these stress-strain relations, it is not to be 
expected that they will be of universal applicability, least of all for a 
substance which has so many queer elastic properties as rubber. But 
the theory suggests that, between suitably defined upper and lower 
visco-elastic limits for the rate of strain, f these stress-strain relations may 
still be capable of describing approximately the dynamical behaviour 
of a substance such as rubber. 

The damping of vibrations in solids has been a subject of frequent 
investigation, and certain visco-elastic constants for metals at various 
temperatures have already been determined.$ But investigators, who 
have noticed deviations from theoretically predicted results, have either 
attributed these deviations to experimental errors,§ or else pointed out 
simply that the visco-elastic hypothesis fails and must be modified in 

* J. H. C. Thompson, * Phil. Trans.,’ A, vol. 231, p. 339 (1933). 

t See J. H. C. Thompson (loc. cit.), pp. 360, 406. The upper visco-elastic limit 
represents the limit imposed by the mathematical approximations; the lower limit is 
imposed by the physical assumptions (neglect of plasticity). 

J Honda and Konno, • Phil. Mag.,’ vol. 42, p. 115 (1921). 

§ E.g., Iokibe and Sakai, ‘ Phil. Mag.,’ vol. 42, p. 397 (1921). 
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some way.* Often this latter point is clear from theoretical considera¬ 
tions alone—for instance, rubber shows a residual creep after being 
strained, which is contrary to the assumptions of the theory of visco¬ 
elasticity. But, just as in the statics of deformable solids our first interest 
is in the behaviour within the elastic limits, in the dynamics of deformable 
solids our first interest is in the behaviour within the visco-elastic limits. 
In the present investigation we attempt to discover within what limits, 
if any, the theory of visco-elasticity is applicable ; and then to determine 
the values of the “ normal visco-elastic constant ” and the “ coefficient 
of normal viscosity ” within those limits. 

The experiments present two unusual features. The forced vibrations 
of the system are of a high frequency (originally 135 per sec; later the 
apparatus was modified to give any frequency between 135 and 16 per 
sec), while the maximum deviation of the strain in the rubber from that 
in the equilibrium position of the system never exceeds 0 002. This 
latter fact is of great importance, lokibe and Sakai (Joe. cit.) found 
that the damping of the vibrations of torsional pendulums was dependent 
on the amplitude of vibration, and obtained the “ true ” damping by 
interpolation; and fatigue effects in metal wires, noticed by Lord Kelvin 
(loc. cit.), have been shown by J. O. Thorapsonf to be due to excessive 
straining. 


2—The Apparatus 

Fig. 1 shows the essential features of the oscillating torsion system, by 
means of which forced longitudinal vibrations are set up in the rubber 
cylinders. A is a light but rigid steel lever arm, 12 cm long, which is 
firmly welded at its centre perpendicular to the free end of the torsion rod 
B. This rod is made of hard steel; its main shaft has a diameter of 
1 -85 mm and a length of 3 - 3 cm. It terminates at one end in a cylin¬ 
drical expansion, so that this may be rigidly fixed by a screw in the brass 
block J. At the other end, just beyond the attachment of the lever arm, 
there is also a cylindrical expansion C, but at its centre it has been ground 
down to produce an axial knife-edge, which rests freely on the flat edge 
of the fixed plate E. Beyond C the steel mirror F is fixed to the narrow 
continuation of the torsion rod. The plate E is fixed to the supporting 
bar G by the brass block H, and the brass block J is a continuation of H. 
The brass bar G is in turn firmly attached to a rigid supporting system, 

* E.g., Sir W. Thomson (Lord Kelvin), * Proc. Roy. Soc.,’ vol. 14, p. 289 (1865), 
and Voigt, ‘ Ann. Physik,’ vol. 47, p. 671 (1892). 

t 4 Phys. Rev.,’ vol. 8, p. 141 (1899). 
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consisting of a steel girder framework strained down to a steel column 
fixed in concrete. 

The strip of soft iron K at one end of the lever arm serves to support 
the weighted electromagnet which is used to set the system into vibration. 
The similar strip at the other end restores the symmetry of the vibrating 
system about the axis of the torsion rod. Great care has been taken to 
construct the moving parts so that they are completely symmetrical 
about the axis of the torsion rod, which is the axis of vibration. In this 
way all “ chatter ” at the knife-edge has been avoided. 

Equal rubber cylinders M and N are attached to the lever arm by 
short steel hooks passing through corresponding holes on opposite 



sides of the lever arm. A knife-edge on the hook rests in a V-shaped 
groove cut in the hole, the other end of the hook being tied to the rubber. 
The lower ends of the vertical rubber cylinders are gripped by clamps 
which are attached to the cast-iron top of a heavy table. The unstretched 
lengths of the rubber cylinders are equal, as are the distances of the holes 
of attachment from the axis of torsion. The symmetry about the axis 
is thus maintained. When the system is set into its equilibrium position 
just before an experiment the rubber cylinders are adjusted to equal 
tensions (of the order of 100 grams weight). 

An optical system has been used in recording the vibrations of the 
system. Light from a 500-c.p. pointolite lamp is concentrated by a 
condenser on to a narrow perpendicular slit; and beyond this a lens is 
placed so as to form an image of this slit on the horizontal slit of a falling 
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plate camera. On the way to the camera, however, the beam of light 
is reflected downwards on to the horizontal mirror F, from which it is 
again reflected upwards. Finally another prism restores the beam to its 
original path towards the camera slit, where it appears as a perpendicular 
bright line. Since the axis of torsion is parallel to the original direction 
of the beam of light, any torsional movement of the system produces a 
corresponding lateral movement of the perpendicular image across the 
camera slit. The torsional displacements are always small (less than 
2°), so they are proportional to the lateral displacements of the image. 
The constant of proportionality is easily calculated. 

In order to set the system into vibration a torsion is produced by 
attaching a weighted electromagnet to the under surface of K. The 
falling plate of the camera breaks the circuit through the electromagnet, 
which falls clear, releasing the lever arm. A graph of the subsequent 
vibrations is thus obtained on the photographic plate, fig. 2, Plate 10. 
The length along the direction of fall of the plate is proportional to the 
time as the plate falls uniformly, though, to ensure accuracy, the time is 
measured by the vibrations of a standard tuning fork, superimposed 
on the plate. The lateral displacement on the plate is, of course, pro¬ 
portional to the torsional displacement of the lever arm. 

Various constants of the apparatus are capable of alteration. The 
distance of the points of attachment of the rubber cylinders from the axis 
can be varied from 0-505 cm to 5-04 cm, in steps of approximately 0-5 
cm. Brass riders, screwed on to the lever arm, have been used to vary 
the period of vibration of the torsional system. In this way it can be 
varied from 0-736 x 10~* secs to 6 -16 x 10~ 2 secs. The brass riders 
are identical, but care has to be taken to fix them at equal distances from 
the axis of torsion in order to maintain the symmetry of the system about 
this axis. 

3—The Analysis of the Experiment 

The experimental results are contained in the photographic record of 
the angular displacement of the lever arm plotted against the time. The 
quantities most easily measured are the successive amplitudes and periods 
of vibration. The object of the analysis is, in the first place, to predict 
the form of this graph on the assumption that the rubber cylinders are 
visco-elastic; and, further, to obtain an expression for the normal visco¬ 
elastic constant of rubber in terms of these amplitudes and periods of 
vibration. 

It cannot be assumed that the rubber cylinders are always uniformly 
strained throughout their length. For, in some of the experiments at 
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least, the period of free longitudinal vibrations in the rubber cylinders 
and the period of vibration of the torsional system are of the same order 
of magnitude. Thus the analysis is essentially the determination of the 
forced longitudinal vibrations in the rubber cylinders M and N, subject 
to fixed end conditions at their lower ends, and to the conditions of the 
continuity of the motion of their upper ends with the motion of the lever 
arm. 

We suppose the lever arm to be turned through an angle 0. The 
points of attachment of the rubber cylinders are at a distance a from the 
axis. The tensions at the upper ends of the cylinders are denoted by T x 
and T 2 , and the tensions exerted by the hooks on the lever arm by T' x 
and T' t . 

The equations of motion of the hooks are thus 

mg -f T x — T' x = matt \ 

and (3.1) 

mg + T 2 — T'a = — ma 0, ) 

where m is the mass of each hook. 

The equation of motion of the lever arm is 

10 = - (i0 - &0 + (T' x - T',) a, (3.2) 

where I is its moment of inertia, [x the restoring couple per radian of the 
torsion rod, and k% a term expressing air resistance. 

From (3.1) and (3.2) we can eliminate T' x and T' a to obtain 

(I + 2mcF) 0 = - fx 0 + (T x - T„) a - £0. (3.3) 

1 The standard configuration for each of the rubber cylinders is taken as 
its configuration when the system is in equilibrium with the lever arm 
horizontal. Suffixes 1 and 2 are used to distinguish the two cylinders. 
The distance of a typical point of a cylinder from its lower end in the 
standard configuration is denoted by z, and by z + u (z, t ) when the 
lever arm is turned through an angle 6. The length of each cylinder 
in the equilibrium configuration is denoted by /. The motions of the 
upper ends of the rubber cylinders are thus given by 


«i (A 0 = - a0 1 

h,(/, r)= +«6. J 


(3.4) 


The boundary conditions at the upper ends are given by (3.3) and (3.4) 
taken together. 
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We suppose that the rubber cylinders are visco-elastic. It has been 
shown that the equation of motion for longitudinal vibrations of thin 
cylinders assumes the approximate form* 


d 2 u 

P W i 


1 + T 


S \ 

TtJ dz 2 ’ 


(3.5) 


and that the additional stress due to displacement is 


e !' + t I) 


hi 

dz * 


(3.6) 


Here p is the density, E is Young’s modulus, and t the normal visco¬ 
elastic constant. (The coefficient of normal viscosity is E' — Et.) The 
expressions (3.5) and (3.6) are obtained on the assumption that the 
cylinders are thin, though, even for thin cylinders, the validity of these 
approximations is doubtful for high frequencies of vibration (frequencies 
of the order of magnitude 1/t). 

Denoting the tensions in the rubber, when the system is in equilibrium, 
by T 0 , we have from (3.6) 

Ti —- T 0 ~ wE (l + t ~ j ^ at z —•/, 

and 

T 2 - T„ = coE (1 + rS 'i 4— at 2 — /, 

where co is the cross-section of the rubber cylinders. 

We look for a solution in which 

w 2 (z, t) = — (z, t ) = u ( 2 , f), say. 

Condition (3.4) now becomes 


u ( 2 , t)~ aO 

at 2 = /, 

(3.71) 

while the fixed end condition is 



u ( 2 , 1) = 0 

at 2 = 0. 

(3.72) 


Introducing (3.71) into the equation of motion of the lever arm (3.3), 
we obtain a boundary condition for u (z, t) at z == /, namely, 

(I + 2 ma 2 ) ^ - - (x . u - k ^ - 2E<oa* (1 + t|) |^at 2 = /. (3.73) 

* J. H. C. Thompson Uoc. c/7.), p. 398. The point about the approximation is 
dealt with fully. It is very important for experimental applications, but the existence 
of the difficulty does not appear to have been noticed previously. This approximation 
has no connection with the approximation in the general theory, already mentioned. 
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Fig. 2—(Experiment I. 3). Free vibrations and damped vibrations 
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The problem is thus reduced to that of finding a solution of (3.5) subject 
to the boundary conditions (3.72) and (3.73). 

The expression 

u — sin yz e pt 

is a solution of (3.5) if 

pi _j_ c .2yS Q TjP ) — o, where & E/p ; (3.81) 

and it satisfies condition (3.72). It satisfies (3.73) also, provided that 


cot y l 


(f + 2ma z ) p- + ;x + k p 

2Ewa 2 (1 -f w) Y 


(3.82) 


From (3.81), (1 + ~p) — p 2 jc 2 y 2 , and E ~ c 2 p, so that (3.82) reduces 

to 

2 P «a 2 = (I + 2 ma 2 ) + - + it. 

Y P P 


In this equation we substitute for y in terms of p, according to (3.81), 
to obtain 


cot {I'(l + rp)-ij 
(1 + ~p Y * 


2ma 2 ) 


k -|- if. 

P P 2 ’ 


(3.83) 


which is the frequency equation of the system. 

There are infinitely many roots of this frequency equation, but their 
determination is difficult. It is clear, however, that complex roots will 
occur in conjugate pairs. 

The displacement u(z, t ) is expressed as the sum of terms sin y ze vt , 
where p is a root of (3.83); that is, 

u (z, t) -= 2 sin y „z (A n e p »' + B„ e v *‘). 

n 

Thus, from (3.71) 

9 = 1 u (/, /) 

---- 2 - sin yj (A n e p "‘ + B„ e”"* 1 )- (3.84) 

» a 

The terms corresponding to the pair of roots — p x ± ip t of the frequency 
equation will combine to give a term of the form 

ke~*' i cos (Pi t + e) 

in the expression for the angular displacement. 
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The motion represented by the term with the least powerful damping 
factor will survive the motion represented by the terms with more power¬ 
ful damping factors. Thus the angular displacement of the lever arm 
will be given approximately by 

6 = Ae~ p> ( cos ( p z t -f e), 

after some lapse of time. Thus, after a certain number of vibrations, 
the logarithmic decrement of the amplitude per vibration will be constant, 
and equal to 

L = p L T log xo e, 

2n 

where T = — is the period of vibration, which is also constant. At 
Pi 

first the logarithmic decrement will have a higher value due to the 
more heavily damped terms. 

We now find the first pair of roots of the frequency equation by approxi¬ 
mate methods. From observed values of L and T, the quantities p x 
and can be calculated ; and an approximate value of t can also be 
obtained by devious methods. In this manner it was found that, for 
the experiments described here, the quantities /> x /p a , t p x , and i (t p^f were 
all less than 2 x 10'®. In the following approximations they are 
neglected in comparison with unity. 

Now, if p — — Pi + ipi, then 


also 

and 


- — — — (1 — i —) approximately; 

P . Pi 

a “ - i ( 1 - 2 » r) approximately; 

— (1 + w) 1 - — - Pi l—i (\tpi — —) I approximately. 

C CL. \ p% /J 


Thus the frequency equation (3.83) becomes 
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Equating real and imaginary parts, we obtain 


2 Jt £i 
Pi p% 


(I + 2ma 2 ) - JL+k^- = 2 pcoo 2 - cot £i 7 ; (3.85) 

Pi Pi Pi c 

- - = 2pwa 2 £(±to 2 - £l\ ( cot^ + P ~ il cosec 2 . (3.86) 
/>2 />»\ /V V C c C ! 


Now equation (3.86) is an equation for t. The quantities p x and 
can be determined from the photographic record, while \l, (pw), a, /, c 
can be determined directly by simple experiments. The unknown k 
can be calculated from the photographic record of the free vibrations of 
the lever arm without the rubber cylinders attached. Its equation of 
motion for free vibrations is 


The solution for 0 is 


IB + M + p.0 = 0. 


0 — Ac cos 


Vf 


t + e), approximately. 


The period is 


T 0 = 2n a/I/(a, 
and the logarithmic decrement is 


Thus 


Lo “ ji T ol°gio e- 


k — 


2IL„ 


M-LqT 0 . 


T 0 log l0 <? " 2* 2 log 10 f'‘ 


Using also the relations 


2n 


p 3 =~, and & = 5 — 7 ^—— , 
T p 2 2 it log 10 e 


equation (3.86) for t reduces to 
LT 


2 TC 2 log 10 e 


1 + 


(xTfl -TAo) 


- „ / , 2nl , ini , 2nl \ . 

2np iocPc (cot pjr + f -^cosec 2 ^jrjJ 


(3.9) 


which expresses t in terms of observable quantities. The coefficient 
of normal viscosity can be obtained immediately from t by means of the 
relation E' = Et. 

n 2 
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4. Experimental Results and Calculations 

The results of two sets of experiments are given here. A preliminary 
set of experiments gave a very wide range of values for t— from 
3 12 x 10 4 secs to 18 0 x 10 4 secs—while, in addition, the logarithmic 
decrement was not quite constant throughout individual experiments. 
These queer results are probably due to the fact that the frequencies of 
vibration were too high to permit the use of the approximations (3.5) 
and (3.6). (The frequencies of vibration per second ranged from 136 
to 32, the former being of the same order as 1 /t, which was later found 
to be about 348 sec J .) Ordinary catapult elastic was used in these 
preliminary experiments. 

Experiments /—This set of experiments is a natural sequel to the 
preliminary set, differing only in the fact that the frequency of vibration 
was almost halved by the addition of extra brass riders on the lever arm, 
in order to make the analysis of the experiment applicable. Again 
ordinary catapult elastic was used. Three experiments were performed 
with the rubber cylinders attached at distances 0-505, 1 -505, and 3-01 cm 
respectively from the axis. The tension in the rubber in the equilibrium 
position was 100 gm weight. 

In the first experiment the photograph of the vibration was exactly 
as predicted by theory. After two or three initial logarithmic decre¬ 
ments as high as 0-003, the logarithmic decrement did not vary from 
0-00223 outside the limits of error in measurement. (The amplitudes 
and periods of vibration were measured from the photographic plates 
by placing them over accurate millimetre squared graph paper. In this 
way it is possible to measure to 0 -1 mm. In this series of experiments, 
errors of measurement cannot cause an error of more than 3% in the 
calculated value of t.) The period also was constant, as predicted by 
the theory. 

But, in the second and third experiments, after initially high logarithmic 
decrements, the logarithmic decrements were not constant, but increased 
as the amplitude decreased—in the last experiment by as much as 36%. 
This immediately suggests that these experiments are carried out in the 
region of the upper visco-elastic limit for the rate of strain*; for, since 

* The theory of visco-elasticity is limited by the upper visco-elastic limit because, 
in the general theory, the expansion of the dissipation function as a quadratic function 
of the rate of strain components is only permissible if they are less than a certain 
value. This value is the upper visco-elastic limit. See J. H. C. Thompson {toe. cit.), 
pp. 359-360. 
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the period and the initial torsional amplitude are roughly the same in 
the three experiments, the rate of strain is greatest when the rubber 
cylinders are attached at the points most distant from the axis. (The 
question of the approximations (3.5) and (3.6) does not arise, as the 
frequency is roughly the same in the three experiments.) If the variation 
of the logarithmic decrement is due to this cause, then the values of r 
calculated at various instants in the three experiments should be consistent 
when plotted against the average rate of strain (measured by the change of 
strain per vibration divided by the period of vibration). 

Calculations I —The following are the experimentally determined values 
of the various constants of the apparatus*:— 

fj. = 3 • 87 x 10 7 cm dynes. 

Eto - 2 -64 x 10 s dynes. 

pu = 0-216 gm per cm. 

c = 3-49 x 10 s cm per sec. 

6 ) 0-222 sq. cm. 

E = 1 • 19 x 10 7 dynes per cm 2 . 

/ = 7-43 cm. 

The torsional system was used as a torsional balance, with the torsion 
measured by the optical system, to determine fx and Eto. (These are 
statical values for the elastic moduli. It would have been preferable to 
have obtained them from dynamical experiments, as dynamical and 
statical clastic moduli are known to differ slightly. It might appear 
that equation (3.85) could be used for this purpose. This is not practicable, 
however, as the value of c is very susceptible to small errors in the other 
constants of the equation.) 

The results of the experiments are set forth in Table 1 (see next page). 

The values of t are plotted against the average rate of strain in fig. 3. 

(The numbers indicate the numbers of the corresponding experiments.) 

The upper visco-elastic limit for the rate of strain is approximately 
0-1 per sec. The lower visco-elastic limit is not reached in these experi¬ 
ments, so it must be less than 0-017 per sec. 

* The constants of the rubber cylinders arc determined, not when they are un¬ 
stretched, but when they are at a tension of 100 gm weight in the equilibrium con¬ 
figuration of the system. This method is preferable as the stress-strain diagram for 
rubber is by no means a straight line, and, in effect, we replace the small region of 
the stress-strain diagram involved in the experiment by the tangent instead of by the 
line joining it to the origin. 
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Table I—Catapult Elastic. T 0 » 5-76 x 1(H secs; L 0 = 0-00019 

Logarithmic 




Amplitude 


decrement 




Length 

Period 

of 

Observed 

calculated 

T x 10 4 

E' x 10" 4 

Average 

Expt. of 

T, in 

vibration 

logarithmic 

for 

calculated 

calculated 

rate of 

lever arm, 

10 8 secs 

on 

decrement 

t- 28*7 

from 

from 

strain 

a in cm 


photograph 

L 

x 10~ 4 

observed 

observed 

(in sec’ 1 ) 



in cm 


(E' — 3*42 

L 

L 






x 10*) 




LI 0*505 

5*75 

2*20 

0*00220 

0*00223 

28*3 

3*37 

0*052 



1*32 

0*00228 


29*5 

3*51 

0*031 



0*96 

0*00218 


28*1 

3*34 

0*023 



0*75 

0 00224 


28*9 

3*44 

0*017 

1.2 1-505 

5*68 

2*67 

0*0163 

0*0175 

26*8 

3*19 

0*190 



1-50 

0*0172 


28*3 

3*37 

0*106 



1 00 

0*0176 


28*9 

3*44 

0*071 



0*77 

0*0180 


29*6 

3*52 

0*055 

1.3 3 01 

5*10 

1*70 

0*050 

0*068 

21*0 

2*50 

0*312 



1*19 

0*056 


23*5 

2*80 

0*221 



0*70 

0*060 


25*2 

3*00 

0*129 



0*30 

0*068 


28*5 

3*39 

0*055 


The value of t calculated from the experimental results is 

t = 28*7 x 10“ 4 secs. 

The normal coefficient of viscosity is thus 

E' = 3*42 x 10 4 dyne sec per cm*. 
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Experiments II —A second and more extensive set of experiments 
was performed, using pure black rubber cylinders. The object was not 
only to determine t for pure rubber, but also to investigate the damping 
of vibrations over a wider range of frequencies. Since pure rubber is 
much less viscous than ordinary catapult elastic, r is less, and conse¬ 
quently the analysis of the experiment is valid for vibrations of higher 
frequency. Lower frequencies could not be obtained with the apparatus, 
whereas higher frequencies had already been used in the preliminary 
experiments. The lengths of the rubber cylinders were almost doubled 
in an attempt to reach the lower visco-elastic limit. 

Unfortunately the apparatus is essentially designed for the study of 
very viscous solids, and when the logarithmic decrement of the damped 
vibrations is less than ten times the logarithmic decrement of the free 
vibrations, the photographs seem to be very irregular. Small periodical 
fluctuations of the logarithmic decrement had already been noticed in 
the experiments I, but they were small and were “ smoothed out ” without 
difficulty. But in the second series of experiments, when the rubber 
cylinders were attached close to the axis in the slower vibrations, the 
logarithmic decrements were small and these fluctuations play a dominant 
role. They appear to be due to vibrations set up in the lever arm, which 
is heavily loaded with brass riders, but it has not been found possible 
to obtain an exact theory of the fluctuations and so eliminate them. 
The experiments with a — 0-505 cm were abandoned. The results and 
calculations of the remaining experiments are given in Table II. Even 
in these experiments the photographs do not justify an examination of 
the damping from one vibration to the next. Accordingly the logarithmic 
decrements given in the table are averaged values. It is of interest to 
note, however, that the logarithmic decrements showed no tendency to 
increase with decreasing amplitude (and consequently decreasing rate 
of strain) in the first two experiments, where this would have been 
observable. 

Calculations II —The following are the experimentally determined 
constants of the apparatus :— 

li, = 3 - 87 x 10 7 cm dynes. 

Eco = 2-94 x 10 8 dynes, 
pw — 0-222 gm per cm. 
c — 3-64 cm per sec. 
w = 0-227 sq. cm. 

E ~ 1-30 x 10 7 dynes per cm*. 

/= 11-92 cm. 
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The above values of the constants are determined when the system is 
in equilibrium with the rubber cylinders at a tension of 150 gm weight. 
(When the tension is 300 gm weight, the value of E is 1-44 dynes per cm*.) 

The experiments were all repeated at two different mean tensions, 
150 gm weight and 300 gm weight, to determine whether this had any 
effect on the value of t. The differences in the corresponding damping 
is not of any significance when we take into account the fact that Young’s 
modulus differs by 10% at these two tensions. The calculated values of 
t in the table are all obtained from the logarithmic decrements for 150 gm 
weight mean tension. 

Table II —Pure Black Rubber 

t x 10 4 E' x 10 4 







L' 

L 

(calcu¬ 

(calcu¬ 

Average 

Expt. 

T 0 x 10* 

Lo 

a 

H 

X 

o 

300 gm 

150 gm 

lated 

lated 

rate of 






tension 

tension 

from 

from 

strain 








observed 

observed 









L) 

L) 


II. 1.a 

3-67 

0*0002 

5 04 

3*00 

0*0222 

0*0261 

3*6 

0*47 

0*5 to0• 15 

ll.l.c 

3*67 

0*0002 

101 

3*56 

(?) 

0*0016 

4*4 

0*57 

0*09 to0*03 

11.2.a 

4*75 

0*0005 

5 04 

4-10 

0 0217 

0*0219 

4*2 

0*55 

0*36 to 0* 12 

II.2.6 

4*75 

0*0005 

2*02 

4 59 

0 0055 

0*0054 

5*4 

0*70 

0*14 to 0*04 

II.2.C 

4*75 

0*0005 

1 01 

4*66 

(?) 

0*0020 

6*1 

0*79 

0*07 to 0*02 

11.3.6 

6 16 

0*0003 

2*02 

6*04 

0*0048 

0*0048 

6*1 

0-79 

0*10 to 0*02 


It is difficult to draw any definite conclusions from these results on 
account of the absence of a detailed analysis of the individual experiments, 
but the results suggest a probable value for t for pure rubber to be 

t = 6 x 10 4 secs, 

with the upper visco-elastic limit for the rate of strain approximately 
0-1 per sec as for catapult elastic. A glance at Table II shows that 
the only experiment which is inconsistent with this conclusion is ll.l.c 
where the logarithmic decrement is so small as to be subject to con¬ 
siderable error in measurement. 

The corresponding value of the coefficient of normal viscosity is 
E' = 0-78 x 10 4 dynes sec per cm*. 

It is of interest to note that no fatigue effects were detected in either 
series of experiments. Care was taken not to keep the rubber stretched 
except for the brief duration of the actual experiment; but, after each 
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set of experiments, the first experiment was carried out again, without 
giving observably different results. 

We are indebted to Professor E. A. Milne for some helpful suggestions, 
particularly in the early stages of the work. 

Summary 

An account is given of an investigation of the visco-elastic properties 
of rubber by means of observations on the damping of forced longi¬ 
tudinal vibrations. An attempt is made to determine the visco-elastic 

limits for rubber, as well as the normal visco-elastic constant t and the 

♦ 

coefficient of normal viscosity E'. The analysis of the experiment 
predicts the form of the photographic record of the damped vibrations, 
and gives an expression for x in terms of the period of vibration and the 
logarithmic decrement of the amplitude per vibration. Two series of 
experiments are described in detail. 

In the first series, where catapult elastic was used, the experimental 
results are susceptible of detailed analysis. They agree with those 
predicted by the theory of visco-elasticity when the rate of strain does 
not exceed 0 • I per sec. This is the upper visco-elastic limit. The lower 
visco-elastic limit for the rate of strain was not reached, so it must be 
less than 0-017 per sec. The value obtained for x is 28-7 x 10~ 4 secs, 
and the corresponding value of E' is 3-42 x 10 4 in e.g.s. units. 

In the second series of experiments pure black rubber was used, and a 
wider range of frequency of vibration and rate of strain was obtained. 
Also experiments were carried out at different mean tensions. The 
experimental results show signs of some unknown disturbance and are 
difficult to analyse. They suggest 6 x 10 -4 secs as a probable value for 
x, and 0 -78 x 10 4 for E', for pure black rubber, with a rate of strain 
0-1 per sec as a probable upper visco-elastic limit (at a mean tension of 
150 gm weight). The value of x at 300 gm mean tension does not differ 
significantly from that at 150 gm. 
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Catalysis in Hydrocarbon Chemistry 
I—High-Pressure Hydrogenation of Coal Tar 

By H. Hollings, R. N. B. D. Bruch, and R. H. Griffith 

{Communicated by Sir Harold Hartley , F.R.S.—Received August 13, 

1934)’ 

This investigation is concerned with the addition of promoters to 
molybdenum catalysts,* and offers an explanation of the effects produced 
by the presence of a small quantity of a second substance in admixture 
with the catalyst. 

Autoclave Experiments —High pressure experiments were carried out 
in 3-litre rotating autoclaves heated by gas. For comparative purposes 
the initial cold pressure was 110 atmospheres; the duration of each run 
was 1 hour at the reaction temperature, which was controlled within 
db 2°. When cold, the pressure was reduced and the liquid products 
were examined, chiefly by distillation and in many cases by chemical 
analysis. 

Raw Materials—A low temperature tar obtained by carbonization 
of Coventry coal at about 450° was used as raw material. Many other 
substances of a similar nature were found to give comparable results, 
but are not discussed here. 

Catalysts —All the catalysts described in this paper were prepared by 
the addition of pure colloidal silica to powdered molybdic acid. The 
paste of molybdic acid and silica was warmed and stirred, until the 
silica coagulated and a uniform mixture was obtained which could be 
dried completely without any tendency to separate. The amount of 
promoter is stated throughout as the number of atoms which appear in 
proportion to 100 atoms of molybdenum. 

Temperature —At 440° this particular raw material reacted sufficiently 
rapidly for satisfactory comparative results to be obtained. 

Accuracy —The quantity of the product which boiled below 180° 
was determined in each case. In order to compare the activity of the 
different catalysts, this quantity was expressed as a percentage either of 
the total product or of the raw material. It is recorded as the spirit 

* Cf. English Patent 349,991, January 25,1930. 
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content. With proper control at all stages the results were accurate 
within ± 1 unit of activity. This point was examined by several repeti¬ 
tions of one or two experiments. 

Experimental —The low temperature tar was heated so that all material 
boiling below 200° was removed. Its composition was then as follows: 


Asphalt . 34-8 

Tar acids . 20 -6 

Neutral oil (below 360°). 24-7 

Neutral pitch (above 360°). 19-5 


The neutral oil contained 22 3% unsaturated, 54-3% aromatic, 7-0% 
naphthene, and 16-5% paraffin hydrocarbons, when analysed by the 
method described by Griffith.* 

The tar was weighed into the autoclave to within ±0-25 gram. 

Table I—Working Data 


Weight of raw material, 200 grams; weight of catalyst, 10 grams; initial hydrogen 
pressure, 110 atmospheres; time taken to reach reaction temperature, 1 hour; 
time at reaction temperature, 440", 1 hour. 


Si atoms per 

Final cold 

Cc oil 

Cc water 

Spirit as 

Spirit as 

100 Mo atoms 

pressure 

formed 

formed 

% of oil 

% of raw 

in catalyst 

atms. 



product 

material 

0 

75 

142 

14 

32 

22*7 

2 

— 

140 

18 

40 

28 

2-8 

78 

133 

18 

46 

30*5 

3*0 

78 

126 

24 

49 

31 

3*2 

72 

126 

17 

42 

26*5 

3*6 

69 

150 

20 

36 

27 

40 

71 

138 

18 

35*5 

24*4 

4*4 

78 

145 

20 

28 

20*3 

4*8 

75 

129 

26 

38*5 

25 

4*9 

74 

134 

23 

39*5 

26*5 

5*0 

74 

156 

24 

39 

30*4 

5*1 

71 

133 

22 

40 

26*6 

5*2 

78 

125 

22 

39*5 

24-8 

5*4 

61 

133 

21 

47*5 

31*5 

5*5 

70 

133 

24 

49 

32*6 

5*6 

73 

135 

24 

47*5 

31*6 

5*7 

71 

131 

22 

46*5 

30*5 

6*0 

69 

141 

22 

45 

31 -5 

7*0 

73 

134 

16 

35 

22 

10*0 

72 

156 

18 

33*5 

26*3 


The oil distilling below 250° contained varying small amounts of phenols ; where 
the spirit yield was good, the quantity of the distillate soluble in aqueous alkali was 
negligible. 

* ' J. Soc. Chem. Ind.,’ vol. 47, p. 21T (1928). 







188 H. Hollings, R. N. B. D. Bruce, and R. H. Griffith 


Discussion of Results 


Whether activity is expressed as the percentage of spirit in the product, 
or as the spirit yield from tar, the curve showing the relation of catalyst 
activity to promoter concentration has the same form characterized 
by two peaks between which the addition of promoter is actually harm¬ 
ful, fig. 1. 

This characteristic is found to be of general occurrence with varying 
promoters and with varying raw materials. The relative intensity and 



5 10 15 

Atoms Si to 100 atoms Mo 


Fig. 1—Catalyst activity in autoclave experiments 


position of the first peak and of the area of depression depend somewhat 
on the raw material under treatment, but the position of the second peak 
remains unaltered. There are, however, raw materials from which the 
most active catalyst produces results only very slightly better than that 
of minimum activity. This may be due either to extreme ease of hydro¬ 
genation, as with a high-boiling paraffin, or to the absence of low-boiling 
hydrogenation products as in anthracene. Substances which contain 
much pitch or asphalt are also obviously unsuitable for comparing the 
activity of different catalysts. 
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The unusual form of the curve, and especially the area of depression, 
suggested that at least two factors are involved in determining the 
observed activity of the catalyst, and led to further investigation on the 
same catalysts by different methods. 


Continuous Plant Experiments 

Further investigation of the same catalysts has been carried out on a 
small continuous hydrogenation plant, described by Ormandy and 
Burns.* 

Raw Material —For this series of experiments a creosote oil, obtained 
from high-temperature coal carbonization, was used. It contained 6% 
soluble in aqueous alkali. The neutral oil consisted of 26% unsaturated, 
61% aromatic, 1% naphthene, and 12% paraffin hydrocarbons. 

Catalysts —The catalysts were prepared as before, except that they 
were made into granules (see Part II) together with four times their 
weight of powdered china clay. This procedure was adopted for economy 
of material, as it was found by preliminary experiment to be without 
effect on the results, and to give a more robust catalyst. 

Experimental —The following standard conditions were chosen after 
a survey of the various factors ; rate of hydrogen circulated 6 litres/ 
minute ; rate of oil input (approx.) 90 cc/hour. Pressure 200 atmo¬ 
spheres. Temperature 460°. Volume of catalyst 200 cc. 

Each run was carried on until the activity became steady or until 
sufficient information for comparison was available. Hourly samples 
of product were withdrawn and examined, and it was always found that 
initial activities (expressed as the percentage spirit in product) were not 
maintained but fell to a steady value. Table 11 includes the relevant 
working data. 

These figures show that values for the final steady activity can be 
reproduced within ± 1 unit. 

Discussion of Results 

The relation between promoter concentration and activity, fig. 2, is 
the same as that previously observed in autoclave experiments. Further¬ 
more the position of the second peak is now shown to remain unaltered 
by the use of different conditions, and another raw material. 

* World Petroleum Congress 1933, Paper 70. 
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Table II 


Si atoms 

Initial 

Final 

Time 

Oil 

Total liquid 

per 

activity 

steady 

run 

rate 

product as 

100 Mo 


activity 

hours 

ce/hour 

vol. % of raw 
material 

0 

28 

16*5 

28 

94*9 

100-6 

0 

28 

16 

31 

92*2 

99*5 

0 

30 

18 

32 

92*4 

100 

0 

30*5 

17 

34 

92*0 

100*5 

3-0 

22*5 

15 5 

31 

91*3 

99*7 

3*5 

26 

19*5 

25 

94*4 

100*4 

3*5 

31 

20 

27 

91*7 

102 

4*0 

22 

14 

24 

91 *5 

99 

4-5 

23 

14*5 

30 

92*4 

101*5 

5*25 

26 

17 

27*5 

90 

100*5 

5*5 

30 

20*5 

27 

91 -7 

102 

5*5 

29 

22 

31 

91*4 

102 

5*5 

31 

21*5 

31 

92*0 

100*8 

5*5 

29*5 

20 

29 

89*5 

100*7 

5*5 

33 

21*5 

42 

91 

101*5 

5*75 

30 

19 

27 

91*3 

102 

6*0 

26 

16*5 

24 

90*1 

100 

8*0 

21 

13*5 

25 

94*4 

100*5 



Fig. 2—Activity curve for continuous plant 
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II—Decomposition of Low Boiling Hydrocarbons 

By R. H. Griffith and J. H. G. Plant 

In the early stages of experiments on catalytic hydrogenation it was 
hoped that a study of the decomposition of simple hydrocarbons in the 
presence of inorganic substances might provide an easy method for 
accomplishing a rapid survey of the catalysts available. During this 
work, molybdenum, promoted by silica, was examined. The experi¬ 
mental method consists simply of passing the vapour of a hydrocarbon 
such as hexane or cyclohexane, carried by a stream of nitrogen, over a 
heated catalyst, and measuring the volume of permanent gas obtained 
under standard conditions. No attempt was made to discriminate 
between hydrogen and hydrocarbons formed in the gas. 

The catalysts were prepared very much as described in Part I, except 
that they were used in the form of granules. The molybdic acid-silica 
mixture was obtained as before and dried completely before a final 
grinding; the powder was then moistened to give a paste which was 
extruded in threads from a press. This procedure excluded any possibility 
of the suspended silica being concentrated in the first part of a thread 
which has often a much higher moisture content; difficulties of this 
kind are experienced in preparing mixtures containing water-soluble 
promoters such as chromic acid. The catalyst was finally employed in 
dried rods about 0-2 inch long and 0-1 inch diameter. 

The amount of catalyst was always determined after use, to avoid 
errors due to shrinkage during drying or reduction in the reaction furnace; 
volumes of granules, and not the weights, are recorded. The activity 
figures given are those found after a steady value has been observed for 
at least 100 minutes; generally a loss of activity occurred during the 
early stages of measurement. During heating of the furnace, and for a 
considerable time at the reaction temperature, a stream of hydrogen 
not saturated with hydrocarbons was passed over the catalyst. Where 
reduction by this treatment was not complete, the hydrocarbon added 
during the first few minutes of a run was found to be sufficient for this 
purpose as it was oxidized to carbon dioxide and water at the expense of 
the catalyst. 

The results in this part of the work are all for a temperature of 500° C; 
the changes which occur at 450° are precisely similar but are slower and 
were found to make measurement tedious. The arbitrary unit of activity 
which is employed is the volume of permanent gas (corrected for tempera- 
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ture, pressure, and moisture) given by 40 cc volume of catalyst per hour. 
Cyclohexane and hexane were selected as being easy to obtain in reason¬ 
able purity, and as representatives of two classes of hydrocarbons present 
in motor spirit. 

Apparatus —The catalyst was supported at the centre of a brass tube A, 
fig. 3, which was closed at each end with a solder seal and cup joint B, 
the whole being heated in an electric furnace. A stream of nitrogen 
passed through a flow-gauge J to a saturator which was totally immersed 
in a thermostat and which contained the liquid hydrocarbon under 
examination. Means were provided D for reducing the catalyst with a 
separate stream of hydrogen. 

The gas leaving the catalyst tube was cooled in a condenser C and 
collected over water at a known temperature, or allowed to escape by the 
tap G; liquid products which separated were trapped in E. The 
catalyst temperature was observed by a thermocouple inside a thin 
brass sheath H. 

The volume of moist gas, saturated with hydrocarbon vapour which 
was collected in unit time when no catalyst was present, was known from 
preliminary calibration; any increase in this volume was due to decom¬ 
position of hydrocarbon. The volume of catalyst granules was always 
measured at the end of each experiment, and a direct correction applied 
for variations from the standard volume. 

The saturator was maintained at 32° and 43° for hexane and cyclo¬ 
hexane respectively, thus giving hydrocarbon partial pressures of about 
200 mm in each case. 

It is evident from the results, which are shown in fig. 4, that the peak 
is in the same position for both hexane and cyclohexane, and that it 
practically coincides with the point of minimum high pressure activity 
observed in autoclave experiments with low temperature tar. This 
observation is discussed more fully in the next paper. 
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Fig. 3 —Apparatus for low pressure decomposition 
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Atoms Si to 100 atoms Mo 


Fig. 4—Activity curve at low pressure. • hexane ; O cyclohexane 


III—Adsorption by Hydrogenation Catalysts 

By R. H. Griffith and S. G. Hill 

Many attempts have been made to find a simple relation between the 
activity of a catalyst and its adsorptive power for one or more reactants; 
it has been generally concluded that there is a qualitative, but not a 
quantitative, relation of this kind. It appeared, therefore, of particular 
interest to study the behaviour of molybdenum catalysts towards hydrogen, 
hydrocarbons, and phenolic substances, especially as little attention 
appears to have been given to variations in promoter concentration 
within such fine limits as those necessary in the present work. 
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The fact that activated adsorption of hydrogen and hydrocarbons 
occurs on many metallic oxide surfaces has already been noted.* In 
this paper attention is confined to five catalysts, containing 0, 3-0, 4*4, 
5-5, and 10-0 atoms of silicon to every 100 atoms of molybdenum; these 
are the mixtures of most interest both in the high and low-pressure 
activity experiments. The most detailed results have been obtained 
for the adsorption of hydrogen at temperatures between 20° and 450°, 
but the facts of greatest interest are revealed by measurements with 
hydrocarbon vapours. Before any readings were obtained some pre¬ 
liminary work was done on the reduction of molybdic acid containing 
varying amounts of silica, by means of hydrogen. All the catalysts used 
in adsorption work were then reduced under standard conditions. 

It is interesting to note that adsorption measurements could be repro¬ 
duced almost exactly by starting with an entirely fresh quantity of 
molybdic acid and silica; this is satisfactory evidence for the accuracy 
with which such mixtures can be made up. 

Under the experimental conditions used, the results with hydrocarbons 
do not permit sufficiently accurate velocity measurements to be made in 
order to calculate heats of activation; this can, however, be done for 
hydrogen and the figures obtained are recorded, although they provide 
no explanation of the observed high pressure phenomena. Measure¬ 
ments with amylene were abandoned as this substance undergoes changes 
even at room temperatures which continue for days. 

Table III—Density of Reduced Catalysts 


0 0 Si with 100 Mo - 

3*0 „ _ 

.... 6'19 

.... 6-23 

4-4 „ _ 

.... 6*39 

5-5 „ _ 

.... 618 

100 

.... 5*97 


Apparatus and Method --The apparatus is shown in fig. 5. The catalyst 
was prepared in the form of granules, and was then reduced in a stream 
of pure hydrogen (0-5 c. ft./hour) at 450° ± 2° for 50 hours. The 
granules were cooled in hydrogen to room temperature, and a sample 
was taken for density determination, Table III; this was carried out by 
displacement of benzene, as water was found to combine slowly with the 
reduced oxide. Since there is not a steady change in density with increase 
of promoter these figures suggest that the function of the silica in small 
concentration is not that of a carrier, but that it actually takes a place 

• Hollings and Griffith, * Nature,’ vol. 129, p. 834 (1932). 
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Fig. 5—Apparatus for measurement of adsorption 
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in the structure of the solid. When the process was followed by careful 
weighing of the water produced, no appreciable differences in either 
the rate or the extent of reduction could be found with changes in promoter 
concentration. 

The catalyst granules were placed in a bulb A, fig. 5, of about 11 cc 
capacity, which was heated by a small electric furnace. Connections 
were made to manometer B, a mercury vapour pump C, burette D, and 
the source of gas or vapour E in the usual way. 

A known weight of catalyst was heated at 450° in the bulb A, the 
mercury pump being operated continuously; heating was continued 
until no more gas came off and a pressure less than 0-0001 mm was 
obtained; evacuation was then continued for at least 1 hour more, 
and the catalyst was allowed to attain the temperature at which readings 
were to be taken. 

Table IV— Results are given in cc at N.T.P. Adsorbed by 100 grams 
of Catalyst, for a Final Pressure of about 550 mm 


Catalyst 200° 250 300 350° 400° 450° 

Si atoms to 
100 Mo atoms 

0 0-5 2 0 4-8 9 1 9-7 9-6 

3- 0 4-6 13-9 22-1 24 0 22-5 22 1 

4- 4 1-3 11-5 22-5 25-9 25-6 22-0 

5- 5 23-6 40-6 50 5 50 0 44 9 38-4 

10-0 — — — 63 0 57-6 50 0 

Time for half saturation 

350“ 400° 450“ 

sec sec sec 

0-0 Si to 100 Mo . 528 210 51 

3- 0 „ 372 157 44-4 

4- 4 „ 330 125 34 

5- 5 „ . 156 57-5 23 

10-0 „ . 180 52-5 22 

Heats of activation, 400-450° 

0-0 Si to 100 Mo . 29,000 cals/gram mol. 

3- 0 „ 23,900 

4- 4 „ 23,500 

5- 5 „ 17,600 

10-0 „ . 16,900 


The results with hydrogen are given in Table IV, the change in adsorp¬ 
tion with temperature is also shown in fig. 6, and a series of velocity 
curves is given in fig. 7. 













198 


R. H. Griffith and S. G. Hitt 



0 200° 400° 

Fig. 6—Isobars for adsorption of hydrogen 



Fia. 7—Velocity of hydrogen'adsorption on 5-5 Si catalyst. • 400® C; O 450° C ; 

® 350° C 
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The data for hydrocarbons are given in Table V, and the influence of 
temperature is shown for cyclohexane, which is a typical example, in 
fig. 8 . Finally, in fig. 9 is shown the change in adsorption of hydro¬ 
carbons, at 400-450°, with alterations in the amount of silica which is 
present in the catalyst. 

Table V—Adsorption of Hydrocarbons, cc/100 grams 


Volumes at N.T.P., the vapours being regarded as permanent gases. 


With benzene 

20° 

100° 

200° 

300° 

400° 

450° 

0 0 Si with 100 Mo . 

12-8 

9*2 

7*9 

7*9 

8*0 

8*1 

30 „ . 

21 *0 

12*8 

9*7 

9*9 

10*6 

11 -0 

4-4 „ . 

28*0 

18*5 

14*3 

14*2 

14-6 

14*8 

5-5 „ . 

26 *5 

13*2 

9*7 

9*5 

9*9 

10*2 

10*0 „ . 

34*0 

7*0 

5*8 

6*1 

6*3 

6*5 

Final pressure of benzene, 38 

mm approximately. 





With cyclohexane 







0*0 Si with 100 Mo . 

9*2 

7*1 

6*8 

6*9 

6*9 

7*0 

30 „ . 

18*7 

9*7 

10*3 

10*2 

1M 

11 *4 

44 „ . 

26*2 

180 

16 1 

16 4 

16-6 

16-8 

5-5 „ . 

24*5 

14*5 

12*5 

12*7 

12*9 

130 

100 „ . 

29-6 

14 3 

9*8 

9 9 

10-1 

10*2 

Final pressure of cyclohexane, 37 mm 

approximately. 




With hexane 







0*0 Si with 100 Mo . 

12*7 

9*8 

7*5 

7*8 

8*3 

8*5 

3*0 M . 

20*6 

12*5 

10*8 

12*3 

12*7 

— 

4-4 „ . 

52*0 

16*8 

15*8 

16*3 

16 8 

— 

5-5 „ . 

30*2 

11*4 

11*5 

12-5 

13*0 

— 

10 0 „ . 

27*0 

14*9 

10*0 

8*8 

9*4 

— 


Final pressure of hexane, 66 mm approximately. 


Discussion of Results 

It is clear from these figures that the adsorption of hydrogen increases 
as the amount of promoter is increased, and that the heat of activation 
decreases. There is thus no relation between the behaviour of hydrogen 
and any of the observed catalyst activity curves. 

The observed form of the adsorption isobars is evidently the resultant 
of two separate adsorption processes, one of which becomes negligible 
as the other attains a measurable velocity.* The activated adsorption 

* See Taylor, * J. Amer. Chem. Soc.,’ vol. 53, p. 578 (1931); Benton and White, 
ibid., vol. 54, p. 1373 (1932); Benton, ‘ Trans. Faraday Soc.,* vol. 28, p. 202 (1932). 
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begins at a lower temperature and becomes larger in amount as the con* 
centration of silica increases. At the temperatures used in destructive 
hydrogenation, this type of adsorption alone takes place, and is obviously 
a factor of primary importance in this kind of reaction. 

In hexane at 450°, with catalysts other than molybdenum alone, 
decomposition rapidly sets in. This is not simply desorption, as on 



0 200® 400® 


Temperature 

Fio. 8—Isobars for cyclohexane adsorption 

cooling to room temperature a volume of gas considerably larger than 
that originally taken is obtained. No satisfactory velocity measure¬ 
ments could be taken on this apparatus, as the pressures available were 
necessarily small. The initial adsorption of hydrocarbons at room 
temperature is evidently a process quite distinct from that which occurs 
with hydrogen or with hydrocarbons at temperatures above 200°. 
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The particular interest of these results is shown when the amount of 
hydrocarbon adsorption is plotted against the concentration of promoter, 
as in fig. 9. Here it is evident that the catalyst with maximum adsorptive 
power for hydrocarbons at a temperature 400-500° has also the maximum 
activity in decomposition, and also corresponds with minimum high 



Fig. 9—Hydrocarbon adsorption at high temperatures, a, hexane 400 C; b, cyclo¬ 
hexane 450° C; c, benzene 450° C. 

pressure activity. The fact that increased adsorption of hydrogen 
does not affect the results at high pressure shows that even with the least 
active catalyst sufficient hydrogen is always available. The high pressure 
curve appears to be the observed result of two simultaneous processes: 
one, a straightforward promoting influence of silica on the catalyst 
activity, and the other, a change in adsorptive power, which becomes so 
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pronounced that either unchanged material or reaction products retard 
the activity between the silicon ratios of 3-0 and 5-5. As every type of 
hydrocarbon appears to be adsorbed vigorously, the same effect would 
be produced either by complex cyclic hydrocarbons originally in the 
tar, or by fully hydrogenated reaction products of, perhaps, high mole¬ 
cular weight which would be stable under the experimental conditions. 

The information presented in this paper should be compared with work 
by Taylor.* The results which he describes for oxide catalysts are very 
similar to those encountered with molybdenum oxide, so far as the 
behaviour of hydrogen is concerned. The curves obtained with hydro¬ 
carbons may be of the same form, but it is difficult to tell without increasing 
the accuracy of measurement. 

The fact that a much closer relation between catalyst activity and 
adsorption is revealed in the present work is evidently due primarily to 
the fact that measurements have been made at or near the reaction 
temperature, but is also due to the very fine limits within which the 
promoter concentration has been varied. It is clear, however, that not 
only the amount of adsorption at the reaction temperature is important, 
the velocity at which the adsorption of the reactants occurs is undoubtedly 
the factor which most affects the velocity of conversion. 

No relationship between the optimum concentration of various pro¬ 
moters and any of their physical properties can be found. The significant 
factor is, no doubt, the manner in which they can enter the crystal lattice 
(cf. density data) and much more information on this point is required 
before the correct amounts could be foretold for other substances. Some 
preliminary experiments have been made on the X-ray examination of 
these catalysts, after reduction at 450° in hydrogen for 50 hours, using 
the Seeman-Bohlin method. It is found that the presence of silica has 
a distorting effect on the crystal lattice of molybdenum oxide, but that 
this effect is not directly related to any particular catalytic action. The 
silica itself remains in an amorphous condition and does not produce 
any additional lines in the photograph. 

Note on the Action of Molybdenum Catalysts on Para-Hydrogen 

It has been observed by Taylorf that catalysts which exhibit activated 
adsorption of hydrogen at relatively high temperatures are also effective 
in converting para- to ortho-hydrogen. This change has now been 

* ‘ J. Amer. Chem. Soc.,’ vol. 53, pp. 578, 813, 1614, 2168 (1931); ibid., vol. 56, 
p. 586 (1934); ‘ Chem. Rev.,’ vol. 9, p. 1 (1931). 

t ‘ J. Amer. Chem. Soc.,’ vol. 53, p. 1614 (1931). 
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studied in contact with a series of molybdenum catalysts similar to those 
used in the earlier work on these substances. 

The experimental method employed was a modification of that 
described by Bonhoeffer and Harteck.* The apparatus is shown in 
outline in fig. 10. A stream of hydrogen, metered in A, passed through 
a drying and purifying system B, to the convertor C, filled with coconut 
charcoal and cooled in liquid air. The resulting mixture of equal parts 
of para- and ortho-hydrogen might then pass either over the catalyst 
D, which was heated to any desired temperature by an electric furnace, 
and so to the conductivity meter E, or directly to the meter without 
contact with any catalyst. 

Experimental Procedure —After the necessary calibration and blank 
tests had been completed, the effect of catalysts on the para-hydrogen 
was studied. The conductivity meter, catalyst bulb, and charcoal vessel 
were evacuated to 0 00001 mm pressure, or less for at least one day 
before a test was begun. The catalyst was used in the form of granules 
which had been previously reduced in hydrogen at 450° for 50 hours or 
more. When a satisfactory stream of converted hydrogen was found to 
be reaching the conductivity vessel (at a standard rate of 40 cc/min, and 
not passing over the catalyst) the various control values were checked 
each time before any readings were started. This precaution ensured 
that the 50% para-hydrogen mixture was being supplied satisfactorily, 
and the stream could then be diverted to the catalyst furnace. The 
resulting change in para-hydrogen was determined by conductivity 
measurements on samples of the exit gas. These measurements were 
taken at a pressure of 40 mm; it was found essential to adjust this 
pressure very exactly in order to get accurate results. Four or more 
determinations were made under every set of conditions. 

The fact that no conversion of para-hydrogen, by the hot glass of the 
bulb in the furnace, took place without catalysts present was satisfactorily 
established. The results were expressed either as a maximum resistance 
of the platinum wire on heating for 60 seconds with 0-23 amp or by 
measuring the time taken, after shutting off this current, to cool to a 
given temperature. The difference of resistance under extreme conditions 
(50% para- or 25% para-hydrogen) was 7 ohms, and resistance could be 
measured to 0-1 ohm; the current was accurate to 0*0001 amp, and 
voltage to 0 • 1 volt. The combined errors may account for 5% variation 
in the observed activity of a catalyst. 


* * Z. phys. Chem.,’ vol. B4, p. 113 (1929). 
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Results —The activity of the different substances investigated is expressed 
in Table VI as percentage reconversion to the equilibrium mixture. It 
was unnecessary to increase the gas velocity over any catalyst owing 
to its very high activity, so that in each run the whole of the inlet gas 
(40 cc/min.) was led over the catalyst. 


Table VI—Percentage Conversion of Para-Hydrogen to 
Equilibrium Mixture at different Temperatures 


Temperature 

Mo 

Mo 3 0 Si 

Mo 5 0 Si 

Mo 7 0 Si 

20° 

7 

— 

— 

5 

150° 

45 

— 

30 

32 

300° 

68 

60 

69 

70 

400° 

70 

66 

73 

73 

450" 

72 

74 

73 

73 


Conclusions —As anticipated, all the molybdenum catalysts are effective 
in the conversion of para-hydrogen, but the influence of silica on the 
velocity of change is found to be negligible. The differences observed 
with the four different substances tested are within the limits of experi¬ 
mental error. It appears, therefore, that measurement of the con¬ 
version of para-hydrogen will not give a satisfactory indication as to the 
value of a catalyst for use in destructive hydrogenation. 

Summary 

The hydrogenation of a low-temperature coal tar, at high pressure in 
a rotating autoclave, has been studied with molybdenum catalysts. 
It is found that when silica is added as a promoter to the catalyst an 
activity-promoter concentration curve is obtained which has two peaks, 
between which the addition of the promoter decreases the activity. 

Similar results are obtained on treating a creosote oil under high 
pressure in a small continuous hydrogenation apparatus. 

The effect of molybdenum catalysts on the decomposition of hexane, 
cyclohexane, and light petroleum has been measured at ordinary pressures. 
It is found that the activity of the catalyst is greatly influenced by the 
addition of silica, a critical concentration giving the largest effect. This 
concentration is found to coincide with the position of least activity at 
high pressure. 

The adsorption of hydrogen, benzene, hexane, and cyclohexane on 
molybdenum catalysts has been studied at temperatures up to 450°. 
The adsorption of hydrogen is greatly influenced by the presence of 
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silica; isobars, velocity measurements, and derived calculations are 
given for several experiments, but no relation between catalyst activity 
and hydrogen adsorption is observed. 

With all three hydrocarbons, a point of maximum adsorption occurs 
at the same place as that of maximum low-pressure activity and of 
minimum high-pressure activity. 

The interpretation of these phenomena is discussed. 

The conversion of para-hydrogen, in contact with a similar series of 
promoted molybdenum catalysts, has been studied at temperatures 
between 20° and 450°. Positive results were always obtained, but the 
activities are very similar and do not appear to be affected by the presence 
of silica. 


The Interaction of Light Nuclei—I 

By H. S. W. Massey, Ph.D., Independent Lecturer in Mathematical 
Physics, Queen’s University, Belfast, and C. B. O. Mohr, Ph.D., 
Senior 1851 Student, Trinity College, Cambridge 

(Communicated by R. H. Fowler, F.R.S.—Received August 22, 1934) 

During the last few years there has been a great increase in experi¬ 
mental knowledge of the properties of the lighter nuclei. Whereas 
the proton and the a-particle were the simplest nuclei known in 1931, 
we are now familiar with some properties of the neutron, the nuclei 
of two new isotopes of hydrogen (the diplon and triplon),t and of at 
least one isotope of helium (He 3 )f and possibly one other (He 8 ). The 
discovery of the neutron has made it possible to discuss nuclear structure 
without explicitly mentioning electrons, whose behaviour within the 
nucleus cannot be dealt with by means of the present quantum mechanics. 
If, then, it is legitimate to treat atomic nuclei as aggregates of inter¬ 
acting neutrons and protons, it should be possible to build up a con¬ 
sistent semiquantitative theory of the light nuclei based on this assumption, 
the greater number of nuclei now known providing a considerable variety 
of observed phenomena with which to check such a theory without too 
great mathematical complication. In this paper this work is com¬ 
menced with the consideration of the collision reactions of the nuclei, 

f Oliphant, Harteck, and Rutherford, * Proc. Roy. Soc.,’ A, vol. 144, p. 692 (1934); 
Bleakney, Harnwell, Lozier, Smith and Smyth, ‘ Phys. Rev.,’ vol. 46, p. 81 (1934). 
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making use of the known values of their binding energies. In this 
way a variety of results are deduced which permit of experimental test. 

Before commencing with the detail of the paper it is desirable to sum¬ 
marize the observed phenomena connected with these nuclei which we 
make use of below. 

1. Binding Energies —These depend on the value assigned to the 
neutron mass. Assuming the value 1 0080 we have for the energies of 
binding of the nuclei concerned (considered as the combination in 
brackets):— 

,H 2 (xH 1 + n), 2 - 2 x 10« e. volts; 2 He 3 GH 2 + jH 1 ), 4-8 x 10" e. volts; 
xH 3 (xH 2 + n), 6-5 X 10“ e. volts; 2 He 5 ( 2 He 4 + n), 4 x 10* e. volts. 

2. Elastic Collisions —Some values have been obtained for the effective 
radii for collisions of neutrons with xH 1 and 2 He 4 nucleif and a limited 
number of observations have also been made of the angular distributions 
of xH 1 nuclei struck by neutrons. + In addition measurements of the 
anomalous scattering of a-particles by ifi 1 , X H 2 , and 2 He 4 § nuclei have 
also been carried out. 

3. Inelastic Collisions. Radiative Collisions —Some experimental evi¬ 
dence!! is available which could be interpreted as indicating the high 
probability of the radiative combination of neutrons and protons to form 
xH 2 nuclei and also of the reverse process, the disintegration of the X H 2 
nucleus by yrays.^j 

Disintegration —No evidence of the disintegration of xH 2 nuclei by P 0 
a-particles has been obtained and only slight evidence of disintegration 
by RaC' particles. The reactions 

xH 2 + iH a -*■ 0 « l + a He 3 

xH 2 + xH 2 - xH 3 + xH 1 

take place with high frequency.** 

We now proceed to make use of this material as far as possible. 

t Meitner and Philipp, ‘ Naturwiss.,’ vol. 20, p. 929 (1932); Chadwick, ‘Proc. 
Roy. Soc.,’ A, vol. 142, p. 1 (1933); Bonner, ‘ Phys. Rev.,’ vol. 44, p. 463 (1934). 

t Kurie, ‘Phys. Rev.,’ vol. 44, p. 461 (1933); Monod Herzen, ’J. Phys. Rad.,’ 
Feb. (1934); Meitner and Philipp, *Z. Physik,’ vol. 87, p. 484 (1934). 

§ Vide Mott and Massey, “ Theory of Atomic Collisions ” (Oxford), 1933, p. 273; 
also Rutherford and Kempton, ‘ Proc. Roy. Soc.,’ A, vol. 143, p. 724 (1934). 

|| Lea, ‘ Nature,’ vol. 133, p. 24 (1934). 

f Chadwick and Goldhaber, ‘ Nature,’ vol. 134, p. 237 (1934). 

** Oliphant, Harteck, and Rutherford, ‘ Proc. Roy. Soc.,’ A, vol. 144, p.692(1934). 
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§1—Elastic Collisions 

It has been pointed out by Wignerf that the existence of the diplon 
implies a strong interaction between neutron and proton with a corre¬ 
spondingly large effective radius for collisions between them. He 
showed also that, if the range of the interaction is very small compared 
with the wave-length associated with the relative motion of the two 
nuclei, the collision radius should be nearly independent of the form of 
the field, depending only on the ratio of the kinetic energy involved in 
the collision to the binding energy of the diplon. As a consequence it 
also follows that the cross-section decreases steadily with increase of 
velocity. If the range of the interaction is not so small, this result does 
not hold and we propose to examine the possibilities of the collisions of 
neutrons with the nuclei 1 H 1 , jH 2 , and 2 He 4 taking account of the known 
binding energies of X H 2 , iH 3 , and a He 5 respectively. 

We assume the simplest possible form for the interaction energy of a 
neutron with the nucleus concerned, viz. :— 


V (r) = — D r < a | 

= 0 r > a j 


( 1 ) 


The known value of the binding energy gives a relation between D and 
a, leaving only one variable parameter. We then calculate the cross- 
section for elastic collisions for different values of this parameter, which 
we choose as the range “ a ” of the interaction energy. 

The wave equation for the relative motion of the neutron and nucleus 
is 



V*4> + 87t ^* (E - V) 4 - o, 


(2) 

where M 

* ~ rrTTT> * M being the mass of the neutron, 
M + M 

M' of the 

nucleus. 

To determine the binding energy — E 0 we put 



<P = r¥ (r). 


(3) 

where 

r <a j 

( rF ) + (-E„ + D) (rF) = 0, 


(4) 



r>o 

J 


t * Z. Physik,* vol. 83, p. 253 (1933), 
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The solutions of these equations satisfying the boundary conditions at 
r — 0 and r — oo are 


F « r-» sin Xr, i- < a ; | X (E 0 + D)]‘] 

™ Ae >ir , r > a ; 


f* 


;87t 2 M* _ i 
E 0 ) 


h 2 


(5) 


The continuity conditions at r — a give 

sin ka = Ae M ", 

X cos Xa = — jlAc M ", 


so 


tan Xa —. — _ , 
f 1 


( 6 ) 


giving the relation between D and a in terms of E 0 . For given values 
of a and j* this equation for X has an infinite number of roots, but in all 
cases we choose the smallest root implying the existence of only one 
energy level. 

The clastic cross-section for collisions in which the initial velocity of 
the neutron is v, isf 


Q = ^2(2«+ 1) sin 2 K 


(7) 


where k —• lirnivlh. The phase is given by 

* arctan (-!)« . + i \ k ' a \ ~ , (8) 

AJ_„+j ikd) (A tt) k S „j (A a) J ,/ j (ka) 


where 

In particular 


k' - j (iMV + D)j‘. 


8 0 = arctan ( j~, tan k'a ) — ka. 
k 


If \xa is small Wigner shows that 


8 0 ~ arctan ( — ~) 


giving for the limit of zero a 


Q- 


4n 


(i 2 + k 2 * 
t Vide Mott and Massey, Chapter II. 


(9) 

( 10 ) 

(M) 

( 12 ) 
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This formula shows the close connection between the binding energy 
and the collision cross-section pointed out earlier. 

Using these formula in connection with the known binding energies 
we obtain the results illustrated in fig. 1 for neutrons with velocities lying 
in the experimental region (0 — 4 x 10 9 cm/sec). It will be seen that 
for small range of interaction the cross-section curves are monotonic 
whereas for wider fields a marked maximum appears in the curve. This 
is exactly analogous to the Ramsauer effectf in the scattering of electrons 
by atoms and arises from the same cause. For ka < 1 only 8 0 is impor- 


Neutron-proton Neutron-diplon Neutron-helium nucleus 



Fio. 1—Cross-section velocity curves for elastic collisions of neutrons with light 
nuclei, for various assumed ranges of interaction a (indicated on each curve in 
units of 10‘ 13 cm). The dotted curve is for a repulsive interaction with a range 
2 x 10 13 cm. x Bonner’s experimental values, o Chadwick’s experimental 
values, Meitner and Philipp’s experimental values. 

tant, and in general if ka < n all 8, for which s > n are negligible. This 
arises from the fact that 


4 1 (x)/J .«-1 (x) - .y 2, ‘ +1 as x -> 0, 

and a physical interpretation can be given in terms of angular momenta. 
If 8j is unimportant in the velocity range considered, we obtain a mono¬ 
tonic curve, but for larger values of a, 8 X rises to a large value at an inter¬ 
mediate velocity, producing a sharp maximum. The angular distribution 


t Vide Mott and Massey, Chapter X. 
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of the scattered particles in relative co-ordinates is given by the differential 
cross-sectionf 


I (0) sin (1 r/0 d<j> ~ 


-L S (2n + 1) (e 2iin 
2.1 K »> 


1) P„ (cos 0) j 2 sin ddttd(f>. 

(13) 


In all experiments the nucleus of mass M' is initially at rest and the angular 
distribution per unit angle of struck particles is measured with respect 
to the direction of incidence of the neutron. If 0 is this angle, the dis¬ 
tribution function J (0) per unit solid angle isj 

J (0) =-. 21 (71 - 20) cos 0, (14) 

obtained by replacing 0 by n — 20 in (13). It will be seen that marked 
variation in the cross-section velocity curves is accompanied by variability 
in the angular distribution (see fig. 2). This is due to the association of 

in the formula (13) with the harmonic Pj (cos G) (- cos 0), whereas 8 0 
is associated with the constant P 0 . 

The variation of the cross-sections for collisions of neutrons with 
heavy nuclei should vary in a complex manner with the nature of the 
nucleus concerned and with the neutron velocity, following the lines 
of the Ramsauer effect for slow electron collisions with atoms. It is of 
interest to note in this connection that there is evidence that the cross- 
section for collision of neutrons with lead nuclei does increase with 
increase of neutron velocity in the region investigated.*} No such effect 
would be expected if the interaction were repulsive, as there is no similarity 
of behaviour in collisions between repelling and attracting systems in 
the quantum theory. The existence of isotopes seems to rule out the 
latter possibility (or, at least, makes an attractive potential necessary 
under some conditions of interaction) and so any attempt to deal with 
neutron-nuclei collisions assuming repulsive fields can have little signi¬ 
ficance. As an example of the difference, cross-sections for repulsive 
interaction are indicated in fig. 1. 

Experimental evidence|| on the subject of elastic collisions of neutrons 
with nuclei is still meagre and of doubtful accuracy. Some observed 
cross-sections for neutron-proton collisions are indicated in fig. 1. 
Observations of the angular distributions of projected protons have 
been made by some investigators, and there is no definite evidence from 


t Vide Mott and Massey, Chapter II. 

J Darwin, ‘ Phil. Mag.,’ vol. 27, p. 499 (1914). 
§ Bonner, ‘ Phys. Rev.,’ vol. 44, p. 463 (1934). 
|| Vide p. 207. 
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their results that J (0) is appreciably different from cos 0. This would 
indicate the existence of only the zero order term in the formula (13) 
and hence only a small range of interaction (< 3 x 10~ 13 cm). No 
measurements of angular distributions of projected diplons or helium 
nuclei have yet been carried out. 



0 ° 30° 60° 90° 30 s 60° 90' 


Angle of projection 

Fio. 2—Angular distributions for nuclei projected in collisions with neutrons, for 
various assumed ranges of interaction a (in units of iO 15 cm). The neutron 
velocities v are indicated on each curve (in units of 10« cm/sec). For a 0-1 
and 0 2, the curves for protons are all of the same form, viz., cos ©, as shown 
by the dotted curve. A, protons « = 4-5; B, helium nuclei a - 4-5; C, 
diplons a — 4-5; D, diplons a — 6. 

Although the experimental results do not yet permit of definite con¬ 
clusions, it appears possible that the above theory disagrees with experi¬ 
ment in two main directions:— 

(1) The magnitude of the calculated cross-section for neutron-proton 
collisions is too high; 

(2) The variation of the cross-section with velocity is much greater 
than the calculated. 
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It might be suggested that the explanation lies in the crudeness of the 
form (1) assumed for the interaction energy, but it is unlikely that, provided 
the field assumed gives the correct binding energy, this will account for 
the discrepancy. Thus an exponential form of interaction gives sub¬ 
stantially the same results.-)- A more probable explanation is that our 
assumption of a single possible interaction between the colliding nuclei 
is not justified. Such would be the case if the neutron and proton are to 
be regarded as complex and interacting by virtue of exchange phenomena 
just as in the interaction of a hydrogen atom with a hydrogen ion. We 
then have two possible interactions both repulsive at small distances 
but one changing sign at larger distances and leading to the binding of 
the ion H 2 +. Proceeding on this analogy we may regard the proton- 
neutron systems as either repelling or attracting each other depending on 
their internal orientation, the range and depth of the two potentials being 
approximately the same. The collision cross-section for such a case 
has been discussed by Massey and Smith. J If V+, V are the two inter¬ 
action energies, the first repulsive, and 8„+, 8„~ the phase parameters 
associated with these potentials, it is found that the collision cross-section 
is a weighted mean of two cross-sections Q + , Q given by 


Qt » | 2 (4n + 1) sin 2 8-f 2n + 2 (4m -f- 3) sin 2 8“ 2 „ (1 

K 1 n « 


Q = 


4n 

F 


2 (4m 4- 1) sin 2 S '„ + 2 (4m + 3) sin 2 8 2 „,, 


(15) 


If we assume a small range field 8„ -- 0, n ^ 0, and so 
Q,-|J **».+. Q.-gsinH,-. 


(16) 


Q_ has already been discussed above. Q+ is the cross-section for collision 
in a repulsive field of great depth and small range and is never greater 
than 47ta a , where a is the range, a value it reaches for infinitesimal velocity 
of approach.§ Q + is thus much smaller than Q„, and the weighted 
mean, which depends on the orientation of the interacting systems (as, 
for example, the spins) may thus be much less than that calculated by 
consideration of V.. only. Thus for the H ion the weighted mean is 

iQ~ + IQ+> 


t Vide Appendix. 

J ‘ Proc. Roy. Soc.,’ A, vol. 142, p. 142 (1933). 

§ Massey and Mohr, ‘ Proc. Roy. Soc.,’ A, vol. 141, p. 434 (1933). 


(17) 
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and for the neutron-proton this would give only instead of Q_ 
obtained without consideration of the repulsion-t 

The disagreement of theory and experiment in connection with the 
variation of Q 0 with velocity is not so easy to explain as it appears from 
trial that any field which gives the correct binding energy will give a 
variation slower than tr 2 . However, it is conceivable that there may be 
two attractive potentials possible, one giving the energy level, the other 
not, but being of sufficient magnitude to give rise to a phase shift 8 0 
rising towards 90° as the velocity is reduced from the highest to the lowest 
observable values. 

In view of the above discussed possibilities it would be of great interest 
to obtain accurate measurements of cross-sections for collisions of 
neutrons with light nuclei, difficult as this may be. Any theory of the 
interaction must fit in with the results of such observations which supply 
the most direct test possible. 

Elastic Collision Interactions of other Light Nuclei —In this connection 
we have available only observations of anomalous scattering by 1 H 1 , 
iH 2 , and a He 4 nuclei and in the first two cases the observations are not 
extensive. Complexity is introduced in the interpretation of the results 
by the effect of the Coulomb field between the nuclei at large distances 
although Taylor hast investigated the collisions between a-particles and 
the nuclei of helium and hydrogen. His results will be made use 
of in Section III. 

The most valuable experiment which could be done in this connection 
would be the scattering of protons in hydrogen as this would lead to 
information about the interaction of two protons. If the proton is 
complex, the Coulomb law should break down at distances of approach 
of the order 3 x 10~ 18 cm, whereas the “point-charge” proton would 
have a classical radius of the order 10 -la cm. Experiments on the 
variation of the scattering of protons at 45° (say) with incident energies 
from 250 to 1000 kilovolts should immediately enable a choice to be 
made between these two possibilities. 

In a later paper the collisions of charged particles with nuclei will be 
considered in greater detail. 

t It is shown in § 2 that exact analogy between neutron-proton and hydrogen atom- 
proton interactions cannot hold, but nevertheless one might expect this behaviour 
of the collision cross-section to apply in an analogous manner to both systems, pro¬ 
vided repulsive and attractive interactions are both possible for each. 

t ‘ Proc. Roy. Soc.,’ A, vol. 134, p. 103 (1931); vol. 136, p. 605 (1932). 
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§ 2—Radiative Collisions 

A preliminary account of calculations made of the cross-section for 
combination of neutrons and protons with emission of radiation was 
givenf some time ago in ‘ Nature.’ At that time the only available 
experimental evidence \ indicated a very much greater cross-section than 
that calculated, by a factor of 1000 or more, but since -then experiments 
have been made on the reverse process (the dissociation of diplons by 
Y-rays). As the cross-section for the combination is connected with that 
for absorption of the radiation by the well-known formula; of Einstein’s 
thermodynamical theory of absorption and emission,§ the calculations 
reported in ‘ Nature ’ can be immediately employed to compare with 
those observed for the absorption process. It is then found that the 
agreement is reasonably good and that some other interpretation must 
be found for the other experiments which indicated a cross-section 1000 
times greater than the calculated. We will now proceed to the detailed 
calculations. 

The cross-section for combination of two particles of masses Mj, M a , 
and charges e u e 2 , moving with relative velocity v is given by!) 

{jf (| X„„ | 2 + | Y 0 , | 2 + | Z 0 , | 2 ), (18) 

where X 0 *, Y 0(t , Z 0k are the matrix elements of the three components of 
electric displacement with respect to the wave functions of the initial 
and final state. If (Xj, yj, Zj) (x 2 , y 2 , z 2 ) are the co-ordinates of the 
particles, the electric displacement has components 

(ex*! + e 2 x s , e 1 y 1 + c 2 y 2 , e x z x + e t z 2 ). 

The centre of mass does not enter into the equations and it may be 
separated out to give for the x-component of the electric displacement in 
relative co-ordinates (x, y, z) 

Mj'TTCT , (flM2 “ e * M ** 

and similarly for the y- and z-components. If Cx/Mi == e 2 /M 2 this 
vanishes and terms in x* must be considered. For neutron-proton 

t Massey and Mohr, * Nature,’ vol. J33, p. 211 (1934). 

t Lea, ‘Nature,’ vol. 133, p. 24 (1934). 

$ Milne, ‘ Phil. Mag.,’ vol. 47, p. 209 (1925). 

]| Mott and Massey, p. 229. 
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collisions, if we take the neutron charge as zero, we have for the electric 
displacement 

lex, (19) 

and a dipole moment can thus be associated with the system. If we 
adopt the model of a neutron-proton exchange interaction due to the 
actual exchange of charge associated only with small changes of mass it 
has been shown by Mott and Taylorf that the dipole term vanishes, and 
only a quadrupole moment can be associated with the system. We shall 
first assume the formula (19). If is the wave function of the relative 
motion of neutron and proton before collision (associated with the wave 
number kiln), that after collision, we have 

X 0k — | | x- 4> 0 * dx, (20) 

where <J/ 0 * s normalized to unity and <}, c so as to have the asymptotic 
form 

e iki _|_ r ~j e ikr f (0, <jf>). (21) 

Calculations may then be carried out using the interaction energy (1) 
for which and are readily obtained. The values given in Table 1 
were obtained for the cross-sections on the assumption of different binding 
energies and ranges of neutron-proton interaction. In view of the 
importance of these calculations in connection with the reverse 
phenomenon calculations were also carried out using an exponential 
form of interaction (the method of solving the equations for this case is 
given in the Appendix). 

The cross-section for absorption Q„ is related to that for emission by 
the formula} 

Qa=zQ ‘Tlk?’ (22) 

where X, is the wave-length of the y-ray emitted (absorbed) and X„ 
that of the relative motion of neutron and proton before combination 
(after disintegration). The values of Q a obtained from'this relation are 
included in Table I. 

Referring now to the experimental results we see that the calculated 
absorption cross-section is somewhat greater than the observed values 

f ‘ Proc. Roy. Soc.,’ A, vol. 138, p. 665 (1932). 

t Milne, be. cit. The factor 1 5 arises from the statistical weights of the light 
quantum (2), diplon (3), proton (2) and neutron (2). 
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which give Q a = lO -28 cm 2 for 2-6 x 10’ e. volts y-rays,t but the dis¬ 
crepancy is not so great as that for the emission cross-section Q„. If 
we accept the explanation of Lea’s experiments in terms of neutron- 
proton combination, we obtain an observed cross-section over 1000 times 
the calculated. In addition the observed ratio Q,/Q„ would not be in 

Table I—Cross-sections for the Radiative Combination of Neutrons 
and Protons (Q,) and for the Interaction of y-Rays with 
Diplons (Q fl ), in Units of 10 cm 2 . 

(i) For a “ square potential hole ” interaction (V - D for r <:' a — 4 x 10 cm). 


Energy of Assumed value of binding energy 


incident 

neutron 

1-5 M.V. 


2 *0 M.V. 

2*5 M.V. 

jv 


t - A - 


/ 

\ 

r . 



Q, 

Qa 

0, 

Q„ 

Qe 

Qa 

05 M.V. 

0-39 

20 

0-42 

13 

0*33 

7 

1 0 M.V. 

0*44 

35 

0-55 

30 

0 53 

19 

2 0 M.V. 

0*53 

54 

0*62 

45 

0*64 

32 

3 0 M.V. 

0*55 

58 

0-67 

52 

0*65 

39 

4 0 M.V. 

0*50 

52 

0*74 

59 

0-69 

43 

For a - 1 > 

< 10 ia cm and a 

f - 0, 

the cross- 

-sections arc respectively about 0* 


and 0-33 times the values given above. 


(ii) For an exponential form of interaction (V — Dc '■«). 


Energy of 

Assumed value of binding energy 2*0 M.V. 


incident 

neutron 

a M 

10~ ja cm 

a -- 3 -4 x 10 13 

.... jy . 

- 

cm 


.. ^ 

r"" 

s 


Qr 

Qa 

Q, 

Qa 

0*5 M.V. 

0*37 

M 

0*90 

28 

10 M.V. 

0-49 

24 

112 

57 

2*0 M.V. 

0*53 

37 

I 16 

81 

3 *0 M.V. 

0*56 

43 

1 20 

93 

4*5 M.V. 

0*55 

43 

117 

93 


The energy of the incident v-ray in the absorption process is equal to the binding 
energy + £ the energy of the incident neutron. 

agreement with the thermodynamic formula (22). It seems probable that 
some other explanation of Lea’s experiments must be sought for. It is, 
for example, always possible that the emission arises from excitation 
of the proton, assuming it to be complex. 

t Chadwick and Goldhabcr, ' Nature.' vol. 134, p. 237 (1934). It will be noticed 
from Table I that the higher the binding energy of the diplon the closer the fit between 
theory and experiment and a value of 2 M.V. at least for this energy seems indicated. 
Further experiments are necessary, however, in order that Q should be determined 
accurately. 





218 


H. S. W. Massey and C. B. O. Mohr 

If the dipole moment vanishes, then the cross-sections Q e , Q„ will be 
very much smaller (of the order 10~ 3 of those given in Table I). This 
would destroy any agreement between theory and experiment for the 
absorption phenomena and seems untenable. It, therefore, seems 
unlikely that the neutron-proton interaction can be due to actual exchange 
of charge associated with small mass transfers as in interaction of a 
hydrogen ion and a hydrogen atom. 

A further possibility to consider is that of continuous radiation of 
y-rays by the acceleration of the proton in the field of the neutron. The 
cross-section for collision with emission of radiation with frequency 
between v and v + </v is given byt 


0. = f fl(M; «,P; v) d<» da, 

where 

i = V 1 £ i j i* 

J == f V (r\ 71-0) (U . grad V} ^ (r', 0) dn', 
and 

cos 0 = cos 0 cos 6' + sin 0 sin 0' cos ( <f> — <f>'). 

Here v, v' are the relative velocities of the colliding particles before and 
after impact, kiln, k'jln the corresponding wave numbers, l oP is a 
unit vector in the direction («, (3) and i> k is the solution of 

+ (27) 

which has the asymptotic form 

(J/~e ib + #-* e ikr f (0, <f>). (28) 

The calculations may be carried out without difficulty using the form (1) 
for V. If plane waves are taken for <{v we find 

Qk dk ' * 7 [3 {(4a% + ^ rT ' 2 >" 3 “ ^ + X + T *)-*} 

- 8a*{(4a* + F^T'*) 3 - (4a* + F+"F'*)»}) ■ (29) 

The corrections necessary to this formula if accurate expressions are 
used for 'J'o and are small. Numerical evaluation gives, 

Q k . dk' — 10""** dk' cm (30) 

t Mott and Massey, Chapter XV. 


(23) 

(24) 

(25) 

(26) 
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for neutron velocities in the experimental range, and y-radiation of 
0-5 to 2 x 10 s e. volts emitted. This is a very low emission and certainly 
could not explain the results of Lea’s experiments. 

Radiative Interactions of Heavy Nuclei —It has been suggested that 
two diplons may combine on collision to produce a helium nucleus and 
a y-ray, but the probability of such a process is very small as the charge and 
mass of the two interacting nuclei are identical and the dipole moment 
associated with the system vanishes, leaving only a quadrupole moment. 
A rough estimation gives a probability of about 1 in 10* for diplons of 
10“ e. volts energy. In the same way the reaction 

a H 2 + 2 He 4 - 3 Li® + y 

is very unlikely as the specific charge of the interacting nuclei is the same 
and again the dipole moment vanishes.t 
It is also worthy of note that y-ray absorption by the disintegration of 
diplons is very small compared with that due to Compton scattering by 
electrons and is probably unimportant in the total absorption.! 


§ 3—The Disintegration of the Diplon by oc-Particles 

Until the mass of the neutron is accurately known it is impossible to 
obtain the binding energy of the diplon, but, conversely, if the binding 
energy of the latter is known the mass of the neutron may be determined. 
One possible way of determining the binding energy directly may be 
based on disintegration of the diplon by a-particles. If the excitation 
potential for the process is determined, we know the binding energy, but 
in order to determine this potential it is essential that the probability 
of disintegration for energies greater than this should be sufficient to 
permit of experimental detection of the effect. Apart from this the 
calculation of the probability of disintegration is of interest in assisting 
to check theory and observation in another direction. 

The calculation of this probability is very lengthy and complicated so 

t The experiments of Fermi, Amaldi, D’Agostino, Rasetti and Segri (‘ Proc. Roy. 
Soc.,’ A, vol. 146, p. 483 (1934) ) on induced radioactivity seem to indicate a high 
probability of radiative combination of neutrons with light nuclei, but in view of 
the thermodynamical arguments advanced above it is very improbable that this is 
actually so, and some other explanation of the experiments must be looked for. 

J Szilard and Chalmers (‘ Nature,’ vol. 134, p. 494 (1934)) have, however, observed 
the disintegration of beryllium by r-rays giving rise to neutron emission. 
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the essential features of the method alone will be considered here. We 
adopt the following notation:— 

p (p, 8, <J>) is the vector separation of the centre of mass of diplon from 
the incident a-particle; 

a (<r, t, v), the vector separation of neutron and proton; 

kj2n, k’/2n, wave numbers of the motion of the a-particle relative to the 
centre of mass of neutron and proton before and after impact respectively; 

k/2k, the wave number of the relative motion of neutron and proton 
after the disintegration; 

M, the mass of the neutron or proton; 

V (p, a), the interaction energy of a-particle and diplon; 

4*0 (o), the wave function of the neutron-proton motion in the diplon; 
(a), the wave function of the neutron-proton motion after disin¬ 
tegration, normalized to have the asymptotic form 

e Un '- a + f (t, v) a~ l e iK<T ; (31) 


F 0 (p), Fj (p), the wave functions of the relative motion of a-particle 
and the centre of mass of the diplon before and after disintegration 
respectively, normalized to have the same asymptotic form as 

n 0 , n', unit vectors in the direction of relative motion of the a-particle 
and the centre of mass of the proton and neutron before and after impact 
respectively; 

ni, the unit vector in the direction of relative motion of neutron and 
proton after impact; 

(6, 0) ; (0, d>), the polar co-ordinates of the unit vectors n\ ni respec¬ 
tively, referred to n 0 as polar axis. 

The cross-section for disintegration is then§ 


8M 2 fw 
9 t zh*k ]„ 



V (p, o) 'j'o (®) (o) F„ (p, 8) F x (p, 7i — 8-') dp do 


where 


k 2 d« sin 6 sin 0 </0 d% d<f> d <l>, (32) 

cos 8' = cos 8 cos 0 + sin 8 sin 6 cos <j>. (33) 


The equation of energy gives 


A 2 

47t 2 M 


+ X 2 ) 




(34) 


where A 2 X 2 /47t 2 M is the binding energy of the diplon. Hence 

x 2 = i{k*-k'\ (35) 


§ Mott and Massey, Chapter VIU. 
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and 

*m« 2 » W - (36) 

If the binding energy is E 0 e. volts, the energy of the incident a-particle 
must be > 3E 0 e. volts in order that this energy condition can be satisfied. 

We must now consider what forms are to be used for the various 
functions involved in (32). For y 0 and we take the wave functions 
representing exact solutions in the field of (1). V (p, a) is not so easily 
fixed. The simplest assumption to make is that this interaction can be 
written in the form 

V (p, a) = i, + J (|p + i«x|) + g (|p — £o|), (37) 

IP + i°\ 

the first two terms representing interaction of a-particle and proton, the 
last of a-particle and neutron. For/and g we then take 

f(r) = - C - r < ; g (r) — — G r < r,] 

r .- . (a») 

= 0 r > r 0 ; =-0 r>r,) 

The labour of performing the calculation with r 0 , r,, C and G, ail different 
would be immense, so it was assumed that C = G and r 0 ----- r v r 0 was 
chosen as 4 -2 x 10 13 cm, the value obtained by Taylor, from the anomal¬ 
ous scattering of a-particles in hydrogen. It remains to consider the 
functions F„, F,. These are solutions of the equations 

VF 0 + \k~ ~ j — j v (a, p) I % (o) I 2 da) F„ * 0, (39) 

V, 2 F X + {*'* - i 2 M 2 jv (c, P) I («) I 2 da | F x - 0. (40) 

Now fV(o,p)| <Mo )| 2 da is the averaged interaction energy of a 

diplon and a-particle. Assuming little difference between the behaviour 
of diplons and protons we again take the form obtained by Taylorf 
for this interaction. For the energies concerned the a-particle passes 
well above the potential barrier of the diplon and F 0 actually has a con¬ 
siderable concentration inside the radius r Q of the diplon. As a reasonable 
approximation the effect of the Coulomb field on F 0 was neglected and 
the form obtained by putting 

fv(«,p)| M*)l 2 <fc=-C, P<r 0 | 

J i . (41) 

= 0, p > r 0 ) 


tProc. Roy. Soc./ A, vol. 136, p. 605 (1932). 
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used in the calculation. F x is the wave function representing relative 
motion of the a-particle and the centre of mass of the neutron and proton 
when the latter pair are no longer combined and are distributed more or 
less uniformly in space. The average potential acting on the a-particle 
due to this pair is therefore small and, neglecting it, we take F x as the plane 
wave 

pik 'n'. rr 

The matrix element in (32) may now be written as “the sum of three 
terms 

u„ u„ u„ 

arising from the respective terms in V («, p). LL then gives the effect 
due to the Coulomb interaction between a-particle and diplon, U,, 
the contribution due to the short range forces. On substitution of the 
appropriate functions the evaluation of U„ U„ U„ may be carried out 
and the angular integrations performed. The major part of the con¬ 
tribution from U, may be evaluated in the same way as the corresponding 
matrix elements for the ionization of an atom by electrons, but U„ U„ 
can only be evaluated by expansion of ^«, F 0 and Fj in series of spherical 
harmonics and making use of the expansion 

| ip + o I"- 1 exp (- (X I ip + O |) 

= 2 (pa)' 1 S (2/7 + 1) K„+j (i|xp) l„+j (jxa) P„ (cos po), a < ip. (42) 

»-=0 

These expansions converge quickly as kr 0 , k'r 0 , and *r 0 are all small in 
the energy range considered. The final two integrations must be carried 
out numerically and so we make no attempt to give explicit formula. 
The calculated cross-sections are given in Table II for various binding 
energies, and for two values of the quantity C of (38), as functions of the 

Table II—Cross-sections for Disintegration of Diplons by a-PAR- 
ticles: A for Mutual Potential Energy of a-PARTicLE and 
Diplon inside the Potential Barrier Zero; B for 6 M.V. (the 
Value obtained by Taylor for the a-PARTtCLE-PROToN Inter¬ 
action). Cross-sections in Units of 10 - *» cm 2 . 


Assumed binding energy of a-particle and diplon 

___A_____ -.- 


A £ A B A B 

Po a-particles. 0 0001 0 0006 0 0 0 0 

RaC' a-particles .... 0-72 5-0 0-23 2-2 0-04 0-6 

ThC a-particles. 1-46 10 4 0-60 5-9 0-19 2-6 
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velocity of the a-particle. The form of variation to be expected with 
other values of C is illustrated in fig. 3. It will be seen that for reasonable 
values of C the probability is quite appreciable for a-particle energies 
not too near the “ ionization ” energy, and it should be possible to use 
the phenomenon to determine the mass of the neutron with accuracy. 
The experiments of Rutherford and Kempton have shown that the 
chance of disintegrating diplogen by a-particles from polonium is certainly 
very small, and so it is very probable on these grounds that the 
binding energy is greater than 1-7 x 10 s e. volts. Experiments with RaC' 



Fig. 3—Illustrating the general form of the variation of the cross-section for dis¬ 
integration of diplons by a-particles, for different values of their mutual potential 
energy inside the potential barrier. 

a-particles should lead to even more definite conclusions. We propose to 
consider also the probability of the reaction 

iH 2 + a He 4 -+ 2 He 5 + jH 1 

in a later paper. 

Concluding Remarks —Although a large number of phenomena have 
been discussed, it is not yet possible to arrive at any definite conclusions 
concerning the interactions of the light nuclei owing to the paucity of 
accurate experimental material. Once this material is forthcoming, 
comparison with the calculated quantities arrived at in this paper should 
considerably increase our knowledge of the processes involved and permit 
its extension in various directions. 

We wish to acknowledge our indebtedness to Dr. J. Chadwick for 
many discussions of the experimental material. One of us (C. B. O. M.) 
wishes to thank the Department of Scientific and Industrial Research 
for a Senior Grant, and the Royal Commission for the Exhibition of 1851 
for the award of a Senior Studentship. 
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Summary 

Assuming the values of the binding energies of the nuclei iH 2 , jH 3 , and 
able 3 , calculations have been carried out for— 

(1) cross-sections and angular distributions for elastic scattering of 

neutrons by protons, diplons, and helium nuclei, 

(2) cross-sections for radiative combination of neutrons and protons, 
and for the reverse process, the disintegration of diplons by 
Y-rays, 

(3) cross-sections for continuous radiation by protons in collision 
with neutrons, 

(4) cross-sections for the disintegration of diplons by a-particles. 

Comparison with experiment is effected where possible, but a number 
of results are arrived at which, though capable of experimental test, 
have not yet been considered experimentally. Definite conclusions as 
to the nature of the interaction of the nuclei concerned cannot yet be 
arrived at until these experiments have been performed. 


Appendix 

The Exponential Interaction Energy —If we take 

V - De~ Ur , 

Schrodinger's equation becomes 

V 2 ^ -f —jjir (E + Dr 2 "') 4* ~ 0. 

The spherically symmetrical solutions F are given by 
~ (rF) + 5^2 (E + De*°') rF -■= 0. 



(43) 

(44) 

(45) 

(46) 

(47) 
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where 

n * — _ Mg) 

To satisfy the quantum mechanical boundary conditions for E< 0 at 
y — oo we must exclude the solution of negative order, as for large r 
these tend to exp ( — fi^mEioPh 2 ). The boundary condition at r =- 0 

requires J„ l = 0 which fixes the proper values of n and hence 

of E. For positive D there are in general a finite number of roots of 
this equation, but if D is sufficiently small there may be no roots. The 
behaviour, in fact, closely resembles that for the “ potential hole.” 

For positive energy states n is imaginary, and the corresponding func¬ 
tions oscillate finitely for large r. The solution for this case has already 
been discussed by the authors in a previous paper.t 
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IV—The Production of Induced Radioactivity by High 
Velocity Protons and Diplons 

By J. D. Cockcroft, C. W. Gilbert, and E. T. S. Walton 

(Communicated by Lord Rutherford, O.M., F.R.S.—Received September 

26, 1934) 


1 Introduction 

The production of radioactivity by artificial means has recently been 
achieved by Curie and JoliotJ who showed that after bombarding boron, 
magnesium and aluminium by a-particles, positive electrons were emitted, 
the activity decaying with periods ranging from 2 to 14 minutes. By 
chemical tests they were further able to show that the radioactivity was 
due to the formation of new radioactive isotopes, radio silicon, radio 
nitrogen, and radio phosphorus, these bodies having half lives of 14-5, 
2-5 and 3• 25 minutes respectively. 

t Massey and Mohr, * Proc. Roy. Soc.,’ A, vol. 141, p. 434 (1934). 
t ‘ C. R. Acad. Sci. Paris,’ vof. 198, p. 254 (1934). 
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They suggested that it ought to be possible to produce these radio¬ 
active isotopes in other ways, and in particular that by bombarding 
carbon with diplons the same radioactive form of nitrogen ought to be 
produced. 

The experiments described here and in our earlier note in ‘ Nature,’* 
have shown that induced radioactivity can be produced in carbon by 
both proton and diplon bombardment, and in boron and possibly nitrogen 
by diplon bombardment. A study has been made of the decay period 
of the radioactive bodies and of the energy distribution of the positive 
electrons and some evidence has been obtained on the nature of the radio¬ 
active isotopes. 

Whilst these experiments have been in progress, similar investigations 
have been carried out by Lauritsen and Cranet and by Lawrence, Living¬ 
ston and Henderson J; reference to their results will be made below. 

2 Apparatus 

In our first experiments, reported in ‘ Nature ’ (loc. cit.) we used the 
apparatus described in our paper III§ to bombard a target of Acheson 
graphite with a beam of protons accelerated by 600 kV. The graphite 
was removed from the apparatus after bombardment and placed against 
the glass wall of a Geiger counter, about 200 counts per minute being 
then observed, due as was shown later,|| to the y-radiation associated 
with the annihilation of the positive electrons. A number of photo¬ 
graphs were also taken with a Wilson chamber, the source being placed 
against the glass wall of the chamber, these photographs showing the 
presence of Compton electrons due presumably to the annihilation 
radiation of the positrons. Later experiments in which the same source 
was placed inside the chamber showed that the observed activity was 
primarily due to positron emission. 

After these preliminary experiments we modified our apparatus by the 
addition of a magnetic deflection chamber to enable us to separate the 
protons and diplons in our beam. Initial experiments carried out with 
a fluorescent screen showed that we could obtain in this way well-defined 
spots having a diameter of from 5 mm to 10 mm; that the mass-one and 
mass-two spots moved by the expected amounts with voltage and with 

* ‘ Nature,’ vol. 133, p. 328 (March 3, 1934). 

f ‘ Science,' vol. 79, p. 234 (March 9, 1934). 

J * Phys. Rev.,' vol. 45, p. 428 (1934). 

§ * Proc. Roy. Soc.,’ A, vol. 144, p. 704 (1934). 

1! C. Klemperer, 4 Proc. Camb. Phil. Soc.,’ vol. 30, p. 347 (1934). 
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magnetic field, and that the separation of the spots was several times the 
diameter of either. We could thus reasonably expect that when using a 
mixture of diplogen and hydrogen in our discharge tube, the mass-one 
spot would contain only protons whilst the mass-two spot would contain 
in addition to diplons, molecular ions of hydrogen whose ratio to the 
number of protons in the mass-one spot would fluctuate with the state 
of the discharge tube, being in general less than 30% of the number of 
protons. 

We have further added a large diameter tap to the apparatus which 
enables us to change targets rapidly without increasing the pressure in 
our acceleration tube to any appreciable extent. 

The activity of the radioactive sources has been measured by a Geiger 
counter, connected to an amplifying valve, thyratron, and mechanical 
counter in the usual way. 


3 The Induced Radioactivity of Carbon 

(i) The Decay Period —'Targets of Acheson graphite and paraffin have 
been bombarded by both protons and diplons of energies up to 600 kV. 
The targets have been removed from the tube after bombardment and 
placed usually at a distance of 2 cm from the mica window of a Geiger 
counter,'" the aperture of the counter being adjusted to give about 300 
counts per minute at first, the counting being continued till the activity 
was reduced to about 20 per minute, the natural effect being about 5. 
The decay periods of 10 targets activated by protons and 3 targets 
activated by diplons have been measured. The number of counts in 
successive 5-minute intervals was plotted logarithmically and the half 
life determined by least squares. The probable error in the half life 
was usually 0-5 minutes but values of the period obtained from 
different experiments varied from 10 to 12 minutes so that we may give 
the final result as 11 ± 1 minutes. 


(ii) The Energy Distribution of the Positrons —The energy distribution 
of the positrons was measured by inserting an activated target in a Wilson 
chamber placed between the pole pieces of an electromagnet capable of 
providing a field up to 10,000 gauss. The chamber contained oxygen 
at an initial pressure of 1 • 6 atmospheres. The target was in the form of a 
graphite button which could be quickly screwed on to a brass plug which 
was then screwed into the side wall of the chamber in place of a similar 


* We are much indebted to Mr. Westcott 
suitable counters and auxiliary apparatus. 


and Dr. Bainbridge for the loan of 
Q 2 
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plug. During this process, clean oxygen was passed into the chamber and 
escaped through the hole into which the plug fitted. By this means the 
target could be quickly inserted in the chamber without making the 
chamber “ messy.” The time taken from the removal of the target 
from the bombarding tube to the taking of the first photograph was about 
2 minutes. Stereoscopic pairs of photographs were taken. The curva¬ 
ture of the tracks was measured by re-projecting the photograph which 
had been taken along the lines of force. Since the chamber was very 
shallow and only tracks of appreciable length were measured, no cor¬ 
rection was made for the component of velocity along the lines of force. 

Table I— Energy Spectrum of Positrons from Carbon Bombarded 



by Protons 

Number of tracks 

Total 

cnu gy 

( 


kV 

Runs 10 and 11 Runs 12 and 13 


0-100 

1 

11 

12 

100-200 

6 

25 

31 

200-300 

17 

28 

45 

300-400 

13 

29 

42 

400-500 

22 

26 

48 

500-600 

13 

22 

35 

600-700 

7 

13 

20 

700-800 

11 

9 

20 

800-900 

11 

11 

22 

900-1000 

11 

3 

14 

1000-1100 

3 

0 

3 

1100-1200 

1 

0 

1 

1200-1300 

0 

1 

1 

1300-1400 

0 

1 

1 

1400-1500 

1 

0 

1 

1500-1600 

0 

0 

0 

Over 1600 

1 

t 

l 


The energy distribution obtained for carbon bombarded by protons is 
given in Table I and fig. 1. It will be seen that the upper limit of energy 
is approximately 1 • 1 million volts. It will be seen also that there is a hump 
on the curve at about 850 kV. Although the hump might just be explained 
by statistical fluctuations it was obtained in two separate curves, each 
taken from half the observations, the measurements on the two sets being 
made by separate workers. It is possible that it could be explained by 
our using, in these early experiments, a beam of ions not separated by 
magnetic analysis, and that the beam actually contained about 20% 
of diplons, the diplons and protons giving different energy distributions. 
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This point will be checked by further experiments. Curves for the energy 
spectrum of the positrons obtained by Wilson chamber methods have 
also been published by Anderson and Neddermayer* and are in general 
agreement as to the end point. The number of tracks measured in 
their photographs are, however, too low to show up any finer details 
such as the maximum in our curve at 850 kV. 

The absorption in aluminium of the positrons from carbon activated 
by diplons was also measured. The carbon target and aluminium 
absorbing screens were mounted on a stand at a distance of approxi¬ 
mately 2 cm from the counter aperture, the curve obtained being shown in 



Fio. 1—Positrons from carbon. Bombardment with protons. Each point gives 
number in 100,000 e.v. range 

fig. 2. The curve obtained for carbon activated by protons has the 
same end point as that for diplon excitation; owing to the smaller numbers 
available, it has not been possible to settle with certainty whether the 
initial parts of the curve are identical. 

It is not possible to fix the end point with precision owing to the large 
effect of the annihilation radiation, but for carbon activated by diplons 
it is of the order of 0-36 gm/sq cm, corresponding to an energy of about 
1 million volts. Curie and Joliot report that the end point for the 
positron spectrum from radio nitrogen formed by a-particle bombard¬ 
ment was 0-26 gm/sq cm or about 700 kV. More accurate experiments 
on the energy distribution of these positrons have been made by Alichamow, 

* • Phys. Rev.,' vol. 45, p. 499 (1934). 
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Alecbanian and Dzelepow* who obtain a value of 1 -3 M.V. for the 
end point. 

It will be noted further that the curves have a pronounced initial flat 
region. This characteristic of the curve has been checked by making a 
repeated series of measurements at zero, 0-037 and 0-055 gm/cm 2 of 
absorber, 1500 to 2500 particles being counted at each absorber. It 
suggests strongly that there are no positrons emitted with energies less 
than 150 kV, a result similar to that obtained by Ellis and Hendersont for 
the positrons from radio-phosphorus. 



Fig. 2—Absorption in aluminium of positrons from carbon + D and boron -I- D 

(iii) The Excitation Function of the Activity —The variation with voltage 
of the activity of the target has been measured for proton and diplon 
bombardment. In the experiments the target was not removed from the 
tube, the arrangement of fig. 6 of paper III being used, the positrons 
emerging from the target through a mica window in the side of the tube, 
into the Geiger counter which was placed at a distance of about 1 cm 
from the window. In this way the geometrical conditions were un¬ 
changed through the experiments. In spite of this, fluctuations in the 

* ‘Nature,* vol. 133, p. 251 (1934). 
t * Proc. Roy. Soc.,’ A, vol. 146, p. 206 (1934). 
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absolute numbers of the order of 20% were obtained in experiments with 
proton bombardment on successive days, these being possibly due to 
slight changes in the geometry of the bombarding beam. In the experi¬ 
ments with diplon bombardment, the absolute numbers for a given current 
in the mass 2 beam varied in successive days by a factor of two owing 
probably to fluctuations in the amount of ordinary hydrogen present in 
the discharge tube, producing a variable proportion of molecular ion 
current. The absolute numbers given have therefore been obtained by 
taking the maximum activity observed, this occurring with a new source 
of diplogcn gas. The final results obtained are shown in fig. 3. It will 



times diplon scale 

be seen that no activity is observed below 350 kV, that the numbers 
obtained with diplons increase with voltage more rapidly than in the 
case of protons, and that the diplon activity is about 10 times the proton 
activity at an excitation energy of 550 kV. 

(iv) The Absolute Yield of the Transmutation —To determine the 
absolute yield, targets of graphite were bombarded, removed from the 
tube and placed at a distance of 2 cm from the Geiger counter window, a 
diaphragm of 6 mm diameter being placed over the window to define 
the solid angle. With this arrangement we found that one radioactive 
nucleus is produced for approximately 5 x 10 s diplons, and for 5 x 10® 
protons at 550 kV. 
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(v) The Nature of the Transmutations —The reactions which have to 
be considered to explain the experiments with protons are 

6 C 12 + jH 1 -» 7 N 18 -> e C 13 + e+ (1) 

6 C« + iH 1 - N 13 + n-+ 8 C 13 + c + + n. (2) 

The second of these reactions would clearly require that the proton mass 
should exceed the sum of the neutron and positron mass by the amount 
of the kinetic energy release in the reaction, so that the neutron mass 
would have to be less than 1 0058, a value which seems hardly possible 
in view of the recent experiments of Chadwick and Goldhaber.* A 
further objection is the small abundance of C 18 relative to C 12 ; if the 
reaction were to take place, the absolute yield would have to be increased 
to about one in 10 7 at 550 kV, a yield much higher than has been obtained 
in any other reaction leading to positron emission. 

The first reaction would, on the other hand, lead to a release of energy 
of the order of 5-8 ± 1-0 million volts if the mass of C 13 is taken from 
disintegration data to be 13-0046 ±0-001. Since there is no evidence 
that the N 13 nucleus can emit any harder y radiation than the annihilation 
radiation after bombardment,t it seems probable that the surplus energy, 
of the order of 4 -7 million volts, is emitted in the process of formation of 
the unstable nucleus N 13 and may be emitted in the form of y-rays. On 
theoretical grounds the probability of a heavy particle being captured 
by a nucleus with radiation cf the surplus energy is small, but we have 
already seen that the absolute yield of this transmutation is of the order 
of one in 5 x 10 ,J at 550 kV, a yield of a much lower order than that 
usually found for transmutations leading to the emission of a heavy 
particle. We have further the evidence of Fermi that transmutations 
resulting from the capture of a neutron are much more probable than 
would be anticipated on general theoretical arguments so that the 
theoretical objections are clearly not strongly based. 

It may be objected that the emission of y-rays from carbon bombarded 
by protons was not detected by Lauritsen. The intensity would, how¬ 
ever, be so low owing to the small yield of this reaction that they would 
probably have escaped observation. 

To explain the emission of positrons after diplon bombardment we 
may assume the reaction to be 

+ ,H* -> 7 N 18 + n -> 8 C 18 + e+ + n (3) 

* ‘ Nature,’ vol. 134, p. 237 (1934). 

t Klemperer, loc. cit. 
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this being an alternative reaction to that leading to the emission of 14 cm 
protons* and 3-5 million volt y-radiationt 

8 C 12 -f- 1 H 2 - 9 C 13 +,H i + Av. (4) 

Using the same mass of C 13 and taking a neutron mass of 1-0080J the 
kinetic energy release is calculated to be 2 • 7 million volts, so that the recoil 
energy of the N 13 nucleus in a direction at right angles to the beam should 
be 150 kV for a diplon energy of 550 kV. 

(vi) Measurements of the Recoil Velocity of the Radioactive Nucleus — 
In order to test whether a heavy particle was emitted from the excited 
N 14 nucleus an attempt was made to measure 
the range of travel of the radioactive nucleus. ' on stream 

The experiment is illustrated by fig. 4. The 
diplons or protons bombard a carbon target, 

A, placed at the end of a tube. The tube is 
lined with three layers of aluminium foil, B, 
each having a stopping power of 0 • 75 mm, the 
foil being protected from direct bombardment. 

If then the radioactive nuclei recoil with energy 
greater than 150 kV, they will penetrate one 
of these foils and the second foil will be found 
to be active. If their energy is greater than 
350 kV they will penetrate two foils, and both 
the second and third foils will be active. The 
target was therefore bombarded for 25 minutes 
with a current of several microamperes, the P, G- 4 

foils removed and their activity measured. 

The number of positrons emitted from foils 1, 2 and 3, were found to be 
101, 30 and 1. We may state, therefore, that an appreciable fraction of 
the recoil nuclei have energies between 150 kV and 350 kV, but that 
there is no certain evidence for any higher recoil energies. The evidence 
thus supports the hypothesis of reaction (3) taking place. It was hoped 
that this experiment might provide a definite test for the difference 
between the transmutations produced by protons and diplons, since in 
the first case the recoil velocity of the radioactive nucleus ought to be too 
low to penetrate the first foil. Since, however, the activity produced 
in foil 2 under diplon bombardment was only 30 counts per minute, and 
the ratio of diplon to proton activity is of the order of 10 to 1, we should 

* Cockcroft and Walton, III (toe. cit.). 

t Lauritsen and Crane, ‘ Phys. Rev.,’ vol. 45, p. 346 (1934). 

t Chadwick and Goldhaber, toe. cit. 
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expect at the most 3 counts per minute, if the proton activity were 
associated with a large recoil. Therefore until larger counts can be 
obtained the experiment cannot present a conclusive test of the differences 
in the recoil velocities. The experiment was, however, repeated with 
proton bombardment. In this case, using approximately the same ion 
current, the average number of counts in foil 2 was 6 -6, this being about 
one above the natural effect. It is hoped to repeat the experiment later 
with stronger ion currents. 

(vii) A Liquefaction Test of the Radioactive Substance —In order to 
test whether the radioactive substance behaved like nitrogen, a copper 
disc coated with soot was bombarded by diplons of 500 kV energy. 
The disc was then removed and placed in a quartz tube; the quartz tube 
was evacuated and heated strongly to drive off any gas formed from the 
carbon after which air was admitted to a pressure of about 4 cm. The 
quartz tube was then connected through a liquid air trap to a tube con¬ 
taining mercury, the top of the latter tube being closed by a mica window. 
Any gas in the tube could then be compressed by raising the mercury, 
and the activity measured by placing a Geiger counter opposite the mica 
window. An experiment was first performed without liquid air in the 
trap between the quartz tube and compression tube. In this expe'riment 
we observed 240 counts per minute with the mercury raised; 30 counts 
with it lowered. The decay period of the activity was measured and 
found to correspond with that obtained from an activated carbon target. 

The experiment was then repeated with liquid air on the trap and 
identical results obtained, showing that the activity was not condensed 
in the trap. The trap was then cooled by liquid nitrogen boiling at 
1 cm pressure and the experiment again repeated. Compression of the 
gas by the mercury now gave only 7 counts per minute, whilst a further 
experiment in which air was admitted to atmospheric pressure in the 
quartz tube after heating reduced the number of counts after com¬ 
pression to zero. Removal of the liquid nitrogen from the trap at once 
allowed activity to appear in the mercury tube. 

The experiments thus show that provided the total pressure of the 
radioactive gas is increased by mixing with nitrogen and oxygen the 
activity is entirely condensed at 63° K. 

The experiment was then repeated to test the nature of the activity 
produced by bombarding carbon with protons. An initial activity in 
the compressed gas of 30 counts per minute was found with liquid air 
on the trap, whilst cooling the trap to 63° K prevented any of the activity 
from passing the trap. 
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The results are thus consistent with the radioactive gas being nitrogen 
in both experiments, although they do not, of course, in themselves 
exclude the possibility of the gas being oxygen, carbon monoxide, or 
several other gases. 

(viii) Discussion of Results —The decay period of the radioactivity 
produced in carbon by proton and diplon bombardment is within the 
experimental error identical, and our experiments are in agreement with 
those of Lauritsen and Crane, loc. cit. The period is on the other hand 
different from that of the radio nitrogen produced by the a-particles bom¬ 
bardment of boron, this period being given by Curie and Joliot as 14 
minutes, and by Ellis and Henderson as 14 ± 1 minutes.* It seems, 
therefore, that we have two types of radio-nitrogen, and it has been 
suggestedf that possibly N 12 is formed in the a-particle reaction; in 
order to settle this point, however, further experiments are clearly 
required; it might be possible to decide the question by accurate experi¬ 
ments on the recoil energy. 

In a recent communication, Tuve, Hafstead and DahlJ have stated 
that, while they have confirmed the production of radioactivity in carbon 
by diplon bombardment, they have been unable to produce any activity 
in carbon by bombardment with protons of 1 million volts energy, the 
proton activity being less than one eight-thousandth of the effect pro¬ 
duced by diplons. They suggest that our results reported in ‘ Nature,’ 
loc. cit., were due to magnetic analysis not being used, and that the beam 
which was supposedly protons contained a high percentage of diplons. 

In all our experiments after the first series, however, we have in fact 
used magnetic analysis; we have further checked the relative number of 
protons and diplons in our mass 1 beam by bombarding a target of 
lithium with the beam, and measuring the relative numbers of 8-4 and 
13 2 cm a-particles. Using an accelerating potential of 450 kV we 
obtained in our ionization chamber 1400 8-4 cm a-particles per minute 
and only one a-particle per minute having a range greater than 9-8 cm. 
Since for equal energies the efficiency of production of the 13*2 cm 
a-particles by diplons is higher than the efficiency of production of 8 -4 cm 
a-particles by protons, it is certain that the fraction of diplons in our 
mass 1 beam is less than one two-thousandth of the number of protons. 
It is thus impossible to explain our results in this way. A further proof 
of the purity of our mass 1 beam is given by the fact, to be referred to 

* ‘ Proc. Roy. Soc.,’ A, vol. 146, p. 217 (1934). 
t Gamow, “ Report on Copenhagen Discussion.” 
t * Phys, Rev.,’ vol. 45, p. 902 (1924). 
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later, that the activity produced in boron and nitrogen compounds by the 
proton beam is less than one four-hundredth of the activity produced 
by the diplon beam. The difference in the voltage variation of the 
activity for carbon bombarded by protons and diplons provides further 
evidence that the two phenomena are produced by different causes. 

4 The Production of Radioactivity in Boron by Diplons 

Lauritsen and Crane* have already reported that boron when bom¬ 
barded by diplons becomes radioactive, emitting positrons with a half 
life of about 20 minutes. We have bombarded targets of B 2 0 3 , pyrex 
and fused boracic acid with diplons and have confirmed the delayed 
emission of electrons by Wilson chamber photographs. We have 
further carried out a series of experiments similar to those described for 
carbon with the following results. 

(i) The Decay Period —Six targets of fused boracic acid have been 
bombarded, removed from the apparatus and the decay period measured 
exactly as described for carbon. In these experiments we have obtained 
values for the period ranging from 18 to 25 minutes, although in any 
particular experiment the logarithmic plot of the number of counts gave 
a well-defined value for the period, the probable error being of the order 
of 1 minute. It is therefore at present uncertain whether some systematic 
cause of error is present or whether there are actually two periods present. 
A possible source of systematic error has been pointed out by Lauritsen; 
if the activity can escape easily in the form of a gas, any method in which 
the gas is not retained will lead to too low values for the half life. We 
have therefore in one experiment enclosed the target in a box with a lid 
of aluminium foil, but have obtained similar inconsistencies in the period; 
in a second experiment we measured the decay of the activity in the radio¬ 
active gas driven off from the target as described below, and in two 
experiments have found the half life to be 19 ± 2 minutes; in a third 
series of three experiments, we have measured the decay of the activity 
of the recoil nuclei collected on foils and found half lives of 19, 21-5, 
and 22-5 minutes respectively. 

These experiments are thus not conclusive in deciding whether more 
than one period of decay exists, and further work is required to clear up 
the uncertainty!. 

* ‘ Phys. Rev.,' vol. 45, p. 430 (1934). 

t [Note added in proof, November 13, 1934—-A more extensive series of Wilson 
Chambers photograph has recently shown that both positive and negative electrons 
are emitted from both after diplon bombardment, this new result explaining the 
uncertainty in the period.] 
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(ii) Absorption in Aluminium —The absorption curve in aluminiuh) is 
shown in fig. 2. The number of counts taken at different points of the 
curve varied from about 2000 for small absorbers to 150 for the maximum 
absorber used. Some uncertainty in the shape of the curve results from 
the doubt as to the exact decay period of the activity. It is clear, how¬ 
ever, that there is practically no horizontal part of the curve for small 
absorbers as with carbon, the number of counts dropping to half value 
in 0-04 gm/sa cm of aluminium as compared with 0-095 gm/sq cm 
for carbon activated by diplons, while the end point occurs at about 
two-thirds the absorber required for carbon. The maximum energy 
of the positrons is therefore of the order of 600 kV. 

(iii) The Recoil Energy of the Radioactive Nucleus— The experiments 
on the recoil energy of the radioactive nucleus have been repeated for 
boron bombarded by diplons. In these experiments we obtained from 
foils 1, 2, and 3, counts of 125, 50 and 4-6 per minute, the latter being 
the natural effect. 

The results show that the range of the radioactive nuclei again lies 
between 0 -75 and 1 -5 mm so that on the assumption that the nucleus is 
C 11 the energy would lie between 150 and 350 kV for nuclei incident 
normally on the foils. The decay of the activity on the foils was 
measured, values for the half life of 19, 21 and 22 minutes being found 
in three experiments. 

(iv) Liquefaction Experiments —The liquefaction experiments described 
for carbon were repeated using a target of boracic acid fused on to a copper 
disc, the target being heated in vacuo as before to drive off any radio¬ 
active gas. In these experiments it was found that with no refrigerant 
on the trap 50 counts per minute were obtained when the gas was com¬ 
pressed. In a second experiment with liquid air on the trap the number 
of counts for the same cfiplon current was reduced by a factor of between 
three and four; on removal of the liquid air the number of counts when 
corrected for decay at once increased by a factor of three, whilst a re¬ 
application of the liquid air condensed about half of the activity again. 

It seems clear therefore that the activity passes over in the form of a 
gas which is readily condensible by liquid air and is most probably 
carbon monoxide or carbon dioxide. These results are in general 
agreement with the conclusions of Lauritsen and Crane, loc. cit. 

(v) The Nature of the Transmutation —The experiments show that the 
production of the radioactive nucleus is associated with a strong recoil. 
It is natural therefore to assume that the reaction is 

S B 10 + x H a - 6 C U + * - 8 B u + e+ + «. 
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the expected energy release from Aston’s values for B 1# and B n being 
7-1 million volts, taking a neutron mass of 1-0080. Since the kinetic 
energy in the positron is less than 1 million volts, we should expect the 
recoil energy of the C 11 nucleus to lie between 480 kV and 300 kV, for 
recoil angles varying from 90° to 126° from the forward direction, values 
consistent with our experiments. 

(vi) The Absolute Yield of the Disintegration —The absolute yield of 
the disintegration was obtained for targets of boracic acid by the method 
used for carbon. We find that one radioactive nucleus is produced for 
approximately 2 X 10' J diplons of 550 kV energy. We should expect 
therefore that in a thick target of pure boron the absolute yield would be 
one in 4 x 10 s diplons. 

(vii) The Production of Artificial Radioactivity in Boron by Proton 
Bombardment —Lauritsen and Crane have reported* that they have 
produced delayed positron emission in boron oxide by bombardment 
with protons of 900 kV energy, and that the activity is about 20% of 
that observed with diplons under the same conditions. 

Before using magnetic analysis of our beam we were able to produce 
strong radioactivity in boron with ordinary hydrogen in our discharge 
tube. Since we introduced magnetic separation, however, the activity 
observed after proton bombardment was very considerably reduced and 
we now estimate that at 600 kV the activity produced is less than one 
four-hundredth of that produced by diplon bombardment. After one 
such experiment we bombarded the target with the mass 2 beam, keeping 
ordinary hydrogen in the discharge tube, and found that the activity 
produced increased for the same conditions by a factor of about 20, 
showing that diplogen used in previous experiments was still present in 
the discharge tube, presumably diffusing out of the steel walls of the 
tube. Thus unless magnetic analysis is used it is very possible to make 
errors in deciding whether a given reaction is due to proton or diplon 
bombardment, and it is possible that the relatively high yields reported 
by Lauritsen can be explained in this way, although their higher accelera¬ 
tion potentials may increase the ratio of the proton to diplon yield. 

5 The Production of Radioactivity in other Elements 

(i) Nitrogen Compounds —With a view to looking for radioactivity pro¬ 
duced by the bombardment of diplogen with diplons, we have bombarded 


* • Phys. Rev.,’ vol. 45, p. 497 (1934). 
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targets containing 10% heavy ammonium sulphate, (ND 4 )*S0 4 , with diplons 
and found that the target gave positron emission after bombardment, the 
activity decaying with a half life of about 3 minutes. We then replaced 
the (ND 4 ) 2 S0 4 target by a target of (NH 4 ) t S0 4 and after bombard¬ 
ment obtained a stronger source of positrons with a half life of about 
3 minutes. The experiment was then repeated with a target of NH 4 N0 3 
with similar results. Separate experiments with oxidized metal targets 
having provided no evidence of an activity with a half life of 3 minutes, 
we are left with nitrogen or some common impurity as the element 
responsible for the activity*. 

Should nitrogen be the element responsible it would seem most probable 
that the nuclear reaction 

,N 14 + jD 2 -*• 8 0 15 + n -* ,N 16 -f e+ + n 

takes place, the absolute yield in nitrogen gas being of the order of 1 in 
2x10® diplons, at a diplon energy of 550 kV. Further experiments are, 
however, required before more definite statements can be made. 

A repetition of the experiments using 550 kV protons resulted in a 
small activity of the order of 1% of that produced by an equal current of 
diplons. 

(ii) Other Elements —We have bombarded beryllium, aluminium and 
gold by 550 kV diplons and for each have found delayed positron emission 
with a period of about 11 minutes, about one radioactive nucleus being 
produced for 2 x 10'° diplons. This common period suggested at 
once that the results were due to contamination, and that the contaminant 
was probably carbon. We therefore bombarded the same elements 
with protons of the same energy and found that if a gold target was 
completely cleaned of grease by successive treatments with boiling 
caustic soda, ether, and distilled water, that no trace of activity was 
produced by proton bombardment, whereas 300 counts per minute 
were obtained when the target was cleaned in exactly the same way and 
bombarded by an equal current of diplons. We further tried the effect 
of wrapping up the gold target in thin foil to exclude the possibility of 
contamination by any oil vapour in the apparatus, but obtained no 
appreciable decrease in activity. 

The possibility that the effect could be produced by neutrons resulting 
from the reaction of the diplons with adsorbed diplogen was easily 

* Recent experiments by Livingston and McMillan (‘ Phys. Rev.,’ vol. 46, p. 437 
(1934)) on the bombardment of nitrogen gas by diplons have confirmed these results 
and have given a more accurate value for the period of 126 ± 5 secs. 
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tested, for then the target would be expected to be equally active on 
both faces. Actually we found no activity on the reverse side of the 
target. 

We have been able to drive off some of the activity from an aluminium 
target by heating, and have shown that it could be collected in a gaseous 
form, but the activity was too low to enable liquefaction experiments to- 
be made. Further experiments of this type may, however, help to 
determine the source of the contamination. 

We are indebted to Dr. R. B. Brode for assistance with the later part 
of the experiments. One of us (E. T. S. W.) has been in receipt of a Senior 
Research Award of the Department of Scientific and Industrial Research. 

We would finally express our thanks to Lord Rutherford for his con¬ 
stant interest and encouragement throughout this work. 

6 Summary 

Targets of boron, carbon and nitrogen compounds have b^gfi bom¬ 
barded by protons and diplons of energies up to 600 Boron is 
found to become radioactive with the emission of positrons after diplon 
bombardment, but not after proton bombardment. Different experi¬ 
ments have given values for the half life ranging from 18 to 25 minutes, 
although the probable error of a single experiment was of the order of 
1 minute. Carbon is found to emit positrons after both proton and diplon 
bombardment, the relative numbers at 550 kV being of the order of 1 to 10, 
the half life being 11 ± 1 minutes. Compounds containing nitrogen 
become radioactive after diplon bombardment, the half life being about 
3 minutes, although the experiments have not yet given a conclusive 
proof that the activity is due to nitrogen. Experiments are described 
in which the recoil of the radioactive nucleus is demonstrated; targetspof- 
boron and carbon have been heated to drive off the radioactive-i^ases 
formed, and experiments on the condensation of these gases'by low 
temperatures have been made. 
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Quantum Mechanical Effects in Reactions involving 

Hydrogen 

By Ronald P. Bell 

(Communicated by C. N. Himhelwood , F.R.S.—Received August 14, 1934) 

It has been shown in a previous paper* that classical mechanics are 
not adequate to treat the transition of a hydrogen atom or proton across 
an energy barrier of the dimensions commonly met with in chemical 
reactions. The treatment given was based on an exact solution of the 
Schrodinger equation and a type of potential curve having no discon¬ 
tinuities in slope, but owing to the laborious nature of the computations 
involved, no attempt was made to investigate quantitatively the effect 
of variations in the heat of activation, the width of the barrier, or the 
mass of the particle. The present paper describes an approximate 
treatment leading to simple equations which can be applied directly to 
investigate these points. 

In a recent paper, Wignerf has given a method of treatment applicable 
to any form of potential curve. His final equations are, however, only 
valid for the case in which the difference between the quantum mechanical 
and classical results can be expressed as a small correction term, and 
cannot be applied when there are large deviations from classical behaviour. 

The approximations introduced in the present treatment are twofold. 
In the first place the continuous potential curve is replaced by a segment 
of a parabola (curve A, fig. 1 a), so that there is a discontinuity of slope 
at the base of the curve. In the second place, instead of using an expres¬ 
sion for the permeability G of the barrier based upon an exact solution 
of the Schrodinger equation, we have put G = 1 for W > E, and used 
the expression _ 

G' = exp - p (V(x) - W y dx (1) 

n .'j-, 

* Bell, ‘ Proc. Roy. Soc.,’ A, vol. 139, p. 466 (1933). 
t ‘ Z. phys. Chem.,’ B, vol. 19, p. 203 (1933). 

VOL. CXLVIII.—A. (February, 1935) - R 
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for W < E, where 

W •— energy of particle 
m ■— mass of particle 

V (x) ~ potential energy of particle as a function of distance 
E maximum value of potential energy, i.e., height of barrier 
* 1 , x 2 ~ co-ordinates of the two points for which V (x) — 0. 

Equation (1) is based upon Jeffreys’ approximate solution of the 
Schrodinger equation* and is therefore inaccurate for small positive 
values of E — W, while the assumption that G 1 when W > E neglects 
the partial “ reflection ” of particles for small positive values of W — E. 
The use of the parabolic barrier may also be expected to give misleading 
results for very small values of W, since there is a discontinuity of slope 
at V (x) — 0. The effect of these approximations is best seen by actual 
calculation. 



(a) 


Fig. I 



If the base of the parabola is 2a, its equation is 

E — V (x) = . 

a 1 

so that equation (1) becomes 

. exD _ V2m (E - W) 
hV E 


( 2 ) 


( 3 ) 


Column (a) in Table I contains the values of G' calculated from this 
equation for different values of W, taking a — 5 x 10 _ », m 1 -66 x 10 _M , 

* * Proc. Lond. Math. Soc.,’ vol. 23, p. 428 (1924). 
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E — 1 X 10 12 . The other two columns refer to the potential curve 
used by Eckart* the equation of which is 


V (.v) = 


4E “ 

(1 + e’ r * /o ) z " 


(4) 


This function is drawn as curve B in fig. 1 a. The values of G in column 
{b) are obtained from equations (1) and (4), using graphical integration, 
while the values in column (c) are obtained from the exact solution given 


by Eckart. f 





Table 1. 


W v 10 13 

G (a) 

G (b) 

G(c) 

l 

1 *7 x 10 11 

4-4 x 10 11 

3-7 x 10~ u 

2 

3*0 x 10 10 

42 x 10 8 

3-5 :< 10 8 

3 

4-2 x 10 8 

1*4 x 10 7 

1-2 x 10- 7 

5 

3'5 x 10 8 

3*2 x 10 6 

2*6 x 10 0 

7 

8 0 X |0 4 

3*5 x 10 3 

2*8 x 10 8 

8 

4 0 x 10 8 

2*7 x 10 2 

2*1 x 10 2 

9 

60 x 10 2 

1-6 x 10 1 

1*2 x 10 1 

9-5 

2*5 x 10" 1 

4*2 X 10- 1 

2*7 x 10 1 

10 

10 

1 *0 

0*45 

11 

1*0 

1*0 

0*85 

12 

1*0 

1*0 

0*96 

13 

1 *0 

10 

0*99 


It is clear from the table that with the Eckart barrier the values obtained 
from equation (1) do not differ seriously from the exact values. Further, 
the Eckart barrier and the parabolic barrier are seen to lead to very 
similar results. It is thus quite justifiable to use the approximate treat¬ 
ment of a parabolic barrier} for predicting the general behaviour of 
such systems, especially in the absence of exact knowledge of the dimen¬ 
sions or shape of actual barriers. It should, however, be emphasized 
that a potential curve with discontinuities in slope at the top (e.g., a 
rectangular or wedge-shaped barrier) constitutes for the purpose in 
hand a very bad approximation to the type of curve actually met with, 
and that the presence of these discontinuities greatly enhances the dis¬ 
crepancy between equation (1) and the exact expression. 

It may be noted that equation (3) also represents the permeability of 
an unsymmetrical barrier composed of segments of two parabolas of 
height E and widths a + p and a — p, where p is any length less than a. 

* * Phys. Rev.,' vol. 35, p. 1303 (1930). 

t See Bell (loc. cit.). 

I It would, of course, be of interest to obtain the exact expression for the permeability 
of a parabolic barrier. This should be possible in terms of the parabolic cylinder 
function (see e.g., Whittaker and Watson, “ Modern Analysis,” p. 347). 
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A family of such barriers is shown in fig. 1 b. In this more general case, 
equation (1) becomes 


G' - exp 


47t \/2m 


f° _ |e - W - ■ dx 

(a + pfi 


V 

. 


K - W 




exp — 


2rcW2m(E- W) 
hVE 


(5) 


i.e., the same result as before. 

For the purpose of applying these equations to a chemical reaction, 
the system is envisaged as a stream of particles approaching the barrier 
from one side, the appearance of a particle on the other side of the barrier 
corresponding to the reaction of a molecule (or molecules). The total 
number of particles approaching the barrier in unit time (N 0 ) will depend 
on a collision rate or a rate of oscillation in the molecule. N 0 will 
vary only slowly with the temperature, and will be the same in the classical 
and the quantum mechanical pictures of the system. To obtain the 
number of particles passing the barrier (i.e., the number of molecules 
reacting) in unit time, N„ must be multiplied by a factor q, which is a 
function of the distribution of energy among the particles and of the 
properties of the barrier, and is different in the classical and quantum 
mechanical treatments of the system. As before, we shall assume that 
the distribution of energy among the particles is given by 


r/N _ 1 
N 0 TcT 


e- w '* T </W. 


( 6 ) 


This is strictly true only when the energy is expressible as two non- 
quantized square terms. The application of the same equation to 
vibrational and rotational energy involves a neglect of the existence of 
discrete energy levels (in particular the zero point energy), but will lead 
to approximately correct results if the temperature is not too low. The 
classical expression for q is then* 


9elwH 


1 

kT. 




(7) 


* Equations (7), (8), and (9) do not take into account the fact thatthe rate at which 
particles of energy W approach the barrier is proportional to No'v'W and not merely 
to N 0 . The effect of allowing for this is, approximately, to introduce a factor VVy/kT 
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The corresponding quantum mechanical expression is 


kT 


f 


Ge- w rr </W , 


or, using the approximate treatment described above, 

1 


q = e 


■ K/kT 


+ 


kT 


| C'e - w - 

Ju 


* T </W. 


Inserting the value of G' from equation (3), we have 

I_ 

l A VE 


9 - e“ B - w + 1 f 

kT Jo 


, .>p-i 2 ’-°v'2m(E-W) + Wj^ 


1 


where 


a = 


P~ « 

E a 2:r 2 a \' 2mE 

FT - 1 - 


{Pe - * __ ae , 


245 

( 8 ) 

(9) 


( 10 ) 


The particular advantage of employing a parabolic barrier lies in the 
fact that the expression for the permeability (3) contains W as a simple 
exponent, thus enabling (9) to be integrated directly. 

Another quantity of interest is the apparent heat of activation E', 
which is related to the temperature coefficient of q by the equation 


giving from (10) 


E' d\ogq 



E' _ _ d log q ^ p (P- «- l)e~° + e~* 
E dx p — # ’ fJe - * — xe~* 


(ID 


( 12 ) 


E' is also an approximate measure of the average energy of the particles 
passing the barrier. 

With the exception of a very narrow range of temperature, simplified 
forms of the above equations may be employed. Thus if er * > e~ $ 




P* “ 

P - «’ 



1 

p- «• 


(13) 


into the final expression for q, where W is’the average energy of the particles which 
cross the barrier. As will be seen later, W decreases with decreasing T, so that the 
correction to q is never very great. On the other hand, this factor must be allowed 
for in calculating q e \ m at very low temperatures. 
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while if e~* <; e 

cur* E' ^ p 
^ a. — [i 9 E a (a — (3)’ 

and in the special case a = (3 



Fia. 2 


(14) 

(15) 


Figs. 2 and 3 show the values of log 10 q and E'/E for the temperature 
range 0-673° K and various values of E and a. The curves marked I, 

II. III and IV refer to the following values:— 

I. m— 1 -66 x 10 -84 gm, E = I x 10" 18 ergs, 2a — 1 x 10 -8 cm 

II. m = 1 -66 x 10~ 84 gm, E = l x 10“ 18 ergs, 2a - 1 -5 x 10~ 8 cm 

III. m - 1 -66 x 10 84 gm, E--2x 10-« ergs, 2a = 1 x lO* 8 cm 

IV. m - 1 -66 x 10- 84 gm, E = 2 x 10~ 18 ergs, 2a = 1 *5 X 10 -8 cm 

f 

The dotted lines in fig. 2 are the values of log 10 q cllM% (equation (7)). Hie 
value of m is throughout that of the hydrogen atom, while the two values 
of E correspond to 13,000 and 26,000 calories per gram molecule respec- 
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tively. It is more difficult to give an exact interpretation of the value of a. 
However, the width of the barrier must obviously lie between 2 a and 4a, 
and if the actual potential barrier is represented by the dotted line in 
fig. 1 a, then the width of the barrier is 3 a, giving 1 - 5 A. and 2-25 A. as 
the two widths investigated. 

Without attaching much weight to the exact numerical values repre¬ 
sented by these curves, they may reasonably be expected to give a 
semi-quantitative picture of the extent to which actual systems will 
deviate from classical behaviour, and of the effect of the values of E and a 

10 


08 


0-6 

r 

0-4 


0-2 


u 200 400 600 

r 

Fjo. 3 

on these deviations. The following points may be expected to appear in 
experimental results:— 

(a) The apparent heat of activation, E', will vary with the temperature, 
and at very low temperatures the reaction velocity will reach an 
almost constant value. 

(b) If it is possible to calculate the height of the barrier, E, from 
theoretical considerations, the value obtained will be greater than 
E' as calculated from the temperature coefficient. 

(c) The observed value of q will be equal to neither e~ vn nor c- K /tT ; 
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for bimolecular reactions this may lead to discrepancies between 
the observed reaction rate and the rate calculated by classical 
formula: from the collision number and E or E'.* 

It is clear from figs. 2 and 3 that these effects should be easily observable 
without going to very low temperatures. In the most unfavourable case 
(II) the deviations are very great at liquid air temperatures, and in the 
other cases investigated the effects should be detectable above 0° C. It 
would be of great interest to obtain experimental data on the velocities 
of reactions involving hydrogen at low temperatures. 

A note is necessary as to the exact significance of m. If a change in 
the configuration of a system of particles is to be represented by the 
motion of a mass-point in a potential energy diagram, the mass of this 
point can only be identified with the mass of one of the particles if all 
the other particles concerned may be regarded as having infinite masses. 
The calculations given above apply strictly only to this limiting case, but 
will be applicable without much error to transitions of hydrogen nuclei 
when all the other nuclei concerned are more than ten times as heavy. 
If the transition involves the simultaneous movement of particles of 
comparable masses (as e.g., in the transformation of ortho to para- 
hydrogen), the transitions can no longer be represented (from the point 
of view of quantum mechanics) by the movement of one of the particles 
in a potential field. 

The effect of the mass m on the value of q is of special interest in con¬ 
nection with the reaction velocity of isotopes, in particular the isotopes 
of hydrogen. There are, of course, two other factors which will lead to 
differences in the reaction velocities of two isotopes. In the first place 
the difference of mass will cause differences of translational or vibrational 
velocity which will lead to a small factor favouring the reaction of the 
lighter isotope. This factor is independent of temperature and has (for 
the two isotopes of hydrogen) a maximum value of V2. In the second 
place there may be differences in zero point energy in both the initial and 
the activated states. As pointed out by Polanyif this may favour the 
reaction of either the light or the heavy isotope, according to the 
magnitudes of the zero point energies in these states. The effect of the 
mass on the permeability of the potential barrier (/.*., the variation of 

* If E and E' differ very little, equation (13) gives q ~ *-ev*t but this is not so with 
the general equation given by Wigner (loc. cit.), which is probably more accurate for 
calculating small deviations from classical behaviour. 

t * Proc. Roy. Soc.,’ A, vol. 144, p. 15 p. 1934. Cf. also Bawn and Ogden, * Trans. 
Faraday Soc.,’ vol. 30, p. 1 (1934). 
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q with m) will be superimposed upon the other two effects, and will 
always favour the reaction of the lighter isotope. 

Fig. 4 shows the value of log 10 q u /q n (from equations (10), (13), (14) 
and (15)) plotted against T for each of the types of barrier previously 
described. It is clear that this effect alone will account for very large 
differences between the kinetic behaviour of hydrogen and deuterium, 
and that at fairly low temperatures the permeability effect may be much 
more important than the difference in zero point energies. Similar 
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results have recently been obtained by Bawn and Ogden {loc. cit.), on 
the basis of the Ecicart potential barrier (equation (4)). 

Summary 

Expressions are deduced for the permeability of a parabolic potential 
barrier to a stream of particles with Maxwellian energy distribution. 
Figures are given illustrating the application of these expressions to 
barriers of various dimensions. It is shown that if the barrier has 
dimensions of the order of magnitude met with in chemical reactions, 
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then the system will deviate considerably from classical behaviour at 
easily attainable temperatures, provided that the particle is a hydrogen 
atom or proton. The effect of the mass of the particle is also investigated, 
with special reference to the behaviour of the two isotopes of hydrogen. 
It is shown that even in the absence of differences of zero point energy, 
the effect of the mass on the permeability may lead to large differences 
in the kinetic behaviour of hydrogen and deuterium. 


The Potential Functions of Polyatomic Molecules 

By G. B. B. M. Sutherland, Pembroke College, Cambridge, and 
D. M. Dennison, University of Michigan, U.S.A. 

{Communicated by J. E. Lennard-Jones, F.R.S.—Received August 14, 

1934) 

Introduction 

A polyatomic molecule may be considered as a system of heavy nuclei, 
the relative motions of which are strictly limited by a particular potential 
energy function. To a high order of approximation the motion consists 
of a series of harmonic vibrations, whose amplitudes are small in com¬ 
parison with the dimensions of the system. Certain of the spectroscopic 
frequencies (infra-red and Raman) may be identified with the normal 
frequencies of vibration, which frequencies may readily be computed, 
provided the geometric form of the molecule and its potential energy 
function are known. Unfortunately it is very difficult to derive the 
potential energy function from purely theoretical considerations although 
some progress has been made in this direction, notably for H 2 0.f It 
would appear that the converse problem of determining the potential 
energy from the experimentally known normal frequencies would be 
comparatively simple. This, however, is not usually the case, since in 
general the potential function contains more parameters than there 
are frequencies. Thus the molecule YX a has three normal modes of 
vibration, but its potential function depends on four constants; the 
molecule YX S has four frequencies, which are functions of six constants, 
and so on. 

t Van Vleck and Cross, ‘ J. Chem. Phys.,’ vol. 1, p. 357 (1933). 
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Many attempts have been made to obviate this difficulty by choosing 
a plausible form for the potential function.f For example, it has been 
assumed that the forces are of a central character and depend only on 
the distances between pairs of nuclei, or that the forces are of a valence 
type. None of these attempts have been very successful, and central 
forces in particular are quite inadequate to describe a polyatomic mole¬ 
cule. In the present article we shall consider the potential functions of 
molecules containing the group CH 2 or CH 3 . These groups will be 
characterized by general potential functions containing four and six 
constants respectively. It will be assumed that the potential function is 
independent of the molecule in which the group lies. The consistency 
of our results will furnish a means of testing this assumption. The 
molecules which we shall treat (e.g., H 2 C—CH 2 ) are composed of groups 
which are placed linearly along an axis. We shall further assume that 
the potential describing the interaction between groups depends only 
upon the distance between the two neighbouring atoms of the groups. 
This is, of course, an approximation, but the results deduced from it are 
in sufficient agreement with experimental data to indicate that it is a 
surprisingly good one. 

Moreover, the assumption that the potential function depends only 
on the distances between neighbouring atoms has already been applied 
with considerable success to the two linear molecules C0 2 and HCCH. 
For carbon dioxide the assumption leads to the following relation between 
the inactive^ frequency vj and the other parallel frequency v 3 


v 


3 / V 1 


2m + M 
M 


0 ) 


where M and m are the masses of C and O atoms respectively. Sub¬ 
stituting the experimental values of the frequencies we obtain 3 -2 for 
the left-hand side of the equation as opposed to 3-7 for the mass ratio 
of the right. Clearly in CO a there must be an appreciable interaction 
between the two non-neighbouring O atoms of which account must be 
taken in any more exact theory.jj The assumption of a potential depend¬ 
ing upon neighbouring atoms appears to be much more exactly fulfilled 
for acetylene as well as for the molecules treated in this paper. It may 


t Bjerrum, ‘ Verh. deuts. phys. Ges.,’ vol. 16, p. 737 (1914) ; Dennison, ‘ Phil. 
Mag.,’ vol. 1, p. 195 (1926) ; Yates, ' Phys. Rev.,’ vol. 36, p. 555 (1930) ; Mecke, 
‘Z. phys. Chem.,’ B, vol. 16, pp. 409, 421 ; also vol. 17, p. 1 (1932) and several 
other authors. 

X The words “ active ” and “ inactive ” as used throughout this paper refer to 
frequencies being active and inactive in infra-red absorption. 

§ Adel and Dennison, ‘ Phys. Rev.,’ vol. 43. p. 716 (1933) ; vol. 44, p. 99 (1933). 
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readily be shown that the three parallel frequencies v l5 v s , v i( of which 
v s is the active one are related by the equation 


vVV --= 



( 2 ) 


where M and m are the masses of a carbon and a hydrogen atom respec¬ 
tively. Substitution of the observed frequencies gives 1 -052 for the left- 
hand side of the equation and 1 049 for the right. The equations from 
which (2) was derived yield the following relations between the force 
constants k x and k 2 characteristic of the single and triple bonds C—H 
and CEC and the frequencies vj, v 2 , v 3 ; 

k '~nT+M 35 k * - 2 V-’ (3) 

We thus obtain as numerical values of the constants 


k-i = 5-88 x 10 5 dynes/cm, 

A '2 = 15-71 x 10 5 dynes /cm. 

It will be noticed that in the two examples cited the relations deduced 
concern only the parallel frequencies (i.e., those frequencies which 
correspond to motions of the atoms along the axis of the molecule). 
So far the attempts we have made to treat the perpendicular frequencies 
in a similar manner have not been entirely successful and we shall here 
confine ourselves to vibrations of the parallel type. We hope to show 
to what extent the above-mentioned assumptions are valid for the treat¬ 
ment of such vibrations, viz., that the potential function of a CH 2 or 
CH 3 group is independent of the molecule in which it finds itself, and 
that the potential function between such groups depends only on the 
neighbouring atoms of the groups. Finally we hope to derive numerical 
values for the potential constants and by comparing them with those 
deduced from diatomic spectra to indicate their possible structural 
importance. 


Ethylene 

The structure of the ethylene molecule is indicated diagratnmatically 
in fig. 1. This plane symmetrical structure appears to be in accord 
with all the chemical, spectroscopic,f and quantum-mechanical^ evidence 

t Mecke, ‘ Z. phys. Chcm.,’ B, vol. 17, p. 1 (1932). 

} Penney,* Proc. Roy. Soc.,’ A, vol. 144, p. 166 (1934). 
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which is at present available. The normal vibrations of the system are 
twelve in number and are shown in fig. 2. These vibrations may be 
divided into a number of symmetry classes,f which will be characterized 
by the behaviour (even or odd) of the normal co-ordinates (or wave- 
functions) upon reflection of the molecule in the three co-ordinate planes 
whose origin is at the centre of mass of the system. Thus frequencies 
v t and v 3 belong to one class ; v 2 , v 4 , and v 8 to another; v 5 and v„ to 
another ; v 6 and v 10 to another; while v 7 , v u , and v la each belong to 
separate classes. The symmetry of the molecule is such that both the 
kinetic and potential energy functions must be even upon reflection in 
all three of the co-ordinate planes. It follows that the original twelfth 
order determinant which gives the normal frequencies will split into seven 
determinants} of order 2, 3, 2, 2, 1, 1, and 1 corresponding to the sym¬ 
metry characters of the associated motions. 



The parallel frequencies, in which we shall be chiefly interested, are 
vj, v a , v 3 , v 4 , and v 8 and it is most convenient to treat them together 
although we might have divided them into the groups v,, v 3 and v 2 , v 4 , v g . 
The following five co-ordinates are adequate to describe the motions.!) 

x 0 — the relative displacement of the two carbon atoms Q and C 8 
from their equilibrium position. 

= the relative displacement of Q and A, the centre of gravity of 
the two hydrogen atoms H x and H a . 

t Placzek, ‘ Leipziger Vortrage,’ p. 71 (1931). 

{ This conclusion may also be justified by showing that neither the kinetic nor 
potential energy expressions contain any cross product terms between the co-ordinates 
which describe motions having different symmetry characters. 

§ In order to choose a set of co-ordinates which will most conveniently describe 
a number of normal vibrations, it is essential that the general character of the vibrations 
be known. The latter can be deduced by the method of extreme force fields, cf. 
Dennison, ‘ Rev. Mod. Phys.,’ vol. 3, p. 280 (1931). 
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a' a — the relative displacement of C 8 and B, the centre of gravity of 
the two hydrogen atoms H 3 and H 4 . 

q x == the relative displacement of Hi and H 2 from their equilibrium 
position. 

q 2 — the relative displacement of H 3 and H 4 from their equilibrium 
position. 



Fig. 2—The normal vibrations of ethylene. 


The kinetic energy corresponding to these five vibrations may readily 
be computed since the motions may be decomposed into two parts. 
There is the motion of the hydrogen nuclei perpendicular to the molecular 
axis; this gives a contribution of m (q 2 + q 2 2 ). Secondly, there is the 
motion of all the nuclei along the axis, which is precisely that of four 
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mass points along a line, where the masses are in order 2m, M, M, and 
2m. Here M and m represent the mass of a carbon and a hydrogen 
atom respectively. The kinetic energies of these two motions are 
additive since the displacements are perpendicular to one another so we 
obtain 


m/ 2 


- <M ± m W + *,*>+1 w + ?,-)+*.■ 


2m + M 


2m 


+ 2x 0 (x 1 + .x 2 ) + 


4 m 

2^+M XlX \ 


The most general potential function for one of the CH 2 groups for a 
motion of the type being considered will contain three constants and 
will have the form 


V I H , - ; ± (ax? + hq? + 2dx i q t ). 


We now make the assumption that the potential energy between the two 
CHjj groups will depend only upon the distance between the two carbon 
nuclei, viz., that it is equal to £cx 0 2 . The complete potential function 
is then 

V = £ {a (x? + x 8 2 ) + b (q? + q?) + cx? + 2d (x x q x + x 2 q z )}. 

The determinant whose roots X are proportional to the squares of the 
normal frequencies (X — 47r 1 v 8 ) may now be written out. As indicated 
earlier, it factorizes into a second and a third order determinant. The 
first of these yields the following quadratic equation for the frequencies 
vj and v 3 . 

m 2 X 8 - ( ? 2 L± M a + 2b) mX + 2/w t M (ab d 2 ) = 0. 

\ 2M / M 


Similarly the third order determinant gives a cubic for v„, v 4 , and v 8 , 
which we may write as 


a AU\ 2m + M 


+ m c (a + 4b) + 


(ab — d 2 ) j (mX) 
2 me 


M 


(ab - d 2 ) = 0. 


Using the well-known relations between the roots and coefficients of an 
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equation we obtain the relations between the frequencies and the potential 
constants in a form convenient for computation, viz., 

m 2 X a X 3 = (ab - d») N 

m (h + X 3 ) = a + 26 

w 3 a 2 X 4 a 8 ^ — (a6 tf 2 ) ) . (4) 

m 2 (X 2 X 4 + X 4 Xg -f Vs) = ~ c (a + 46) + ( ab - «P) 

, i , . v 2m + M , . 2m 

m (Xg + A, 4 X 8 ) ^ - T m a H- 26 + M C 


Since V contains but four constants there must exist a relation between 
the five frequencies. It is readily seen to bef 


vj 2 4 


M + 2m v^vA 2 


M 


v,‘v 


+ v 4 2 + v H : 


1 v 3 


(5) 


Although there is still considerable uncertainty regarding the assignment 
of all of the twelve frequencies of ethylene there is fortunately little doubt 
as to the numerical values to be attached to v ls v 2 , v 3 , v 4 , and v 8 . From 
the infra-red and Raman spectra % we obtain 


v x - 2988 cm -1 v 3 =. 1444 cm' 1 

v a = 3019 cm 1 v 4 - 1623 cm -1 

v 8 — 1342 cm 1 


Substituting these numbers in equation (5) we find 13-73 x 10 5 for the 
left-hand .side and 13-55 x 10' for the right-hand side. It thus appears 
from this test of self-consistency that the assumptions concerning the 
potential function are justified. 

t This relation may also be deduced from the equations of Mecke (‘ Z. phys. Chem.,’ 
B, vol. 17, p. 1 (1932)), but the above derivation seems more straightforward since 
it rests on more general assumptions. It has also been used in an analysis of the 
corresponding frequencies in N,0 4 (Sutherland, ‘Proc. Roy. Soc.,’ A, vol. 141, 
p. 342 (1933)). 

{ Levin and Meyer, ‘J. Opt. Soc. Amer.,’ vol. 16, p. 137 (1928) ; Dickinson, 
Dillon, and Rassetti, ‘ Phys. Rev.,’ vol. 34, p. 582 (1929) ; these data have been 
analysed by Mecke, ‘ Z. phys. Chem.,’ B, vol. 17, p. 1 (1932). We prefer to inter¬ 
change Mecke’s assignments of v 4 and v„ but this is immaterial for the present work. 
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We may now proceed to compute the potential constants. In order 
to do this it is first necessary to have the relation (5) exactly fulfilled, 
for otherwise the equations (4) will not yield unique values for them. 
We accordingly adjust the experimental values of the frequencies to 
satisfy (5) by substituting 

v i* = v i (1 + <*i), v 2 * = v 2 (1 + S B ), etc. 

into (5) and determining the S’s so that the sum of their squares shall be 
a minimum. The following values are obtained. 

v 4 * 2968 cm- 1 v 3 * .« 1444 cm” 1 

v 2 * = 3039 cm _1 v 4 * = 1623 cm 1 v 8 * 1342 cm -1 . 

Employing these frequencies in the equations (4) we arrive at values for 
a, b , c, and d, as follows:— 

n- 7-59 x 10 5 dynes/cm b = 1 -00 x 10 5 dynes/cm 

c — 9 -79 x 10 5 dynes/cm d — ± 1 -46 x 10 5 dynes/cm. 

It might be urged that the values of the constants obtained from these 
“ artificial ” frequencies are of little value, but we shall show that this is 
not so by determining the sensitivity of the constants to small changes 
in the frequencies. To do this we substitute v,= v x * (1 + £j), etc., 
into equations (4) and retain only terms linear in the e’s. We assume that 
v x , v 2 , etc., satisfy (5) and employ the resulting relation between the e’s 
to eliminate e x . We thus obtain finally 

a = (7-587 + 14-8 e 2 - 8-9 - 13 -0 e 4 + 23 -6 e 8 ) x 10 s 

b = (1 -003 + 1 -2 e 2 + 4-7 e s + 3-6 e 4 - 7-7 s g ) X 10 s 
c- = (9-79 - 1 -4 e 2 - 22-2 e 3 + 19-2 s 4 + 23-2 e 8 ) x 10* 
d = ± (1-46 + 3-6 e 2 + 4-1 e, + 4-3 e 4 - 9-5 e 8 ) x 10 5 

It therefore appears that an arbitrary variation in the frequencies 
of 1% will produce an average change in a, b, c, and d of 5, 9, 4, and 8% 
respectively. This means that although the force constants are not 
determined with a high degree of accuracy they are still very good approxi¬ 
mations.! 

The CH S group possesses four potential constants, of which three 
(a, b, and d) have been determined. The remaining constant depends 

t It should be noted that the alterations required in the observed frequencies to 
give consistency were of the order of 2/3%, so that the potential constants are prob¬ 
ably correct to about 3%. 
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upon the frequency v 3 of the YX a molecule, in which the Y atom vibrates 
perpendicular to the symmetry line. We cannot determine this accurately 
from the ethylene spectrum, but we may estimate it. The two ethylene 
frequencies v 6 and v s correspond to the in and out of phase motions of 
two such vibrations and the amount by which they differ will be a measure 
of the interaction between them. The infra-red and Raman spectra 
yield the values 3107 cm 1 and 3256 cm -1 for v 5 and v fl . It seems prob¬ 
able that there would be considerably less interaction in the vibration v, 
than in v a and consequently we estimate that v 3 for the CH a group must 
lie at about 3000 cm -1 . Our analysis of the ethylene spectrum thus 
leads us to the following values for the three normal frequencies of CH a . 

v x — 2968 cnr 1 v a — 1444 cm -1 v 3 ~ 3000 cm l . 

Van Vleck and Cross (loc. cit .) have recently evaluated the constants 
in the potential function for the vibrations of the H.O by purely theo¬ 
retical methods, using the Slater-Pauling theory of directed valency supple¬ 
mented by data from the band spectrum of the OH molecule, and have 
obtained good agreement between their theoretical and the observed 
frequencies. It is interesting to compare their results with ours, and to 
correlate the constants in the potential function they have employed 
with the constants we have just evaluated for the CH a group. They 
give their potential function in terms of r x , r a , the distances from the O 
atom to each H atom, and y the angle between the two OH bonds, 
viz., 

V = * (( Ar,) 2 + (Ar a ) 2 ) + 2k 3 r 0 *(Ayf + 2k 12 Ar x Ar a 

+ 2V2k 13 r 0 Ay (Ar x + Ar a )}. 


The relations of the constants k u k a , k lit and k n to the constants a, b, 
and d may readily be deduced in terms of y 0 the equilibrium angle between 
the similar bonds and v a the unsymmetrical frequency. We find that 


2 (k x + k lt ) = a cos 2 y 0 /2 + 4 b sin 2 Yo/2 + 2d sin Yo 
2 k 3 = a/4 sin 2 y 0 /2 4- b cos 2 y 0 /2 — d/2 sin Yo 

W2k ia — sin Yo + 2 d cos Yo 


k x -k 


12 


12 


13 — cos Yo 


x 4rc 2 v a 2 m. 


We shall assume Yo = 110°, the value found by Dieke and Kistia- 
kowsky for formaldehyde: our work fixes the value of d but not its 
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sign. We therefore obtain two sets of values for the A:’s according as 
we use the positive or the negative value of d. Table I illustrates the 


Table I 


CH„ group 


d-- + 1 -46 

k y 4-372 

k> 0-458 

k lt ~0-404 

k it -0-474 


- H.O 

d= - 1-46 


2*974 

6*96 

1145 

0*379 

-1*802 

0*165 

0*120 

0*04 


comparison, and remembering that for purely valence bonds k 12 = Ar 13 =0, 
it seems more probable that the positive value for d should be chosen. 
The uncertainty in the k's is, of course, somewhat greater than the un¬ 
certainty in the values for a, b, and d since in deriving the former we have 
had to use v 3 and y 0 , neither of which is precisely known. 



Fio. 3—The normal vibrations of formaldehyde. 


Formaldehyde 

The form of the formaldehyde molecule seems to be well established 
both from chemical and from spectroscopicf evidence. It consists of 
a CH a group symmetrically joined to an oxygen atom. The six normal 
modes of vibration are indicated in fig. 3. The Hamiltonian function 

t ‘ Phys. Rev.,’ vol. 45, p. 4 (1934). 
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remains unchanged upon reflection of the molecule in two of the co 
ordinate planes, and following the reasoning employed for ethylene, it 
is to be expected that the vibrations will divide (according to their sym¬ 
metry properties) into three groups, which may be treated independently, 
viz., (vj, v2, v 4 ), (v 3 , v 5 ), and v fi . We shall consider only the group of 
parallel vibrations v x , v a , and v 4 . 

The kinetic energy may readily be computed as a function of M x , M a . 
and m, which denote respectively the mass of an oxygen, a carbon, and 
a hydrogen atom. Thus, 

T = ~ , M, ■ M, (M, (M, + 2m) if + (M, + M.) V 

where + ™ <7 2 - 

x„ the relative displacement of the oxygen and carbon atoms along 
OC, 

A' x = the displacement of the carbon atom along OC, relative to the 
centre of gravity of the hydrogen atoms, 
q = the relative displacement of the two hydrogen atoms. 


We shall assume that the potential energy consists of the potential 
energy of a CH 2 group plus a term depending upon the distance between 
the oxygen and carbon atoms. Thus, 

V = i (cx 0 2 + axS + bq 2 + 2dx t q}. 

The constants a , b, and d are to be identified with the a, b, and d constants 
of ethylene. The exactness with which our subsequent numerical tests 
are fulfilled will be a measure of the extent to which we may consider 
the CH 2 group to be the same entity in CH 2 0 as in C 2 H 4 . 

The determinantal equation yields the following relations between 
the normal frequencies (2ttv,.) 2 = \ and the potential constants 


^ (M > + ^ (ab - d*) c 

MljM 2 

m 2 (W + X 2 X 4 + X 4 X x ) = (ab - d 2 ) 

M2 

-I- c + M„ +2 m) , 2m (M x + M 2 ) . 

T \ 2M X M S ^ M x M 2 

«(>,+ >.+ X)- + 2b + M^ c 
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It is not practicable to enter into the problem of the correct assignment 
of the fundamental frequencies of formaldehyde at this point. The 
data,f while by no means as complete as one would desire, make it 
practically certain that the three frequencies v 2 , v 2 , and v 4 have the values 
2974 cm 1 , 1503 cm -1 , and 1744 cm~ J respectively. Equations (6), three 
in number, are not sufficient to fix uniquely the four constants a , b, c, 
and d and thus to allow of a direct comparison with the ethylene con¬ 
stants. What we do then is to substitute the values of the ethylene 
constants into the equations (6), in which case each equation yields an 
independent value for c. The three values obtained for c are (in order) 
14-52, 14-00, and 13-16 x 10 8 dynes respectively. The fact that these 
values for c are nearly the same shows that our assumption regarding 
the identity of the CH 2 group in CH 2 0 and C 2 H 4 is a very good approxi¬ 
mation. 

The fact that equations (6) are not quite consistent when we use the 
values of the ethylene constants may be overcome in one of two ways. 
By increasing the complexity of the form of the potential function, i.e., 
by adding terms involving cross products between x 0 and x 4 and q , we 
might make the equations consistent. A second method would be to 
assume that the constants of the CH 2 group are indeed slightly dependent 
upon the molecule in which the group occurs. An infinite number of 
values of a, b, and d would make the equations consistent, but we shall 
investigate that variation which will make the sum of the squares of the 
percentage changes of the constants a minimum. It turns out that this 
may be accomplished by increasing b by 5 -4% and decreasing a and d 
by 3-3 and 7-1% respectively. With this change the equations each 
yield the value c =- 13 -45 x 10> dynes/cm, which we shall take to be the 
force constant between C and O in formaldehyde. It thus appears 
that the frequencies of the ethylene and formaldehyde molecules may be 
correlated very satisfactorily by assuming that the force constants of the 
CH 2 group change by amounts of the order of 5% in going from one 
molecule to the other. Although this is within the range of accuracy 
with which the constants were originally determined, we feel that this 
change is real rather than merely apparent. 

Many observations have been made of the Raman and infra-red 
spectra of a series of compounds, each of which contains some group 
such as the CH 2 group. It is always found that certain frequencies 
persist throughout the series. Our results are entirely in harmony with 

t Mecke, ‘ Leipziger Vortrttge,’ p. 23 (1931), and H. H.Nielsen, * Phys. Rev.,’ vol. 46, 
p. 117(1934). 
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these observations. We found that the CH* group (as determined from 
C 2 H 4 ) had two parallel frequencies at 2968 cm -1 and 1444 cm -1 , while 
the perpendicular frequency lay at about 3000 cm 1 . As we have remarked, 
the formaldehyde spectrum contains parallel frequencies at 2974 cm' 1 
and 1503 cm 1 . The perpendicular frequency v 3 of formaldehyde appears 
in the infra-red spectrumf at 2874 cm ’. 


Ethane 

It is well known from chemical evidence that the ethane molecule 
consists of two CH 3 groups linked together through the carbon atoms 
thus: H 3 C—CH 3 . If now we can determine those fundamental fre¬ 
quencies which involve only vibrations parallel to the symmetry axis 
of the molecule, it should be possible to evaluate the constants in that part 
of the potential function which pertains to such motions. The normal 
modes of vibration of the ethane molecule may best be understood by 
building them up out of the vibrations of two CH 3 groups. Each of 
the groups has four fundamental frequencies (cf NH 3 ), of which two are 
single and parallel to the symmetry axis of the molecule and two are 
double and perpendicular to this axis. It follows that when these are 
linked together eight frequencies will result of which four will be single 
and parallel to the symmetry axis and four will be double and per¬ 
pendicular to the axis. Again, treating the relative motions of two CH* 
groups considered as separate units, it is clear that another four fre¬ 
quencies will result, viz., a single vibration parallel to the symmetry 
axis, two double vibrations perpendicular to the axis, and a single vibra¬ 
tion of the two groups relative to each other about the symmetry axis. 
This last has been shown to be practically a pure rotation at room 
temperatures. J Thus out of the 18 possible modes of vibration of the 
ethane molecule only five are parallel to the symmetry axis. It is those 
five frequencies which are roughly illustrated in fig. 4 that we now proceed 
to consider. 

For the corresponding displacement co-ordinates we choose, 

x 0 — relative displacement along QCj of the two carbon atoms, 

Xi — relative displacement along QQ of the carbon atom C t and the 
centre of gravity G x of the three hydrogen atoms H 1( H a , H # , 

t See footnote, p. 261. 

t Eyring, ‘ J. Amer. Chem. Soc.,’ vol. 54, p. 3191 (1932) ; Penney, ‘Proc. Phys. 
Soc.,’ vol. 46, p. 333 (1934). 
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x a — relative displacement along C X C 2 of the carbon atom C„ and 
the centre of gravity G a of the three hydrogen atoms H 4 , H 6 , 
H*, 

qx = the displacement of the hydrogen atoms H x , H 2 , H s from their 
equilibrium position along lines perpendicular to the symmetry 
axis, 

q 2 = the displacement of the hydrogen atoms H 4 , H 6 , H 6 from their 
equilibrium position along lines perpendicular to the symmetry 
axis. 



Fig. 4—The parallel vibrations of ethane. 


The motions of the hydrogen atoms in these vibrations are such that 
they always remain on the circumference of a circle perpendicular to, 
and with its centre on the symmetry axis, and so we only require one 
co-ordinate to specify the motion of each group of three. From analogy 
with the ethylene case we may at once write down the kinetic and potential 
energies as, 


T = i + Xii) + "" 2~ M X * + 3m (q * + ^* 2) 


+ 3mx 0 (x x + Xa) + —.. ^ ..- ^ XiXaJ , 


V = i {fl (x x * + x a *) + b {qx 2 + q<?) + cx 0 * + 2 d (x x ? x + x^j,)}. 
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As before, the determinant which yields the normal frequencies 
factorizes into two determinants, one of third, and one of second order. 
The five frequencies are given as functions of the four constants a , b, 
c, and d, and by elimination we obtain the following relation, 


+ v 3 2 + 


M 4 - 3 m v 2 2 v 4 2 v * 


M 


a v 4 

hW 


+ v « 2 + V .. 


(7) 


The problem of assigning uniquely the twelve independent frequencies 
of ethane has not been completely solved, but it is possible from the 
available dataf to determine the five parallel frequencies with a fair 
degree of accuracy. Their values are : 


= 2895 cm -1 v 2 = 2950 cm~ x v 3 = 1380 cm -1 
v 4 — 1460 cm 1 v 8 — 990 cm 1 

Upon substitution in (7) we obtain 11-81 for the right-hand side and 
11-71 for the left. This excellent agreement appears to afford a strong 
argument for our choice of the normal frequencies as well as for the 
assumed form of the potential function. 

The relations giving the potential constants as a function of the fre¬ 
quencies may be obtained very easily by replacing m by 3 12m, b by 6/4, 
and d by dj 2 in the equations (4) for ethylene. The relations deduced are, 
however, not self-consistent unless (7) is satisfied. We again therefore 
seek values of the frequencies which shall differ (in percentage) as little as 
possible from the observed frequencies, but which will satisfy (7). They 
are: 

v t * = 2905 cm- 1 v 2 * = 2939 cm 1 v 3 * = 1380 cm- 1 

V 4 * = 1460 cm -1 v 8 * = 990 cm -1 . 


Using these frequencies we arrive at the following values for the potential 
constants, 

a - 8 -24 x 10 6 dynes/cm, 
b = 8-01 x 10® dynes/cm, 
c — 4-96 x 10 6 dynes/cm, 
d— ± 5-07 x 10® dynes/cm. 

The accuracy with which these constants have been determined is of 
the same order as that for the potential constants of ethylene. It may 
be remarked that it appears from a study of the equations that certain 

t Levin and Meyer, he. cit .; Daure, * Ann. Phys., Paris,’ vol. 12, p. 375 (1929). 
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combinations of the constants, viz., ab — d\ 5/4a 4~ b, and c are relatively 
insensitive to small changes in the frequencies. The constant c is 
characteristic of the C—C binding in ethane, while a, b , and d determine 
the potential function of the CH a group in ethane. We shall proceed to 
show that the latter do not differ markedly from those of the CH a group 
in other compounds. 

The Methyl Halides 

The methyl halide molecule has the form illustrated in fig. 5 and may 
be described as a CH S group which is symmetrically linked through the 
carbon atom to a halogen atom. There are six independent normal 
frequencies to be associated with this model, of which three are parallel 
to the symmetry axis, viz., v x , v 3 , and v 6 . We shall consider the parallel 


x 



^3 ^5 

Fio. 5—The parallel vibrations of CH 3 X 


vibrations only. It is clear that these are analogous to the vibrations 
Vj, v 2 , v 4 of formaldehyde and that the kinetic and potential energies 
associated with them are : 

T « — * . {M x (M 2 + ym) Y 0 2 + 3 m (M, + M 2 ) V 

2 (M a + M 2 -t 3 m) 

+ + Imq* 

V = \ {ex,? 4- ax^ + bg * 4- 2 dxtf}. 

Here M 1# M 2> and m refer to the masses of a halogen, a carbon and a 
hydrogen atom respectively, while 

x 0 is the change of distance between the halogen and carbon atoms, 

Xx is the change of distance between the carbon atom and the centre of 
gravity of the hydrogen atoms, 

q is the displacement of each hydrogen relative and normal to the 
symmetry axis. 

The constant c represents the binding force between the halogen atom 
and the carbon atom, while a, b, and d are the potential constants of the 
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CH 3 group. Our assumption regarding the potential function would 
imply that the latter should be nearly the same for all the methyl halides 
and approximately equal to the corresponding constants in ethane. 

The determinantal equation gives the following relations between the 

normal frequencies ( v< — ~ V\) anc * the potential constants. 


m 


3> > > m (Mi + Mg + 3m) / . _ j 2 \ c 
Ws - 9M^ {ah d)C 


nr 


n 7 l>? , t ? 7 f(Mx+M 2 4-3/n) . (M,+M a ) A 

(^3+W-x^) -< [ 3 m7m7"' + 3MjM 2 mb \ 

M a + 3m 


+ 


9M, 


(ab - d*) 


+ X 3 + \) - i 


3M 


M x M 2 


• ( 8 ) 


The fundamental frequencies of the methyl halide molecules as determined 
from infra-red and Raman spectral are given in Table II. The three 
parallel frequencies of a methyl halide molecule are, of course, insufficient 
to determine the four constants a, b, c, and d. A direct comparison with 
the a, b , and d of ethane being impossible we shall proceed as for form¬ 
aldehyde. 


ch 3 f 

Table II 

CH,C1 

CH 8 Br 

CH a I 

2965 

2967 

2973 

2971 

1476 

1355 

1306 

1252 

1049 

732 

610 

532 


We therefore substitute in equations (8) the a, b, and lvalues of ethane 
together with the appropriate frequencies observed for a particular 
halide. This gives us three independent values for c for each halide. 
It turns out that there is a considerable divergence between the three 
determinations, from which we conclude that the ethane constants are 
not adequate to describe the methyl halide molecules in detail. As 
before, we therefore seek new values of a, b, and d such that they shall 
differ (in percentage) as little as possible from the ethane constants, but 
yielding consistent solutions to equations (8). It must be emphasized 
that there is little logical basis for this procedure, since the divergence 

| The data have been conveniently summarized by Kohirausch, ‘ Smekal-Raman 
Effekt,’ p. 208 (1931). 
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although in part doubtless due to a real change in the constants is prob¬ 
ably also due to the omission of cross-product terms such as x^q and 
JCoXj. A study of the equations reveals that the quantities ab — d\ 
and 5/4a + b are determined with much higher precision than a, b, and 
d themselves. The results of these calculations are collected in Table II 
where the first, second, and third rows indicate the percentage changes 
respectively needed in a, b, and d. The fourth row gives the constant c 
expressed in 10 s dynes/cm. 

It is interesting to examine a little further the qualitative features of 
the methyl halide spectra. The discussion of the ethane spectrum 
showed that the CH a group (in that molecule) possesses two parallel 
frequencies at 2905 cm -1 and 1380 cm -1 . An inspection of Table II 
shows that the frequencies v x and v 3 of the methyl halides do fall close 
to these values. This indicates not only that the potential constants of 
the group are rather independent of the molecule in which the group is, 
but that the frequencies of the group remain relatively unchanged and 
that the group may be regarded as a unit in the molecule of which it 
is a part. To this approximation the frequency v 8 would be due to the 
relative motion of the halogen atom and the CH a group, the latter being 
regarded as a rigid pyramid. The constant c would then be equal to 

x Substitution yields the values 5-46, 3-33, 2-79, and 

Mj + M 8 + 3m 

2 -24 x 10'’ dynes/cm for CH a F to CH a l respectively. It is to be observed 
that these numbers differ by only a few per cent from the more precise 
values of Table 111. 



CHjF 

Table III 
CH,C1 

CH a Br 

CHJ 

a 

+4*5 

+2-85 

+ 2*45 

+ 1*6 

b 

+ 3*44 

+0-25 

—0*84 

-2*12 

d 

+0*86 

+6-42 

+ 9*13 

+ 11*41 

c 

5*76 

3 '44 

2*85 

2*26 


These considerations may be extended to include the perpendicular 
vibrations of the CH a group. Thus there exist perpendicular bandst 
for the methyl halide series at 2987 cm' 1 , 3047 cm -1 , 3061 cm -1 , and 
3074 cm -1 , respectively, and at 1476 cm -1 , 1460 cm -1 , 1450 cm -1 , and 
1445 cm -1 respectively. Strong perpendicular bands have also been 
observed for ethaneJ at 2980 cm -1 and 1480 cm -1 so it is fairly safe to 
associate these with the perpendicular vibrations of the CH 3 group, 
taking v 8 ~ 3000 cm -1 , and v 4 ~ 1460 cm 1 . Unfortunately these two 

t See footnote, p. 266. 

X See footnote, p. 264. 



268 


G. B. B. M. Sutherland and D. M. Dennison 


modes of vibration involve three potential constants so it is impossible 
to give the complete potential function of CH 3 as was done for CH 2 . 
Experimental observations on the infra-red and Raman spectra of mole¬ 
cules containing the group CD a would, of course, allow all the constants 
to be determined. 


Methane 

The equations which have been developed for the methyl halide mole¬ 
cules may be applied (formally at least) to methane by replacing the 
halogen atom by a hydrogen one. Such a procedure must, however, 
be viewed with some suspicion, since it implies a different analytical 
treatment of the four hydrogens of methane. Nevertheless, for those 
vibrations which may be described as “ parallel ” (i.e., where all particles 
move symmetrically with respect to a line joining the carbon with a 
particular hydrogen) it appears that at least a good first approximation is 
obtained by considering the system as a hydrogen atom joined to the 
carbon of a methyl group. 

The methane molecule possesses four independent frequencies, of 
which vj is single, v 2 is double, and v 3 and v 4 are both triple. Only the 
last two are active in infra-red absorption, although from combination 
bands and from the Raman spectrum the values of all four frequencies 
are known.j- The correlation between the six frequencies of a methyl 
halide molecule and the four of methane have been given by Dennison, J 
who showed that v 1; v 3 , v 5 of a methyl halide go over into v 1( v 3 , v 4 
respectively of methane. The values of these frequencies in methane 
are: 

— 2915 cm -1 v 3 — 3014 cm -1 v 4 — 1304 cm -1 

On substitution we find that equations (8) become consistent if the 
constants a, b, and d are changed by —2-1%, —2-4%, and +2-8% 
respectively from the values computed for ethane. The constant c 
which determines the binding of the hydrogen to the carbon atom comes 
out to be 5 04 x 10 5 dynes/cm. It may be shown very simply that this 
is the correct order of magnitude for the CH binding constant. For 
consider the vibration v 4 of methane ; it consists of a symmetrical motion 
of the hydrogen atoms towards and away from the carbon atom so that 
if we neglect the effect of the hydrogen atoms on each other, the force 
constant of the CH bond is c = m\. This yields c = 5‘01 x 10 5 
dynes/cm. 

f Mecke, ‘ Leipziger Vortrflge,’ p. 55 (1931). 
t 4 Rev. Mod. Phys.,’ vol. 3, p. 280 (1931). 
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It is worth noting that this value for the CH binding constant in methane 
is appreciably less than that obtained for the corresponding constant in 
acetylene (5 - 88 x 10 5 ) and this suggests that the binding between the 
carbon and the hydrogen atoms is of a different nature in the two com¬ 
pounds. This would then mean that the C—H distance, which is another 
index of the strength of bindingt is probably rather different in the 
two cases, being smaller in acetylene than it is in methane. That this 
is indeed so has just been shown by some measurements of Herzberg, 
Patat, and SpinksJ on the infra-red spectrum of “ heavy acetylene.” 
They find for the C—H distance§ in acetylene 1 062 A. compared 
with methane distance ofjj 1 08 A. 


Conclusion 

The main purpose of the present paper has been to show the extent 
to which the potential energy of a polyatomic molecule may be expressed 
as the sum of the potential energies of groups of atoms within the molecule 
plus simple interaction energies between the groups. It appears that 
this assumption forms a good approximation to the actual case, and that 
the potential energy constants of a group vary only by a few per cent, 
according to the molecule of which the particular group forms part. 

It will, however, also be of interest to consider to what extent we may 
regard the values we have obtained for the constants in the various poten¬ 
tial functions as being truly indicative of the various types of chemical 
binding which these have characterized. In Table IV are collected the 
results of the present paper together with some of the corresponding 
constants calculated from diatomic molecular spectra for comparison. 

The first thing that one remarks is that the carbon-carbon binding 
has three widely different values corresponding to triple, double, and 
single bonds; in fact, these constants are roughly in the ratio 3:2:1. 
This has frequently been pointed out before by other workers, but what 
is new is that the value for the C—H binding is distinctly different in the 
acetylene, methane, and CH molecules. This almost certainly corre¬ 
sponds to the fact that (according to the theory of directed valency) 
these bonds are built up from different combinations of the carbon and 

t Pauling, ‘ Proc. Nat. Acad. Sci. Wash.,’ vol. 18, p. 293 (1932). 

t * Nature,’ vol. 133, p. 951 (1934). 

g Note added In Proof —In a more recent paper, A. McKellar and C. Bradley give 
the C—H distance in the acetylenes to be 0-94 ± -036 A. Cf. • Phys. Rev.,’ vol. 46, 
p. 664 (1934). 

I! Dickinson, Dillon, and Rassetti, toe. cit. 
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hydrogen electronic wave functions in each case. In CH the bond is 
built from a 2s 2 2 p 2 carbon atom and a Is 1 hydrogen atom, while in 
acetylene and in methane it is built from a 2s 2pP carbon atom and a Is - 
hydrogen atom with a different amount of “ hybridization ” of the s 
and p carbon wave functions in the two cases. The variation of the 
C—O binding constant in carbon dioxide, carbon monoxide, and 
formaldehyde is another example of the same thing, the C0 2 case being 
further complicated by the existence of resonance in that molecule.t 


Table IV —Force Constants in Polyatomic Molecules 


Type of bond 

Force constant in 


or group 

dynes /cm x 10" 8 

Molecule 

CsC 

15*71 

C*H* 

o c 

9-79 

C 2 H 4 


9*52 

c 2 

c—c 

4-96 

C,H c 

C—H 

5 88 

CjjH * 


5*04 

ch 4 


[4*67] 

CH 

C-O 

13*45 

CH a O 


15*4* 

CO a 


190 

CO 

CH a 

7-59 

C*H 4 


b - 1 *00 



d =. ±\ *46 


CH* 

a “ 8*24 

C*H e 


b = 8 *01 



±5 07 


H—H 

5-63 

H a 

C—F 

5*76 

CH 8 F 

C--Cl 

3*44 

ch 8 ci 

C—Br 

2*85 

CH 8 Br 

C~~ 1 

2*26 

CH 8 I 


♦This is a mean value. 


Although it is not intended that this should be adopted as a good 
method of discriminating between possible modes of binding (since it is 
clear that the variations in the force constants which characterize a 
particular type of bond are only a little greater than the probable error in 
their determination) it will undoubtedly be of use as affording additional, 
and independent, evidence in deciding particular types of binding. 

The values of the constants characteristic of the CH 2 and CH S groups 
have been included in the table for completeness, although these do not 

t Pauling, ‘ Proc. Nat. Acad. Sci. Wash.,’ vol. 18, p. 293 (1932). 
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in any sense characterize particular bindings within each group, but 
rather refer to each group as a whole. The a, b, d, of CH a may not 
even legitimately be compared to the a, b, d of CH S , since these have 
not quite the same interpretation in each case. We may, however, 
compare the b of CH a with the H—H binding constant in H 2 , when we 
find that it is 1 /6 of the latter. This is to be expected considering how 
weak the interaction of the hydrogen atoms must be in ethylene. The 
great value of these potential constants will be their use in an empirical 
way to predict and to correlate the frequencies of more complex mole- 
cules.f It will only be when our knowledge of the spectra and of the 
electronic structure of molecules becomes more extensive that we can 
hope to construct really accurate potential functions which can be 
directly interpreted in terms of a physical model. 

It is with pleasure that one of us (G. B. B. M. S.) records his thanks to 
the Commonwealth Fund of New York for a Fellowship during the tenure 
of which this work was begun, and to the Carnegie Trust for the Uni¬ 
versities of Scotland for a Fellowship during the tenure of which it was 
completed. We are also grateful to Professor J. E. Lennard-Jonesandto 
Dr. W. G. Penney for discussion. 

Summary 

A new representation of the force field existing in a polyatomic molecule 
is investigated, in which the potential energy of the molecule is expressed 
as the sum of very general potential functions of groups of atoms in the 
molecule, plus simple interaction energies between the groups. 

This is applied to the establishment of relations between the “ parallel ” 
vibration frequencies of the molecules C 2 H 4 , CH a O, C 2 H a , CH a F, 
CH 8 C1, CH s Br, CH 3 1, and CH 4 . The way in which the relations are 
fulfilled by the experimentally determined frequencies indicates that 
these assumptions regarding the potential energy are very good approxi¬ 
mations. 

The potential constants characterizing the CH a and CH S groups are 
found to vary as a rule only by a few per cent, from molecule to molecule 
in conformity with the observed fact that molecules containing these 
groups exhibit characteristic infra-red and Raman frequencies. 

The values of the potential constants obtained are briefly discussed 
with regard to their use in the treatment of more complex molecules, 
and to their significance in indicating particular types of chemical binding. 

t Cf. the calculation of the parallel frequencies of diacetyiene, C 4 H», by Bartholomi, 
‘Z. phys. Chem.,’ B, vol. 23, p. 152 (1933). 
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The Auger Effect 

By E. H. S. Burhop, B.A., M.Sc., Trinity College, Cambridge, Exhibition 
of 1851 Scholar, University of Melbourne 

(i Communicated by Professor R. H. Fowler, F.R.S.—Received August 22, 

1934) 

♦ 

An atom ionized in an inner shell (for definiteness suppose the K 
shell) may return to a state of lower energy by two distinct types of 
transition, viz., (1) by a transition of an electron from an outer shell to 
the K shell with the emission of a K series quantum of radiation; or 
(2) by a radiationless transition in which an outer electron falls to the 
K shell and gives up its surplus energy to another electron which is 
ejected from the atom. Convincing evidence of the occurrence of 
transitions of the second type is forthcoming from the work of many 
experimenters, particularly that of Augerf and such a transition is 
referred to as an Auger transition. The same effect would result if the 
electron that falls to the K shell were considered to give rise to a K series 
quantum which is then absorbed photo-electrically in the shell of the 
ejected electron. For this reason the process may be referred to as the 
internal conversion of X-rays and the ratio of the number of Auger 
electrons ejected per unit time from a group, of atoms to the number 
ionized per unit time by some external agency may be referred to as the 
internal conversion coefficient. The magnitude of this coefficient has 
been studied experimentally by many workers, but no calculations have 
so far been made of the value predicted by quantum mechanics.^ 

Theory 

The general theoretical method to be used is similar to that applicable 
to the internal conversion of y-rays,§ and the problem is considered 
specifically in Mott and Massey “ Theory of Atomic Collisions,” 
p. 264. 

t ‘ C. R. Acad. Sci. Paris,’ vol. 180, p. 65 (1925) ; * J. Phys. Rad.,’ vol. 6, p. 205 
(1925) ; ‘ Ann. Phys. Paris,’ vol. 6, p. 183 (1926). 

t Wcntzel (‘ Z. Physik,’ vol. 43, p. 524 (1927)) has discussed the problem theoreti¬ 
cally, but made no calculations. The explicit form for the wave function of the 
ejected electron had not then been given. Wentzel used only its asymptotic form. 

§ Vide, e.g., Hulme. ‘ Proc. Roy. Soc.,’ A, vol. 138, p. 643 (1932). 
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Thus suppose y ui (r r ) and (r 2 ) to represent the initial wave functions 
of the two electrons concerned and suppose y f (r t ) to represent the final 
state of one electron in the K shell and (^ 2 ) 1° represent the final 
(continuous) state of the other electron. The transition has occurred 
under the perturbation produced by the Coulomb interaction, V, between 
the two electrons so that the number of transitions per unit time is given 
by Dirac's well-known formula for the transition between states of equal 
energy, 

J ( 1 ) 

the continuous wave function <}v being normalized to represent one 
ejected electron per unit timc.t The expression has to be summed over 
all possible final states. The condition for the validity of this formula 
is that the perturbation energy V must be small so that the probability 
is small of a transition taking place in a time comparable with the period 
of the atomic orbital motion. 

The present investigation, however, differs from that of the internal 
conversion of y-rays in that we are now dealing with a two-electron pro¬ 
blem and must allow for the anti-symmetrical property in the quantum 
mechanics of the electron. This is done as follows. Let | A |* represent 
the probability given by the expression (1) above, and let | B | 2 be the pro¬ 
bability obtained supposing the electron 2 to fall to the K shell and the 
electron 1 to be ejected. It is not possible to distinguish between these two 
processes experimentally as in both cases electrons of energy E K — E t — E 2 
are ejected, E K being the ionization energy of the K shell and Ej and E 2 
of the electrons 1 and 2 respectively. Then, on account of the Pauli 
Principle the number of ejected electrons per unit time of both kinds 
will be | A — B |* provided the wave functions occurring in (1) are 
taken to include the spins. 

In order to determine the internal conversion coefficient the number of 
K. series quanta emitted per second has also to be calculated. This is 
done in the usual way by calculating the dipole moment corresponding to 
transitions to the K shell, and using Einstein’s formula for the A coefficient, 
viz., number of quanta per unit time, 

Nr - (16uV (2) 

where the electric moment M is given by ej y*ty ( dr. If N A is the 
number of Auger electrons ejected per unit time, then, as has been pointed 
t Cf. Gaunt,' Phil. Trans.,’ A, vol. 229, p. 163 (1930). 
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out elsewhere,t the internal conversion coefficient is N A /(N A + N H ) 
except for a small term of the order of magnitude N R e*/Ac. 


Analytical Details 


In this investigation hydrogen-like wave functions were used to 
represent the electrons, the nucleus being supposed screened by the 
orbital electrons according to the rules given by Slater.J 
Consider the double transition L tn , L, - K, «.§ The appropriate 
wave functions are 

1 /Z \ ila ' /iir 

l iii : Xi = sTTr hr re ** sin 6 • e±i * 


L,: <J> ( 


8\/ k ■ a 
1 


W2n [a 
K: x? 


2 - ht) 

a ! 

'sj TZ \ Cl I 


- Vyr 

€ 


3/2 J^ r 
€ « 


e 




r(k + i + &) 

\ a k ’ 


2* + i . K *n.e~ 


(3) 

(4) 

(5) 


- (2 r+v ! 

X +1 + &; a + 2! V <»>• «• 




where Z L Z K are respectively the effective nuclear charges for the L and 
K shells, a the radius of the lowest Bohr orbit in hydrogen, k the momen¬ 
tum of the ejected Auger electron in atomic units, and P k “ (0) the Legendre 
polynomial as defined by Darwin.|| The continuous wave function is 
that deduced by Gordon^ for the hyperbolic motion of an electron in a 
central Coulomb field and the radial part has the asymptotic form 

} (f sin ((«• - inn + V n +^ log 2xr) , (7) 

where 

Y) B = arg r (k + 1+ ija?). 

t * Nature,’ vol. 123, p. 531 (1934) ; Taylor and Mott, ‘ Proc. Roy. Soc.,’ A, vol. 
142, p. 215 (1933). 
t * Phys. Rev.,’ vol. 36, p. 57 (1930). 

§ Throughout this paper the symbol « is used to represent the final state of the 
ejected electron. 

|| ‘ Proc. Roy. Soc.,’ A, vol. 118, p. 654 (1928). 
f ‘ Z. Physik,’ vol. 48, p. 180 (1928). 
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As shown by Gaunt (loc. cit.) this represents one ejected electron per 
unit time. The Coulomb interaction is given by V — e*lr xt , r lt being 
the distance between electrons 1 and 2. 

Suppose now that the L m electron falls to the K shell and the Lt 
electron is ejected. Then 


1 * r It 

P«( c os 0 ), 

12 m-o r 2 

*= £ -^L_ P„ (cos 0), 

n = or 1 n + 1 h 


.. ri<r. 


.. r 2 <ri 


0 is here the angle between the radii vectores to the electrons 1 and 2 
respectively. 

P n (cos 0) = P„ (cos 0j) P„ (cos 0a) 

I 2 j. p ," (cos 0!) P„ m (cos 6g) cos m (- fa) 
m=x (n — m )! (n + m )! 

Then 

P f P n (cos 0) sin 2 0 t e** 1 dti x dfa — ;',tc sin 0 2 . e'*>, n — 1 

= 0, n y* 1 

and 


P p P A U (cos 0 a ) sin 2 0 2 dQ 2 dfa = ~ , k~ 1, u — 1, 
J*,~o Jf t -o ’ 

= 0 otherwise. 

The radial integration over the co-ordinate r t is 

-4 p r x * e~y T ' dr x + r 2 [ r x e^ r ' dr x 

r SS J 0 r, 

and this reduces immediately to 


where 


-I+1- 

The r, integration is 

p r t *(2 - ?^ 2 ) e->- <f> (/-a) .^(2 + ^; 4; 2 


T 2 
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where 


This integral is of the type 


P 


2a 


-f IK. 


f oo 

0 


r p e -« T jFj (a; b; cr)dr 

V p° a (a + 1) • •• (g + n — 1) 

rjo 6(6+ l)...(6 + n - 1)' « ! 

v a (a 4- 1)... (a 4- a - 1) c" F (n + p + 1) 
n b (b 4- 1)... (6 + n 1)" qp+wn t 


_ r (/> + i) 

q” 


2 Fj {a,p + 1; b; -J . 


On performing the r 2 integration the resultant expression is 
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Calling this expression l m ,i, and denoting by Pm.i the value of the 
amplitude A (as defined above) for this transition 

V6.t i»/« / . *i 
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Now to obtain the total number of Auger electrons ejected with energy 
E k — E r „ — E UlI it is necessary to combine P„ u and P|, m in the manner 
outlined above. Suppose the vacant K orbit is that corresponding to 
an a spin. Then the interaction of the L,„ electron with the two L,n„ 
electrons will give 2 | P UJiI — P I1n | a transitions/unit time ; the inter¬ 
action of the Lu electron with the two L, n electrons with fi spin gives 
2 | Pi, hi | 2 transitions/unit time ; the interaction of the electron 
with the two L uu electrons gives 2 | Pm,, | 2 and with the two L UI/J 
electrons gives zero. Thus the total number of electrons ejected per 
unit time with this energy is 

2)P J ,m! 2 + 2|P„i, 1 | 2 + 2|P„i,|— P,.,n|* (12) 


The interaction of all the L electrons was calculated in this way, but the 
discussion of the other transitions differs from the above only in analytical 
detail and will not be given here. The quantity that has been measured 
in most experiments, however, is the K series fluorescence yield and to 
obtain this rigorously it would be necessary to consider the interaction 
of the L and M electrons. The evaluation of the above expressions 
involves considerable labour and as the interaction between the L and M 
electrons would be expected to be (and actually proved to be) much less 
important than interactions between the L electrons themselves, the 
further calculations were simplified by replacing the continuous wave 
function * f above by the expression 


= r~* J tH («r) 


nm _ 

,h'(k 


2k + 1 


u)l (k + u)\ 


P* u (Q)e 




(13) 


This is equivalent to the replacement of the ejected electron wave by a 
plane wave, and the final integration can then be done numerically. 
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Numerical Results 

The computation of the above expressions has been carried out 
explicitly for the Ag K series internal conversion. We have for the 
effective nuclear charge in this conversion, using Slater’s rules, Z K = 46-7 ; 
Z, s 43-7; Z M — 32-9. The value of k for the interaction of two L 
electrons = 35-7 and for the interaction of an L and an M electron — 
39-8 (atomic units). For Ag L„, v — v/c — 0-946 atomic units. 

The values of the various transition rates computed are given in the 
following table. Many of these have also been calculated using a plane 
wave for the ejected electron and the values obtained thus are placed 


alongside for comparison. 

Table If. 

Rigorous calculation. 
Transitions/unit time 

Calculation using plane 
wave for ejected electron. 
Transitions/unit time 

|P.,.I“. 

2*54 x 10 3 

3 *58 x 10- 8 

| P,. „ |* — | Pi, ill 1* . 

1-875 X 10 3 

4 10 x 10" 

| Pil,! |* = 1 Pm, 1 1* . 

1 Pi. ii — Pii.il* 

0-775 x 10~ 3 

0-535 X 10 8 

“ I Pi, m “ Pm, 11 8 

0-235 x 10- 8 

— 

*|Pn. ulV-2 . 

2 08 x 10 8 

— 

*! Pn.nl Vo . 

0-352 X 10~ 8 

— 

1 P'm, m|‘ . 

3 23 X 10- a 

— 

•IF'm.mlV* . 

0-514 x 10 8 

— 

*|P / 'in i ui| l *-o . 

0-352 x 10- 8 

— 

| Pn,in | a ~ (Pin ,ii |* . 

1-62 x 10 8 

2-18 x JO- 8 

|Pii.m — Pm, h I s . 

0 

0 


P'in, in and P"uj, hi refer to pairs of Lm electrons with the magnetic quantum number 
u of the same sign and of opposite sign respectively. 

* There are two different final states for these transitions, viz., k = 0 and 2. 

t The unit of time in this table is the atomic unit of time, i.e., the time of description 
of the lowest Bohr orbit of the hydrogen atom. 

It is clear that the use of a plane wave for the ejected electron can only 
give results of the right order of magnitude and it is not justifiable to use 
it for quantitative results. The large discrepancy between the “ plane 
wave ” and the rigorous calculations in the first three rows is con¬ 
nected with the occurrence of the node in the radial part of the Lj wave 
function. The discrepancy is very much smaller for | Pn.ui |*—for 
which the atomic wave functions do not contain any nodes. 

From the values given in the first column of the above table the follow¬ 
ing transition probabilities are obtained :•— 
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Lj? Li 

- 

K, 

00 

- 1 Pm 1* 


= 2-54 

x 10 s per unit 

time 

Lu 


K, 

oo 

-|Pmi- 

Pu.i| 2 + |Pi,n | 2 + | 

Pirn I 2 








= 2-88 

x 10 -3 per unit 

time 

Li, Lm 

- 

K, 

00 

= 2 ] P J} jii 

— Pill, 7 | 

2 + 2| Pi.m | 

! 2 + 2|P,„. I |* 








- 5-77 

x 10 s per unit 

time 

Ln, L ir 


K, 

00 

” 1 Pn.n |£. 

~ 2 + | Pu,u |U 









2-43 

x 10"* per unit 

time 

Lu, Ljji 

—> 

K, 

oo 

2 | Pn.iu 

- Pm, a 

I 2 + 2 I Ph.ui I 3 + 2 | P m .„ | 

2 







- 6-48 

x 10 s per unit 

time 

Lm, L m 


K, 

oo 

= 2 | P'm.iu | 2 + 2 | 

P" 12 

1 in,in U-o 

+ 2 | P"„i, m |1. 

*8 


= 8 -20 x 10 3 per unit time. 

To obtain the order of magnitude of the probability of transition 
produced by the interaction of electrons in the L shell with those in the 
M shell, calculations were carried out using a plane wave for the ejected 
electron for all those transitions in which an L electron falls to the K 
shell and an M electron is ejected. 


Table II 
Conversion to which 


Transition 

it corresponds 

Probability/unit time 

2,? - * Is 

3 s -> ao 

} 

— 

1 *25 x 

10 8 

2 s-+\s 

3 p oo 

} 


3*16 x 

10 # 

2s Is 

3 d “> oo 

} 

.... 

0*13 x 

10 8 

2p 1 s 
3s -> oo 

} 

K-a -*► Mj 

X 

nO 

6 

10~* 

2 p -* 1 s 
3p 00 

} 

K ft Mu, m 

6-36 x 

10-8 

2p-> 1 s 
3d~+ oo 

} 

Ka Miv, V 

1 -56 x 

10 8 

The results of these calculations are given 

in Table II. 

To obtain 

the full interaction between the L and the M shells the other transition 

M -* K, L -»• 

oo should 

also have been 

calculated and the two 


types of transition combined as previously. It seemed unnecessary to 
do this rigorously, however, since this part of the computation is in any 
case only approximate. The following table gives at least the order of 
magnitude of the internal conversion of K„ radiation in the M shell. 
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Calculation of the dipole moment as indicated above using equation (2), 
gives for the number of transitions with the production of radiation per 
unit time the value 48 0 x 10~ 3 . 


Discussion of Result and Comparison with Experiment 

The most significant experiments on the relative magnitudes of the 
K series internal conversion in the various shells and sub-shells of an 
atom are those of Robinson and Cassiet on the magnetic spectra of 
electrons produced when a beam of X-rays passes through matter, the 
electrons being recorded photographically. Unfortunately Robinson 
and Cassie could make no allowance for the variation of photographic 
action with the velocity of the electrons, and the relative intensities 
of the various lines which were visual estimates only were given on 
a somewhat arbitrary intensity scale. For the interaction between 
the L shell electrons two lines were found, one corresponding to the 
interaction of the L t electron with the L, t and L,„ electrons, the other 
corresponding to the interaction of the L n and L m electrons them¬ 
selves, and the relative probability of these two types of transition would 
appear to be about 1 : 2 or perhaps a trifle less. This is in remarkably 
good agreement with the results of the present calculation which, as is 
seen from above, predicts for this relative probability 8-65 : 17-11. 
The above calculations also predict the occurrence of a third line corre¬ 
sponding to the interaction between the L electrons of intensity about 
1/7 of that corresponding to the interaction between the L u and L m 
electrons. The presence of such a line was not detected by Robinson 
and Cassie. Since there is no radiating charge density corresponding to 
it, it is exactly analogous to the “ forbidden transition ” observed by 
Ellis in y-ray internal conversion and successfully explained by Fowler. J 

It is more difficult to compare the results of these experiments with the 
calculated values for the interaction between the L and M electrons since 
the two types of ejected electrons differ considerably in velocity, but 

there would seem to be about half as many transitions arising from the 

interaction between L and M shell electrons as there are from the inter¬ 
action between L shell electrons alone. The calculations on this point are 
rough and only half the transitions have been considered, but it is clear 
that they yield results of the right order of magnitude. Thus the calcu¬ 
lated transition rate for the interaction of pairs of L electrons is 

t ‘ Proc. Roy. Soc.,’ A, vol. 113, p. 282 (1926). 

t ‘ Proc. Roy. Soc.,’ A, vol. 129, p. 1 (1930). 
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28-3 x 10“ 8 per unit time. The sum of all the L, M * K, oo transitions 
that have been calculated totals 12-8 x 10~ 8 per unit time. In analogy 
with the L, L > K, oo transitions, however, it would be expected that the 
use of plane waves to represent the ejected electrons would result in too 
high a transition rate being obtained. Taking this into account and 
remembering that only half the L, M > K, oo transitions are represented 
in the above sum, it is evident that the total L, M K, oo transition 
rate is of the order of half the L, L K,°° transition rate in agreement 
with experiment. 

The measurement of the K series internal conversion coefficient for a 
large number of elements has also been carried out by various workersf 
by comparing the rate of emission of K series quanta to the rate of ioniza¬ 
tion of a group of atoms subjected to some ionizing agency. The study 
of the variation of this coefficient with atomic number is particularly 
interesting. In expressions (8) and (9) for the probability of occurrence 
of the double transition considered, we may write k, the momentum 
of the ejected electron, approximately proportional to Z, for all but the 
lightest elements in accordance with Moseley's Law. It then follows 
that expressions (8) and (9) became practically independent of atomic 
number. This result was also deduced by Wentzel (loc. cit.). The 
number of radiation quanta produced per unit time, however, accord¬ 
ing to (2), is proportional to Z 4 , so that when the internal conversion 
coefficient is calculated as outlined above it becomes proportional to 
(I -f bZ*)- 1 where A is a constant. Such a form of variation with atomic 
number would appear to be in satisfactory agreement with experiment. 
To fix the constant b the computations made above for silver can be 
used. These show that, making appropriate allowance for the interaction 
between the L and M shells, the internal conversion coefficient for silver 
should be about 0-42. It should be pointed out that to obtain the value 
of the actual quantity that is measured in these expressions one should 
also find the internal conversion coefficient for the radiation by making 
the above computations for the interactions of the M electrons. The true 
K series internal conversion coefficient would then be approximately 
the weighted mean of the K a and the coefficients. Since the K* 
transitions are much less intense than the K« transitions such a com¬ 
putation hardly seems likely to alter the value of the internal conversion 
coefficient appreciably. 

f E.g., Auger, loc. cit. ; Martin, ‘Proc. Roy. Soc.,’ A, vol. 115, p. 420 (1927); 
Harms, * Ann. chem. Phys.,’ vol. 82, p. 87 (1926); Compton, ‘ Phil. Mag.,’ vol. 8, 
p. 961 (1929) ; Haas, ‘Ann. Physik,’ vol. 16, p. 473 (1933); Locher, ‘Phys. Rev.,’ 
vol. 40, p. 484 (1932). 
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Using the value 0-42 for the K series internal conversion coefficient for 
silver, fig. 1 shows a comparison between the theoretically predicted 
and the experimental values of the internal conversion coefficient as a 
function of atomic number. It is seen that while the general form 
of the variation with atomic number is undoubtedly correct the predicted 
absolute magnitude of the coefficient is too large. The discrepancy is 
not so serious, however, as might at first sight appear as it must be 



Fio. 1—Comparison of calculation of absolute magnitude of internal conversion 
coefficient of K series x radiation with experiment. - ■ calculated values ; 
— - curve of the theoretically predicted form, adjusted to give best fit with 
experiment, -f Auger ; A Martin ; x A. H. Compton ; • Harms ; o 
Locher ; □ Haas ; a Berkey (Stephenson). 

remembered that it is necessary to use hydrogenic wave functions in 
these problems, with the effective nuclear charge adjusted according to 
the arbitrary rules given by Slater. Under such conditions the relative 
magnitude of the internal conversion coefficient for different elements 
and different transitions are far more likely to be predicted correctly 
in theory than the absolute magnitudes of these quantities. In this 
respect the theory is entirely satisfactory. It is interesting to note that 



The Auger Effect 283 

Berkeyf has recently conducted measurements of the K series internal 
conversion coefficient of a number of elements and has observed a 
minimum value for this coefficient for Mo 42, after which there is an 
increase in the coefficient. Such a result is surprising, as there is nothing 
in the theory given here to indicate such a behaviour. It may be possible 
that a relativistic treatment of the Auger effect will indicate some such 
increase in the internal conversion coefficient with atomic number. Calcu¬ 
lations of the relativistic Auger effect, to be published shortly, are being 
carried out in conjunction with Dr. H. S. W. Massey, and these should 
yield light on this point. 

It is a pleasure to acknowledge my indebtedness to Dr. H. S. W. Massey 
for his generous help, and discussion of many of the points involved in 
the above work and to Professor R. H. Fowler for his continued helpful 
interest and encouragement. I would like also to thank Dr. C. B. O. 
Mohr and Dr. H. M. Taylor for discussion of several points. 


Summary 

The Auger effect has been investigated theoretically and it has been 
found that all the definitely established experimental features are accounted 
for very satisfactorily by the quantum mechanical theory. In particular 
the theory predicts the correct form for the variation of the effect with 
atomic number and for the relative magnitude of the effect in the different 
shells and sub-shells of an atom. The absolute magnitude of the pre¬ 
dicted effect is rather higher than that observed experimentally, but this 
no doubt arises from the inexact (screened hydrogen-like) nature of the 
wave functions employed. 


Appendix 

Methods of Computation —The main task of computation consisted in 
the evaluation of the hypergeometric functions. These were always of 
the form *Fj (a, b ; c ; z) where b and c were integers, c being constant 
for any one set of functions. The most convenient way of calculating 
usually consisted in evaluating first 

a F, ( a > c> c; z) = (1 - z)~«. 

t ‘ Phys. Rev.,’ vol. 45, p. 437 (1934); also Stephenson, * Phys. Rev.,’ vol. 46, p. 74 
(1934). 
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For b > c the required functions could then be obtained using the recur¬ 
rence relation 

b (1 - z) jjFj (a,b+ 1; c; z) ----- {{b - a) (1 - z) — (c - * - a)} 

2 Fi (a, b\ c; z) + (c — b) (a, b -- 1; c; z). (14) 

For b < c it was usually most convenient to compute numerically 
a F t (a, c — 2 ; c ; z) and then to use the above recurrence relation. A 

useful check on the calculations can be obtained by working back to 

a F 1 (a, o ; c ; z) which, of course, should equal unity. 

A further check is provided by the fact that the radial part of the 
continuous wave function must be a real function so that the individual 
terms of (7) and (10) must be real. 


Stress Systems in an Infinite Sector 

By W. M. Shepherd 

(Communicated by L. N. G. Filon, F.R.S.—Received August 22, 1934) 

The solution of the problem of generalized plane stress corresponding 
to a plate in the form of an infinite sector, acted upon by an isolated 
force in its plane at the vertex, balanced by tractions at an infinite distance, 
has been given by Michel 1.* In this paper the solution is obtained for 
the case when the force acts not at the vertex but at a point of one of the 
straight edges. 

The method adopted is similar to that used by Coker and Filonf in 
solving the problems of isolated forces acting upon an infinite strip. 
The method could easily be extended to solve the problem of the sector 
under any system of edge tractions in a manner similar to that given by 
Howland J for the infinite strip. The results would, however, be difficult 
to interpret and the arithmetic involved in applying the solution to any 
particular problem would be very heavy indeed. 

* ‘ Proc. London Math. Soc.,’ vol. 34, p. 210 (1902). 

t “ Photo-Elasticity,” p. 431. 

} * Proc. Roy. Soc.,’ A, vol. 124, p. 89 (1929). 
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I—The Sector under Two Equal Inward Normal Forces at 
Corresponding Points of the Two Edges 


Using polar co-ordinates r, 0 in the plane of the plate, the sector is 
supposed bounded by the lines 0=±a and to be of uniform thickness 
2c. Consider the systems of mean stresses corresponding to the two 
stress functions* Xi and x 2 - 
Corresponding to 

/, — r" * 2 cos (n 4- 2) 0, 

we have w 

00 = (n -f- 2) (/; 4- 1 ) r” cos (w f 2) 6, 


rr — — (n + 2) (n 4- 1) r n cos (n + 2) 0, 
rO = (« 4- 2) (n 4* 1) r" sin (n 4- 2) 0. 


Corresponding to 
we have 


7.2 — r"' t ‘-cos n 0, 


00 = (n 4 2) (« 4- 1) r” cos «0, 


Let 

Then 


rr — — (n — 2) (« 4 1 ) r" cos n 0 , 
rO = n (n 4 1) r" sin n0. 


x — Xi n sin «a -- x 2 (« 4- 2) sin (« -|- 2) a. 


r0 0 when 0 - ± *, 


i.e., the edges of the sector are free from tangential traction. 

The corresponding stresses are 

00 — r n (n 4- 1) (n 4- 2) {n sin «a cos (n + 2) 0 

— (n 4 2) sin (n 4- 2) a cos n0}, 

rr = - r" (n 4 1) (« 4- 2) {« sin «a cos (n 4- 2) 0 

— (n — 2) sin (« 4- 2) a cos »0}, 

r0 = r"«(n + l) (« 4- 2) {sin na sin (n 4- 2) 0 

— sin (n 4- 2) a sin «0}. 

Now put 

n — I/n, log r = p, 

X = Xa + *Xbi 00 — 00 a + * 00 n> etc. 

• Coker and Filon, '* Photo-Elasticity,” p. 367. 
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We then have 

00 = (cos mp -f / sin mp) {(2 — m 2 ) + 3/m} (A + /B), 
rr = (cos mp + / sin mp) {(2 ■— m 2 ) + 3/m} (C + /D), 
r0 — (cos mp + / sin mp) {(2 — m 2 ) + 3/m} (E + /F), 

where 

A — m sinh m« cos 2a cosh m0 - m sinh ma cosh mO cos 20 

— 2 cosh ma sin 2a cosh m0, 

B — m sinh ma sinh m0 sin 20 — m cosh ma sin 2a cosh m0 

— 2 sinh ma cos 2a cosh m0, 

C — m sinh ma cosh m0 cos 20 — m sinh ma cos 2a cosh m0 

— 2 cosh ma sin 2a cosh m0, 

D — m cosh ma sin 2a cosh m0-m sinh ma sinh m0 sin 20 

— 2 sinh ma cos 2a cosh m0, 

E = m cosh ma sin 2a sinh m0 — m sinh ma cosh mO sin 20, 

F = m sinh ma cos 2a sinh m0 — m sinh ma sinh m6 cos 20. 

On taking the real and imaginary parts we have 

0\ == cos mp {(2 — m 2 ) A — 3mB} — sin mp (3mA + (2 — m 2 ) B}, 
0l)„ = sin mp {(2 — m 2 ) A — 3mB} cos mp (3mA + (2 — m 2 ) B}, 
ir A — cos mp {(2 — m a ) C — 3mD} — sin mp (3mC + (2 — m 2 ) D}, 
rr a = sin mp {(2 — m 2 ) C — 3mD} + cos mp (3mC + (2 — m 2 ) D}, 
r0 A ~ cos mp ((2 — m 2 ) E — 3mF} — sin mp {3mE + (2 — m 2 ) F}, 
r0 B — sin mp ((2 — m 2 ) E — 3mF} + cos mp {3mE + (2 — m 2 ) F}. 

When 0 — ± a, 

A —- A 0 = — 2 cosh 2 ma sin 2a — — (1 + cosh 2ma) sin 2a, 

B — B„ = — m sin 2a — sinh 2ma cos 2a. 

Let 

Xm = {(2 - m*) A 0 - 3mB 0 } Xk + {3wA 0 + (2 — m*) B 0 } Xb 
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and let the corresponding stresses be 66 m , rr m , rh n . Then 

ti\ = (1+ m 8 ) (4 4- m 8 ) {cos mp (A 0 A 4- B 0 B) - sin mp (A 0 B - BoA)}, 
rr m ~ (1 4- m 8 ) (4 + m 8 ) {cos mp (A 0 C 4* B„D) — sin mp (A 0 D — B 0 C)}, 
r“0 m = (1 4- m l ) (4 4 m 8 ) {cos mp (A„E + B„F) - sin mp (A 0 F - BoE)}. 
When 0 = ± a, 

00 m = (1 + m 2 ) (4 4- m 8 ) (A 0 2 4- B 0 8 ) cos mp. 

Now let 

W j-00 V 

* = ~ 2w Jo (1 4- m 8 ) (4 + m 8 ) (A 0 8 + B 0 8 ) ^ 
where 2c is the thickness of the plate, and put 

Ao/(A„ 8 + Bo 8 ) = P, B„/(A 0 8 + B 0 8 ) = Q. 

Then 

w W r °° 

60 = — _— {(PA 4- QB) cos mp — (PB — QA) sin mp} dm ' 

2 7EC J (f 

rr — — f {(PC + QD) cos mp — (PD — QC) sin mp} dm (1*2) 
2TC Jo f 

r0 = — f {(PE 4- QF) cos mp — (PF — QE) sin mp} dm 

2tcJ 0 1 

These integrals are convergent and define the stresses at all points of 
the interior of the sector. To interpret the solution we must investigate 
the edge stresses. It is seen that rO is identically zero when 0 = ± «, 
but the formula for 00 reduces to the form 

_ VI) roc 

66=-— cos mp dm, when 0 = ± a. 

2nc Jo 

This integral is not convergent, but when — * < 0 < a and for all 
values of p the integral for 0'0 is uniformly convergent so that we may 
integrate with respect to p under the integral sign, obtaining the result 

F ( P , 8) = j' 8-6 * - - £ £ {(PA + QB) *=f 

4- (PB - QA) dm. (1.3) 

fft ) 
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The integral (1.3) is, however, uniformly convergent for all values of 
p if | 0 | < a and for p 0 if 0 — ± a. Therefore 

lim F ( P , 0) == - ~ f dm 

»-*±a 2m x Ja m 

provided that p ^ 0. 

It follows that 

f 00 d P - - ^ if p > 0 ) 

Jo 4 c j 

V. (1.4) 

"+£ if c<° I 

Now 00 as defined by (1.2) is a continuous bounded function <j> (0, p) 
of 6 and p throughout the interior of the sector, the neighbourhood 
of the points p - 0, 0 = ± a being excluded. On the edges of the 
sector 00 is given by 

00 lim <£(0, P)- 

0- *±a 

It follows that (06V-*. is a continuous function of p (except at p — 0). 
Then by virtue of (1.4) we find that 

oo == 4 - r d 9 

dp Jo 

= 0 when 0 — ± a, p ^ 0. 

We have already found that r0 is zero on the edges, so that the edge 
tractions must consist of two equal inward normal isolated forces acting 
at the points 0 = ± a, p = 0. 

The magnitude of each force 

r l+O ~ 

— 2c f BOrfr, 

f + o _ f/ir\ 

r+u _ c-o _ dr 

— — 2e 00 dp + 2c \ 00 dp, since —= 1, when p ~ 0 
Jo Jo do 

= W. 

The edge tractions* are given by fig. 1 if F t — W, F 2 — F 3 = F« = 0. 
The values of it at points of the edges remain to be determined. A 


* C/. Coker and Filon, “ Photo-Elasticity,” p. 435. 
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difficulty similar to that encountered in finding 00 again appears. The 
integral 

(PC ~f QD) cos mp dm 

is not convergent when 0 = ± a, but is uniformly convergent when 
j 0 ] < a. As before it is permissible to integrate with respect to p 
under the integral sign and we obtain 

I (0, p) = f rr dp = - ~ f j (PC + QD) 

J o 2nc Jo' m 

+ (PD - QC) ( - c . osw P - '> } dm. 

m ) 


0 


Fig. 1 

This integral is uniformly convergent at all points of the interior and of 
the edges of the sector. It may also be written in the form 

I(6 - rt = -5s[ ± r + L"{ (PC + QD - 1)5 ¥ P 

+ (PD - QC) ( -- swp — dm . 

ml. 

The positive sign is to be taken if p > 0 and the negative sign if p < 0. 
The continuity of rr as a function of p on the edges may be inferred in 
the same way as that of 00. 

It follows that if p 0 and 0 = ± a 

I( 6 .f) 

= — ~ r {(PC + QD — 1) cos mp — (PD — QC) sin mp} dm. 

2nc Jo 

These integrals converge and the stresses are now all determined. 
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2 —The Sector under Two Equal Normal Forces, One Inward 
and One Outward, at Corresponding Points of the Two 

Edges 

Derived from the stress function 

= r v + 2 sin (n -f 2) 0, 

we have 

60 — (n 4- 2) (n + 1) r n sin (n + 2) 8, 
rr = - (n + 2) (n 4 - 1) r" sin (n -)- 2) 0. 
rO — — (n t 2) (n + 1) r n cos (n -\- 2) 6. 

Derived from the stress function 

7.4 = r "' lt sin n0 

we have 

00 — (n 4- 1) (« 4- 2) r n sin n0, 

rr = — (n 4 1) (« — 2) r n sin «0, 

rO — n (n 4- 1) r n cos n 0. 

Let 

7. = 7 . 3 » cos no. — y A (n f- 2) cos (« -f 2) a. 

Then 

rO --- 0 when 0 — ± a, 
and 

(TO = r n (n 4-.1) (« 4- 2) {« cos nr sin (n + 2) 0 

— (n 4- 2) cos (« 4- 2) a sin n0}, 

rr — — r" (n + 1) (n 4- 2) {« cos na sin (« + 2) 0 

— (n — 2) cos (n 4 2) a sin n0}, 
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by 0.2), the quantities A, B, C, D, E, F, A„, B 0 being given in this case 
by* :— 

A ~ m cosh ma cos 2a sinh mO — m cosh nix. sinh m0 cos 20 

— 2 sinh ma sin 2a sinh m0, 

B — m cosh ma cosh m0 sin 20 — m sinh ma sin 2a sinh m0 

— 2 cosh ma cos 2a sinh m0, 

C ~~ m cosh ma sinh m0 cos 20 • m cosh ma cos 2a sinh mO 

2 sinh ma sin 2a sinh m0, 

D = m sinh ma sin 2a sinh m0 — m cosh ma cosh mO sin 20 

— 2 cosh ma cos 2a sinh mO, 

E m sinh ma sin 2a cosh m0 — m cosh ma sinh m0 sin 20, 

F m cosh ma cos 2a cosh mO — m cosh ma cosh mO cos 20, 

A 0 — 2 sinh* ma sin 2a -- (1 — cosh 2ma) sin 2a, 

B 0 = m sin 2a — sinh 2ma cos 2a. 

(A 0 , B 0 are in this case the values of A and B when 0 + a ) 

The expression for rr, when 0 — ± a, requires modification in the same 
way as before. This solution corresponds to the system of loading 
shown in fig. I when 

Fa = W and F, - F 3 F 4 - 0. 

By adding the two solutions found in (1) and (2) we obtain the solution 
for a single normal force at P, see fig. 1, of amount 2W. The stress rr at 
Q may be calculated, as the non-convergent parts of the integrals given 
in these two solutions annul one another. 

3—The Sector under Two Equal Tangential Forces, uoth 

TOWARDS THE VERTEX, AT CORRESPONDING POINTS OF THE TWO 

Edges 

Let 

X — Xi cos «* “ Xi cos ( rt + 2) *, 

where Xi and x» are as defined in (1). 

Then 00 — 0 when 0 = ± a. 

* The same symbols A, B, C, D, E, F are used in different sections of the paper to 
denote different quantities in order to avoid multiplying the'number of symbols. 
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The stresses 00 and rr are even in 0 and r 0 is odd. 

Ol) =3 r n (n + 1) (n + 2) {cos «« cos (n + 2) 0 

— cos (n -f 2) * cos «0}, 

rr = — r n (n + i) {(n + 2) cos no. cos (n + 2) 0 

— (n — 2) cos (« + 2) a cos 

r0 = r n (n + 1) {(« + 2) cos «a sin (n + 2) 0 

— n cos (« + 2) a sin w0). 

Again put 

n = im, log r = p, x = Xa + 'Xb, etc. 

Then 

00 -- (cos mp + / sin mp) (1 -j- im) (A + iB), 
rr — (cos mp + i sin mp) (1 + im) (C + I'D), 
r0 = (cos mp + i sin mp) (1 + im) (E + /F), 

where 

A = 2 cosh ma cosh m0 cos 20 — 2 cosh ma cos 2a cosh m0 - 

— m sinh ma sin 2a cosh m0 
+ m cosh ma sinh m0 sin 20 

B — 2 sinh ma sin 2a cosh m0 — 2 cosh ma sinh mfl sin 20 

+ m cosh ma cosh m 0 cos 20 

— m cosh ma cos 2a cosh m0 

C — m sinh ma sin 2a cosh m0 — m cosh ma sinh m0 sin 20 

— 2 cosh ma cosh m0 cos 20 

— 2 cosh ma cos 2a cosh m0 

D ~ m cosh ma cos 2a cosh mO — m cosh ma cosh m0 cos 26 

+ 2 cosh ma sinh m0 sin 20 
+ 2 sinh ma sin 2a cosh m0 

E = m cosh ma cos 2a sinh m0 — m cosh ma sinh m6 cos 20 

+ 2 cosh ma cosh m0 sin 20 

F = m cosh ma cosh m0 sin 20 — m sinh ma sin 2a sinh m0 

+ 2 cosh ma sinh m0 cos 20 
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Jt follows that 

00 A - cos nip (A — mB) — sin nip (wA + B), 

00 B - sin mp (A - mB) + cos mp (mA + B), 
rr A cos mp (C — mD) — sin mp (mC + D), 
rr u — sin mp (C — mD) + cos mp (mC +■ D), 
r0 A — cos mp (E -- mF) — sin mp (mE + F), 

/•0„ == sin mp (E ■— mF) + cos mp (mE + F). 

When 0 = a, 

E - E 0 — 2 cosh 2 ma sin 2a = (1 + cosh 2m«) sin 2a, 

F = F 0 — m sin 2a + sinh 2ma cos 2a. 

Let 

= (E„ — mF 0 ) Xa + (wE 0 + F„) x B > 

then 

ee„, = (1 + m 2 ) {cos mp (E 0 A + F 0 B) — sin mp (E 0 B — F 0 A)}, 
rr m = (1 + m 2 ) (cos mp (E„C + F„D) — sin mp (E„D — F 0 C)}, 
rb m = (1 + m 2 ) (cos mp (E 0 E + F 0 F) — sin mp (E 0 F — F 0 E)}. 
When 0 — a, 

r0 — (1 + or) (E 0 2 + F 0 2 ) cos mp. 

Take 

y — ^ f *_ 1L ™_ dm 

X 2itcJ„ (1 + m 3 ) (E 0 2 + F 0 2 ) ’ 

and put 

E„/(E 0 2 + F 0 2 ) = P, F 0 /(E 0 2 + F 0 2 ) - Q. 

The stresses are then given by 

0~0 * _ 1L f {(pa + QB) cos mp - (PB - QA) sin mp) dm 1 
2tcc J o 

rr = — — P {(PC + QD) cos mp - (PD — QC) sin mp) dm • ( 3 - 2 ) 
2rccJ n 

r% z= _ f* {(PE + QF) cos mp - (PF - QE) sin mp} dm 
2nc j o 

This corresponds to the loading shown in fig. 1 when F 3 = W and 
Fj = F 2 — F* — 0. 
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4 —The Sector under Two Equal Tangential Forces, one towards 
the Vertex and one away from it, at Corresponding Points 
of the Two Edges 
Let 

X = Xs sin no c — X 4 sin (n + 2) a. 

Then 

00 = 0 when 0 — ± a. 

The stresses 00 and rr are odd in 0 and r0 is even. 

00 — r "(n -j- 1) (« -f 2) {sin nx sin (n + 2) 0 — sin (» 4 2) « sin nbj, 
rr — r” (n+1) {(«— 2) sin (« -f 2) « sin «0 — («-f 2) sin not sin (n+2) 0}, 
r0 — r w (n + 1) {« sin (n + 2) « cos nb — (// -f 2) sin nx cos (« -f- 2) 0}. 
As before put 

n = im, log r = p, x = Xa + 'Xn» etc. 

Proceeding as in (3) we obtain a solution in which 00, rr, r0 are given 
by (3.2), the quantities A, B, C, D, E, F being given in this case by : 

A = 2 sinh m« cos 2a sinh m6 — 2 sinh mx sinh m0 cos 20 

+ m cosh mx sin 2a sinh w6 — m sinh mx cosh mO sin 20, 

B — 2 sinh mx cosh n;0 sin 20 — 2 cosh mx sin 2a sinh mO 

+ m sinh mx cos 2a sinh mO — m sinh mx sinh m 0 cos 20, 

C — m sinh mx cosh mO sin 26 — m cosh mx sin 2a sinh mO 

+ 2 sinh mx cos 2a sinh m 0 + 2 sinh mx sinh mb cos 20, 

D — m sinh mx sinh mb cos 20 — m sinh mx cos 2a sinh mb 

— 2 cosh mx sin 2a sinh mb — 2 sinh mx cosh /«6 sin 20, 

E — m sinh mx cosh m0 cos 20 — m sinh mx cos 2a cosh mb 

— 2 sinh mx sinh mb sin 20, 

F — m cosh mx sin 2a cosh mb — m sinh mx sinh mb sin 20 

— 2 sinh mx cosh mb cos 20. 

When 0 — ± a, 

E = E 0 = — 2 sinh 2 mx cos 2a = (1 — cosh 2mx) cos 2a, 

F == F 0 = m sin 2a — sinh 2mx cos 2a. 

As before we put 

E 0 /(E 0 2 + F„ s ) == P, 


F„/(Eo 2 + F 0 2 ) = Q. 
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This solution corresponds to the loading shown in fig. 1 when F« = W, 
Fj — F 2 = F 3 — 0. By adding the solutions (3) and (4) we obtain that 
corresponding to a single tangential force of amount 2W. By com¬ 
bining the solutions for a single normal force and for a single tangential 
force we obtain that corresponding to a single force in any direction. 


5—The Displacements 

The mean displacements may be found directly from the displacements 
in polar co-ordinates, just as the stresses have been found directly from 
the stresses in polar co-ordinates, without explicitly using the stress and 
displacement functions. The resulting formulae for the displacements 
are of the form 


U f 



( m , 0) cos nip -f G (m, 0) sin mp} dm. 


The functions F (m, 0) and G (m. 0) are, however, so unwieldy that 
no information can be obtained from these formulae without very 
laborious computation. 




Numerical Results 
6—Methods of Calculation 

Numerical solutions have been obtained of the two problems which are 
represented diagrammatically in figs. 2 (i) and 2 (ii). The results for 
the problem corresponding to fig. 2 (iii) have been deduced from these 
by addition. 

When the sector is a quadrant, i.e., when a = tc/ 4, the arithmetical 
work is somewhat lighter, but the same methods could be used for sectors 
of any angle. 
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In each integral of the type (1.2) the range of integration has been 
split up giving 

| F (ni) s ‘ n mp dm — [ F (m) s ' n mp dm ± [ F (m) s * n mp dm. 

Jo COS Jo COS J 24/it cos 

The integrals between the limits 0 and 24 /tc have been evaluated by 
Filon’s* analogue of Simpson’s Rule, using eleven ordinates, i.e., an 
interval of 2-4 /n in m. The integrals over the higher range have been 
evaluated by using the asymptotic values of the functions F (m). It is 
found that when m is large the functions F ( m ) approximate to linear 
combinations of and me km where X is a constant and so the con¬ 
tributions from the upper ranges are easily computed. They are in 
most cases very small compared with the integrals over the lower range. 

In the early stages six figures have been used as in some parts of the 
work the results depend on the small differences between large numbers. 
The stresses have been worked out at the points:— 

0 — 0, ± tc/12, ± tc/ 6 ; p - 0, ±tc 2 /28-8, ±tc*/14'4, 

and ±tc*/9-6, 

0 = ±tc/ 4, p = 0, ±ir*/57-6, ±*2/28-8, ±* 2 /19-2, ±*2/14.4, 

± *2/11 • 52, ± *2/9-6, ± 7*2/57-6. 

These 65 points are indicated in fig. 3. 

Table I— Values of the Stresses 




r 

*~irV9*6 

— 7r*/14 

■4 —7r*/28 * 8 

0 

7c a /28 *8 

n 2 /14*4 

tc*/9 *6 



t 

0-358 

0-504 

0*710 

1*0 

1*409 

1 -985 

2*796 


0 ^ 

0 

0-29 

1 *36 

3*03 

3-36 

1 -52 

0*34 

0-04 

(2tcc/W) 00 ' 

0 

tc/12 

016 

0*98 

301 

4-06 

1*55 

0*24 

0-01 

0 - 

7r/6 

006 

0*26 

1*52 

7-61 

0*76 

007 

-0*06 

1 

1 0 - 

7c/4 

0 

0 

0 

— 

0 

0 

0 


1 

0 

0 04 

0-03 

—0-23 

0-49 

1*74 

1*85 

1*25 

(2tic/W) rr 

0 «_ 

tc/12 

012 

0-20 

0-02 

0*42 

2-01 

1 -82 

1 -29 

1 o — 

7C/6 

“0*08 

0*55 

0-91 

0*25 

2*79 

1*71 

1-08 



7C/4 

-0*76 

-0-87 

-0*69 

— 

0*32 

0*61 

0-65 



0 

0 

0 

0 

0 

0 

0 

0 

(2nc/W) rb 

! 0 - 

tc/12 

002 

0*43 

0*95 

—0*54 

0*65 

-0*05 

0*03 


1 e- 

7c/6 

TT Id 

-0-04 

n 

0-27 

ft 

1-56 

n 

— 0*65 

—0*90 

a 

0*02 

rv 

0*04 

ft 


The stresses 00 and rr are even in 6 and rO is odd. 


* ‘ Proc. Roy. Soc. Edin.,’ vol. 49, pp. 38-47 (1929). 
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7—The Infinite Quadrant with Two Inward Normal Forces at 
Corresponding Points of the Two Edges 

The values of the stresses in the problem represented in fig. 2 (i) are 
given in Tables I and II. 



Table II— Values of rr on the Edges 0 = ± «/4 


r 

0-301 

0-358 

0*425 

0-504 

0*598 

0*710 

0*843 

(2ttc/W) rr 

-0-65 

-0-76 

—0*87 

-0*87 

-0*83 

-0*69 

—0*49 

r 

1-187 

1-409 

1 *672 

1*985 

2*355 

2*796 

3*318 

(2itc/W) rr 

0-08 

0-32 

0*50 

0-61 

0*68 

0*65 

0*61 
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The corresponding values of the principal mean stress difference R 
have been calculated, and R 2 is given in Table III. 


Table III— Values of 47t 2 c 2 R 2 /W 2 



r 

0-358 

0*504 

0*710 

10 

1-409 

1*985 

2*796 

0 ST 

= 0 

0 06 

1 *77 

10*63 

8*24 

0*05 

2*28 

1*46 

0 = 

=* tc/1 2 

0*00 

i *35 

12-55 

14*42 

1*90 

2*51 

1*64 

0 - 

- 7r/6 

0*03 

0*37 

1010 

55*86 

7*36 

2*69 

1*30 

0 - 

- 7c/ 4 

0*58 

0*76 

0*48 

— 

0*10 

0*37 

0*42 


The isochromatic lines—lines of constant principal mean stress 
difference—and the lines of principal stress have been drawn in fig. 4. 
(The isochromatic lines have been drawn at irregular intervals in R.) 



W 

Fio. 4 —-lines of principal stress ; — — — isochromatic lines 

We see that at a distance of 2-796 from the vertex rr is the only stress 
of considerable magnitude. It is interesting to compare the values of 
rr on the arc r = 2-796 with those which are found when the statical 
resultant of the two forces acts at the vertex.* 

* Michell (loc. cit.), or see Coker and Filon, “ Photo-Elasticity,” p. 327. 
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The values are compared in Table TV and in fig. 5. In Table IV, row 
A refers to the stresses in the problem of fig. 2 (i) and row B refers to the 
stresses when the statical resultant of the loads acts at the vertex. The 
letters A and B have the same meaning in fig. 5. 

It is seen that even at this distance the effect of the mode of application 
of the load is not great in rr and that 60 and r 0 are comparatively small. 



Fig. 5—A, — -- ; B, — . — . — . 2 -c rr/W, when r ---- 2 -796. 


Table IV- 

-Values of 

— 2w/y/W, where r — 

2*796 

0 

0 

Tc/12 7t/6 

7C/4 

A 

1*25 

1-29 1-08 

0*65 

B 

1-24 

119 1-07 

0*87 


8—The Infinite Quadrant with one Normal Force applied 

to an Edge 

The values of the stresses in the problem corresponding to fig. 2 (ii) 
have been calculated, but are not of much interest as the case is impossible 
to obtain in practice. 

The values of the stresses in the problem corresponding to fig. 2 (iii) 
are, however, obtained by taking the mean of those of the last two cases. 
These stresses are given in Tables V and VI. 

The corresponding values of R 2 (the square of the principal mean 
stress difference) are given in Table VII. 

The isochromatic lines, fig. 6, and the lines of principal stress, fig. 7, 
have been drawn. 

The force acting at a point of an edge is statically equivalent to a 
force at the vertex, in a parallel direction, with a couple. The stresses 
on the arc r — 2*796 corresponding to this stress system* are compared 

♦ Michell ( loc . cit.) and Inglis, ‘Trans. Instn. Nav. Archit.,’ vol. 64 (1922), or see 
Coker and Filon, “ Photo-Elasticity," pp. 327, 366. 
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Table V—Stresses in the Case of a single Normal Force 



r 

O'358 

0*504 


e-»/4 

0 

0 


0 ~ rc/6 

002 

O'29 

4tcc — 

0 - tt/12 

O' 13 

M2 

- vv 00 1 

, 0-0 

0*29 

1 *36 


0 - - tc/12 

019 

0*84 


0 - — 7T/'6 

010 

0*23 


' 0 - - tc/4 

0 

0 


0 - tc/4 

—0-88 

- 1 *26 


0 - rc/6 

0*04 

0*75 

4 nc ■- 

0 — tc/12 

0*22 

0*31 

-■w" ' 

, ®-o 

0 04 

003 


| 0 = — tc/12 

002 

0*09 


1 0 — — 7c/6 

- 0-16 

0-35 


0 i-s ™ tc/4 

— 0*64 

•-O'48 


i e-*/4 

0 

0 

1 

0 7c/6 

-009 

0*26 

4;rc ~ 

0 - tc/12 

005 

0*48 

~lv r6 " 

0 — 0 

0*02 

0*01 


0 - - tc/12 

001 

— 0*38 

1 

0 — 7C/6 

-001 

-0*28 


0 — — tc/4 

0 

0 


0 710 

10 

1*409 

1*985 

2*796 

0 

— 

0 

0 

0 

2*63 

14*83 

1*30 

0*09 

-0*06 

4'46 

6-59 

2*30 

0*27 

0*01 

3 03 

3*36 

1*52 

0*34 

004 

1 56 

1*53 

0*80 

0*21 

0*01 

0*41 

0*36 

0*22 

0*05 

—0*06 

0 

0 

0 

0 

0 

1*61 


1 96 

-1 *90 

1 * 70 

1*37 

— 1 *06 

3*03 

0*63 

-0*31 

-0-42 

-0 32 

1*93 

1*46 

0*69 

-0*24 

0*48 

1*74 

1 *85 

1*25 

046 

1 * 16 

2*09 

2*18 

1*89 

0-45 

1*56 

2*55 

2*79 

2*47 

0-23 

1 45 

2 60 

3-13 

2*99 

0 

0 

0 

0 

0 

2*33 

— 2*49 

-2*95 

-0*77 

-0*35 

0*70 

-2*88 

— 3*31 

-1*45 

-0*69 

-0*90 

2*46 

-2*74 

-1*59 

-0*84 

— 1*20 

1*80 

-201 

— 1 - 35 

-0*75 

-0*79 

— 119 

—1-15 

—0*81 

-0*43 

0 

0 

0 

0 

0 



Table VI— 

Values of rr 

on the Edges 




1 r 

0*301 

0*358 

0*425 

0*504 

0*598 

0*710 

0*843 


4tcc - 
' W " 

-0*71 - 

0*88 

-MO 

— 1*26 

M-44 - 

1*61 

-1*77 


1 

' r 

1*187 

1*409 

1*672 

1*985 

2*355 

2*796 

3*318 


I 4kc - 

1 - w " 

-1*93 - 

1 ■ 96 

- 1 *95 

— 1*90 

-1*78 - 

-1*70 

— 1*56 


/ r 

0 30J 

0*358 

0*425 

0*504 

0*598 

0*710 

0*843 

10 

4tcc - 

“w' r 

— 0*60 - 

-0*64 

—0*65 

-0*48 

-0*21 

0*23 

0*79 

1-45 

1 r 

1*187 

1*409 

1672 

1*985 

2*355 

2*796 

3*318 


j 4nc ~ 

1 w rr 

2*08 

2-60 

2*95 

313 

3*15 

2*99 

2*78 



0 — — tc/4 
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Table VII—Values of 16i**R«/W» 



r 

0-358 

0*504 

0*710 

1*0 

1*409 

1-985 

2*796 

0 - 

= tc/4 

0-77 

1*59 

2*59 

— 

3*84 

3*61 

2*89 

0 = 

- tc/6 

0 03 

0*48 

23*31 

277*8 

37*79 

2*89 

0*55 

0 - 

- */12 

002 

1*75 

25*77 

80*93 

43*96 

9*83 

2*38 

0 - 

- 0 

006 

1*77 

13*93 

32*50 

30*05 

12*14 

4*28 

0 - 

- — tt/12 

0 03 

M4 

6*97 

13*10 

17*82 

11*17 

5*78 

0 = 

- — tt/6 

0-12 

0*32 

2*50 

7*10 

10*72 

10*13 

7*14 

e - 

- — tt/4 

0-55 

0*23 

0*06 

2*10 

6*76 

9*80 

8*94 



Fig. 6 


Table VIII- 

-Values 

OF THE 

Stresses 

ON THE 

Arc 

r = 2-796 


0 

n /4 

tt/6 

rc/12 

0 

-tt/12 

— n /6 — 7t/4 

4Ttc rifl ! 

' w 0e 1 

A 

0 

— 0*06 

0*01 

004 

0*01 

-0 06 0 

B 

0 

0 

0 

0 

0 

0 0 

4 nc ~ f 

A 

— I - 70 

—0*31 

0*69 

1*25 

1*89 

2*47 2*99 

"w" i 

B 

— 1 46 

—0*32 

0*56 

1 *24 

1 *83 

2*46 3*20 

4tcc-. i 

" w r9 \ 

A 

0 

-0*35 

-0*69 - 

-0*84 - 

0*75 

-0*43 0 

B 

0 

—0*40 

.0*70 

0*80 - 

0*70 

-0*40 0 


with those found above, in Table VIII and graphically in figs. 8 and 9. 
In the table the rows A refer to the stresses in the problem of fig. 2 (iii), 
and the rows B refer to the stresses when the statically equivalent force 
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and couple act at the vertex. The letters A and B have the same meanings 
in figs. 8 and 9. 

It will be seen that there is fairly close agreement in the figures of 
rows A and B. These results give an idea of the way in which de Saint 
Venant’s “ Principle of Equipollent Loads ” applies to a quadrantal 
plate, strained in its own plane. It seems probable that, when the loads 
are applied at points near the vertex, the local effect is negligible at 



points whose distance from the vertex is more than three times that of 
the points of application of the loads. 

The solution of the problem of a sector under any system of forces in 
its plane, acting at points of the boundary, or of the interior, can easily 
be deduced from the foregoing solution, but the evaluation of the stresses 
would involve a very great amount of labour, which the results obtained 
would probably not be of sufficient importance to justify. 
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The Statistical Mechanics of Regular Solutions 

By E. A. Guggenheim, M.A., from The Chemical Laboratory, 
Reading University 

(Communicated by R. H. Fowler , F.R.S.—Received September 26, 1934) 

Ideally Dilute Solutions, Perfect Solutions and Regular 

Solutions 

In a previous paper* the methods of statistical mechanics were used to 
obtain the laws of ideally dilute solutions and of perfect solutions. The 
methods there used will be extended in the present paper to apply to 
solutions of a more general type which may be called “ regular solutions,” 
a term due to Hildebrand. These various kinds of solutions may be 
defined as follows. A solution will be ideally dilute if there are no long 
range forces between the solute molecules and if the ratio of solute to 
solvent molecules is so small that of all relevant possible configurations 
the number of them, in which two solute molecules are within range of 
each other’s field of force, is negligible. A solution will be perfect if, 
starting with any given configuration, the interchange of position of any 
molecule of any one species with any molecule of any other species does 
not alter the total potential energy of the system. We shall apply the 
epithet “ regular ” to solutions whose properties correspond, with fair 
accuracy, to those of a simplified model which we shall now describe. 

For the sake of simplicity we shall consider a mixture of two species 
“ A ” and “ B.” The extension to mixtures of more than two species 
will be obvious. In our model of a regular solution we postulate first 
the absence of long-range (electrostatic) forces between the molecules. 
Our second assumption is that the “ A ” and “ B ” molecules may be 
treated as spheres of at least approximately the same size. Thirdly, we 
assume that each molecule whether of” A ” or “ B ” is directly surrounded 
by the same number r of other molecules. If the molecules are close- 
packed, r will have the value 12, but for our present purpose, there is no 
need to assign any specified value to r, provided its value is the same for 
the “ A ” molecules as for the “ B ” molecules. Fourthly, we assume that 
the liquids “ A ” and “ B ” mix in all proportions without volume change. 
Our fifth assumption is that, for varying configurations (all of the 
same volume) of the system, the total potential energy may be regarded 


* Guggenheim, ‘ Proc. Roy. Soc.,’ A, vol. 135, p. 181 (1932). 
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as the sum of contributions of each pair of molecules in direct contact. 
This assumption is slightly less drastic than assuming that the field of 
a given molecule does not extend beyond the further side of the next 
molecule. It is equivalent to ignoring differences between the field of 
an “ A ” molecule and that of a “ B ” molecule at distances exceeding 
one molecular diameter. Obviously our first assumption is included in 
our fifth. 


Statistical Formulation 

We take as independent variables the temperature, the pressure, and 
the number of molecules of each species. For an assembly consisting 
of n A molecules of A and n a molecules of B, between which no chemical 
reactions are supposed to take place, the Helmholtz free energy F and 
the function 'F of Planck, may be put in the form (Guggenheim, 
loc. cit.) 

-Jfi j - «A-(log^ + 1 ) +«„ (log^e + l) +logB(T,p). (1) 

(They are, of course, not characteristic functions in these variables.) 
In equation (1) k is the gas constant. G A and G Jt are the partition 
functions for the kinetic energy and internal energy of the molecules A 
and B; the form of G A and G„ need not concern us here; it suffices to 
mention that they depend on the temperature and possibly the pressure, 
but otherwise only on molecular properties such as mass, moments of 
inertia, vibration frequencies, etc., of the molecules. Finally B (T, p) 
the partition function for the potential energy of the whole system is 
given by 

B (T, P ) =- | | (</o> A )«* . (2) 

Here W is the potential energy of the whole system, a function of the 
space co-ordinates of all the n A molecules of A and the n B molecules of B. 
(rfcoj"* is an abbreviation for the product of w A elements of volume each 
corresponding to one particular A molecule; similarly we have (d<i > n ) n *. 
The multiple integral is to be evaluated over the whole of the 3 (n A + «„) 
dimensional configuration space occupied for the assigned T and p. 
The whole problem reduces to the evaluation of B (T, p). 

Let us denote the potential energy of a quantity of the pure liquid 
A containing n A molecules in a given configuration by n A w A and, 
similarly, the potential energy for a quantity of the pure liquid B con¬ 
taining n B molecules by « E w B . Then, according to the assumptions 


VOL. cxlviii.—A. 
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stated above, the potential energy W of a liquid system consisting of n A 
molecules of A and » B molecules of B in an arbitrary mixed configuration 
(of volume equal to the sum of those of the unmixed pure liquids) will 
be of the form 

W — (w A — x) w A + («,, - x) w’„ + 2xw- AB , (3) 

where the number of pairs of A molecules in direct contact is \r (u A — x), 
the number of pairs of B molecules in contact is \r {n H — x), while the 
number of A—B pairs is rx. If, by an appropriate alteration in the 
configuration of the system, the number of A—A and B—B pairs are 
each reduced by unity while the number of A—B pairs is increased by two, 
then the total increase of potential energy will be 2 {2w AB — w A — w n }/r. 
If now we start with the two separate pure liquids A and B, and interchange 
the positions of an A molecule from the interior of A and a B molecule 
from the interior of B, then the number of A—B pairs is increased by 2r, 
while the numbers of A—A pairs and B—B pairs are each decreased by r. 
It follows that by this operation the total increase of potential energy is 
2 {2 w ab — w A — w,J. This quantity we shall for the sake of brevity 
denote by 2X. It might be called the molecular potential energy of 
mixing. Using this notation, we can rewrite (3) as 


W = n A w A + « b h>„ + xX 


(4) 


Consequently B (T, p) takes the form 

B (T,p) - f j exp | - + (JaJ . A 

— exp {- V' + ) j (5) 

The last step follows for the reasons given in the earlier paper, and it 
is necessary to distinguish between w A and its mean value when the 
corresponding factor is taken outside the integral. 

Let us now define a quantity x, a certain average value of x by means 
of the relation 

| (</w a )”a (</w B ) n 8 = j* | (d<ji A )’U . (6) 

Combining (6) with (5) we obtain 

Bfl» - exp (- "A+ffi. + ... »> } | | W v. (, 1. (7) 
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We can evaluate the multiple integral in (7) precisely as we did in our 
treatment of ideally dilute solutions (Guggenheim, loc. cit.), and obtain 

B (T ,p) = exp | — + ( „ a + nu) I Ua » a Ub « b , (8) 

where o A is the volume in which an A molecule can move about without 
disturbing the remaining molecules and u B is defined similarly. 


Thermodynamic Functions in Terms of x 
Substituting from formula (8) for B (T, p) into (1) we obtain 


_F T 
AT k 


= «A 


f| n( , GaU A («A + «B> W a\ 

r g T a Fri 

+ n B | log GuU P ( ^ a ±ad - 
l n B 

3c X 


kT\ 


kT 


( 9 ) 


If we use the operator A to denote the excess of the value of a thermo¬ 
dynamic function over its value for an ideal solution of the same com¬ 
position at the same temperature and pressure; we have 


AF — TAT = xA. 


( 10 ) 


According to one third assumption concerning regular solutions 

AV =”• 0, (11) 

and so for the thermodynamic potential* G and the second characteristic 
function 0 of Planck 

AG = —TA4> — AF + PAV — xA. (12) 

Whereas vv x , w H , w AB depend on the temperature in an unknown 
manner the differential quantity A = (2w AB — w A — will only 
vary with temperature in so far as the change in tightness of packing of 
the molecules may affect w AB differently from w A and w B . We may 

* The notation for the thermodynamic functions is that used in the author's 
" Modem Thermodynamics,” Methuen, 1933. It differs from that of Lewis and 
Randall, used in the previous paper, in that F takes the place of A, while G takes 
the place of F. 
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reasonably expect this differential effect to be very small and we shall 
therefore treat X as independent of the temperature. With this assump¬ 
tion we obtain by straightforward thermodynamics for the entropy S 

AS - - H X, (13) 

and for the energy E and the heat content H 

AE = AH = (x - T H) X. (14) 

We have by no means solved the problem of evaluating the thermo¬ 
dynamic functions, but have merely transformed it to the problem of 
evaluating x. 

Condition for Perfect Solution 

There is one conclusion that we can draw without evaluating x, namely, 
that if X is zero then solutions of all compositions obey the ideal laws, 
that is to say they will behave as perfect solutions. Thus the necessary 
conditions for mixtures of two liquids A and B to behave as perfect 
solutions is less drastic than that assumed in our previous paper 
(Guggenheim, loc. cit.) We there assumed that for perfect solutions 

W A = W„ = W AB . (15) 

We now see that we only need to assume that 

W A + W B = 2W ab . (16) 


Evaluation of x 

Let us now consider the possibility of evaluating x. Several authors* 
have made assumptions taking various forms but all equivalent to 

x* = («a - *) («b - x). (17) 

Now the number of A—B pairs, averaged according to (6), is by definition 
rx, while the numbers of A—A and B—B pairs are respectively $r (w A — x) 
and \r (« B — x), the symmetry factor \ taking account of the fact that 
each A—A pair involves two A molecules. The physical meaning of 
(17) is therefore that the relative numbers of A—B pairs, A—A pairs and 

* Van Laar and Lorenz, ‘Z. anorg. Chem.,’ vol. 145, p. 239 (1925); Heitler, ‘ Ann. 
Physik,’ vol. 80, p. 630 (1926); Hildebrand, * J. Amer. chem. Soc.,’ vol. 51, p. 66 
(1929); Hildebrand and Wood, ‘ J. Chem. Phys.,’ vol. 1, p. 817 (1933); Scatchard, 
‘ Chem. Rev.,’ vol. 8, p. 321 (1931). 
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B—B pairs is determined simply by the relative numbers of A molecules 
and B molecules. In other words (17) corresponds to the assumption 
of completely random mixing. Alternatively it assumes that the entropy 
change of mixing is the same as for an ideal solution. Solving (17) for x 
we obtain 


r ”a«). 

«a + »B ’ 


(18) 


It is, however, easy to show that formula (18) is incorrect. According 
to the definition (6) of x it is obvious that x is a function of n s Jn A and 
X/AT; or for a given value of « B /n A a function of X/ArT. In particular, 
when X/AT is very large and positive, the integrand on the right of (6) 
will be effectively zero except when x is zero, and so x will be zero. If, 
however, X/AT is zero then there will obviously be random mixing and x 
will be correctly given by (18). If, on the other hand, X/AT is very large 
and negative then effectively the whole of the integral on the right of (6) 
will be contributed by configurations in which there are the maximum 
possible number of A - B pairs. If n B < n A , these will be the configurations 
in which every B molecule is completely surrounded by A molecules. 
If n A < n B , these will be the configurations in which every A molecule 
is completely surrounded by B molecules. We therefore have the follow¬ 
ing values of x for special'values of X/AT:— 

When 


X/AT = oo 


0 "1 

X/AT = 0 

X = 

"a«b 1 



«A + «B 

X/AT =-- - oo 

x 

n A or n n whichever is less 


It appears, and presumably could be proved rigidly, that as X/AT decreases 
from oo to — oo, x increases steadily from 0 to n A or n B . It follows that 
x cannot be independent of T. The error made in assuming (17) or (18) 
is of a similar nature to that of assuming the coefficient a in Van der 
Waals’ equation to be independent of temperature.* 

An equation for x, which if not exact, is at least an improvement on 
(17) is 

x 2 = (n A - x) (n u - x) e 8 *" w . (20) 

The quantity 2X/r in the exponent is the work required to change an 
A—A pair and a B—B pair into two A—B pairs. This takes account of 

* Fowler, ‘ Phil. Mag.,’ vol. 43, p. 785 (1922). 




310 


E. A. Guggenheim 

the fact that there will be departures from random mixing favouring 
contact between molecules with low mutual potential energy. We can 
solve (20) and obtain 

x = ((”a + »n) 2 + 4 » a w b (e»fr* f - 1)}* - (n A + «») (2 i) 

2 (^2*/ rfcT — ]) 

and this value of .r may be substituted into formula: (10), (12), (13), (14) 
for the various thermodynamic functions. 


Approximations for Slightly Imperfect Solutions 

If 2\jrkT > 1, it is clear from physical considerations that A—B pairs 
in contact will be rare. In other words, the liquid will separate into two 
phases, one a dilute solution of B in A, the other a dilute solution of A 
in B. If on the contrary — 2X/r£T > 1, there will be a strong tendency 
for the formation of A—B pairs, so much so that such a pair once formed 
will be reluctant to break up again. This state of affairs could be described 
as chemical combination of A and B, or as solvation. We can therefore 
expect the mixture to behave in a simple manner without either splitting 
into two phases or chemical interaction only when | 2k/rkT | < 1 and 
also | e ax/rfcT — 1 | < 1. It is, therefore, of interest to examine the 
behaviour of x under these conditions. 

If we expand the radical in (21) as a power series in . ( e ‘*/r*T _ j) 

("a + «B) 

and retain the first three terms only, we obtain 


x —■ 


Mb ( 

«A + «B ' 


1 - 


n A n H 

(n A + n B f 


( e 2 A/r*T _ J) 


1 

f 


( 22 ) 


If, further, we expand e* A,rkT as a power series of 2\jrkT and retain 
only the first two terms we obtain 


y = Mil 1 1 - Ms 21 ( 

«a + w b* («a + »b ) 2 r kT \ ' 

Substitution of (23) into (10) leads to 


AF — 


AE = 


AG * 


«A + «B t 


Ml 2X \ 

«a + n B rkT)’ 


AS — n A 2w B 2 

("a + Wb)*^’ 


AH « . Mil . x{1 

«A + "b ' 


- 2^a w b 2X 1 

«A + 


(23) 


(24) 

(25) 

( 26 ) 
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If | 2kjrkT | < 1, we obtain as a first approximation formula (18) 
for x, but its use is quite unjustifiable except when | 2’kjrkT | 1. Its 

application by Hildebrand (ioc. cit.) and others to two liquids that are 
incompletely miscible is particularly unwarranted. 


Non-ideal Dilute Solutions 

If n B % rt K so that the mixture is a dilute solution of B in A, but not 
so dilute as to obey the ideal laws, we may still expand the radical in (21) 
and retain only the first three terms. We thus obtain (22) 


n K n H \ | W A f Jjj tg'1/.-rf I' ... . I 

«a + »b> «a ’ 


(27) 


which is valid for dilute solutions even if 2kjrkT is not very small. As 
long as 2kjrkT is not too large, we may use (23) as an approximation to 
(27). It is worth notice that if the solution is dilute this approximation 
is valid when 2kjrkT is negative, even if — IkjrkT 5 1. This means 
physically that in a dilute solution solvation does not affect the thermo¬ 
dynamic behaviour. 


Molecules of Widely Different Sizes 

One of the assumptions necessary for our treatment was that the A 
and B molecules have at least approximately the same size and so a 
common value of r. Without this assumption we have found no way of 
approximating to B (T, p). The formula proposed by Scatchard* may 
be expressed in the form 

AF = AG = AE AH L . n M± v " , (28) 

»a P\ + »B®B 

where v A , v B denote molecular volumes and L is a constant. In the 
special case that v A — v B this becomes equivalent to (18) and so, at the 
best, it is inexact. When v A v h formula (28) must be regarded as 
purely empirical. 

I have much pleasure in thanking Professor R. H. Fowler for his kind 
and valuable criticism. 

Summary 

The methods of statistical mechanics, as used in a previous paper to 
deduce the laws of ideally dilute solutions and of perfect solutions, are 

* ‘ Chem. Rev.,’ vol. 8, p. 321 (1931). 
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extended to apply to solutions of a more general type. In accordance 
with a suggestion of Hildebrand these are called regular solutions. By 
treating the molecules of the two components of a binary solution as 
spheres of approximately the same size with short range fields of force 
it is possible to predict the general behaviour of the thermodynamic func¬ 
tions for such a solution. It was not found possible to deduce the exact 
form of these functions, but a form is suggested that is at least qualitatively 
correct. On the other hand it is shown that the semi-empirical formulae 
proposed by Hildebrand and other authors are inconsistent with the 
principles of statistical mechanics. 


Band Spectrum of Nickel Hydride : 

Bands at X 5713, X 6246 and X 6424 
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R. W. B. Pearse, A.R.C.S., Ph.D., Assistant Lecturer in Astro¬ 
physics, Imperial College of Science and Technology, South 
Kensington 
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[Plate 11] 

Introduction 

The new system of bands* discussed in this paper was obtained by one 
of the authors (A. G. G.) in an experiment to observe whether nickel gave 
an oxide band system similar to that of iron, which appears when iron 
carbonyl is introduced into a flame. An analogous close-structured 
band system was obtained with nickel carbonyl, but in addition there 
appeared a band structure consisting of well marked series of widely 
spaced lines. Two heads were prominent at X 5713, and X 6246 and 
from X 5743, and X 6281 two series of lines stretched towards the red 
end of the spectrum. The first six or seven lines were very strong. In 
the band of longer wave-length the lines showed a doubling increasing 
regularly towards the red. In addition there were a large number of 
faint lines, some of which have been arranged into branches. 

* A preliminary note has appeared in * Nature,’ vol. 134, p. 287 (1934). 
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Experimental 

The source used for producing these bands was very simple. The 
vapour of nickel carbonyl Ni(CO) 4 was introduced into the air hole of 
a Meker burner. The vapour was carried through by a slow stream of 
coal gas which passed over a supply of the volatile liquid contained in a 
small bottle. For the satisfactory development of the hydride bands 
the adjustment of the flow of vapour was rather critical. Too great a 
flow intensified the oxide bands and produced a strong continuous 
background due to the incandescent particles of nickel formed during 
decomposition of the carbonyl. 

After some preliminary survey work on instruments of small dispersion, 
the spectrum of the flame was photographed in the first order of the 
10-foot concave grating. With Ilford Hypersensitive Panchromatic plates, 
sensitized by bathing in dilute ammonia, the band structure was strongly 
developed in 12 hours. An image of the flame was focussed on the slit 
of the grating by means of a wide aperture long focus condensing lens, 
and the intensity of the image increased by placing a mirror behind the 
flame. Survey work had indicated that the hydride bands were most 
strongly developed at the base of the flame immediately above the blue 
cones, and this region was focussed on the slit. 

Experiments were carried out to find alternative sources of the spectrum 
and to obtain further evidence as to its origin. An arc between nickel 
poles in hydrogen at various pressures was tried but did not run satis¬ 
factorily, either at atmospheric or at low pressures. A high tension arc 
from the secondary of a 7 kVA Ferranti transformer between nickel 
electrodes in hydrogen at low pressure gave chiefly the molecular spec¬ 
trum of hydrogen. More success was obtained, however, by passing the 
high tension discharge through a flame of hydrogen burning in air. 
With suitable adjustment of the separation of the nickel electrodes and 
of the rate of flow of hydrogen, the hydride bands were well developed 
though somewhat masked by continuous spectrum, by bands of nickel 
oxide, and by two diffuse bands of unknown origin, one in the red and 
one in the green. The bands were sufficiently well developed to be 
photographed and compared with those obtained with the nickel carbonyl 
flame. The identity of the two systems strongly favours the assignment 
of the bands to a hydride of nickel. 

Spectrum of the Flame 

The spectrum of the nickel carbonyl flame, produced as described, 
has been investigated with small prismatic spectrographs between X 2000 
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and X9000. The interesting features of the spectrum in the infra-red 
were obscured by a heavy continuous background; there appeared to 
be some signs of another faint hydride band in this region, but no 
measurements were obtained. 

The top of the flame showed bands distributed throughout the visible 
spectrum, these being strongest in the green. These bands are also 
produced by a nickel arc running in air, and are believed to be due to 
nickel oxide NiO. Under large dispersion they show a close rotational 
structure, but the heads are somewhat indefinite. Heads have been 
observed at XX 5005, 5098, 5174, 5408, 5530, 5914, 6135-5, 6152, 6342, 
and 6385 -5. The upper part of the flame also showed a considerable 
amount of continuous background, probably due to incandescent par¬ 
ticles of nickel, and a group of nickel lines between X 3000 and X 3900 
agreeing very well in relative intensity with those listed by Russell* 
under the temperature classifications I, 11 and A, nearly all the strong 
lines belonging to class II. The hydride bands were faintly developed. 

In the region immediately above the blue cones the hydride bands, 
which form the subject of this paper, were strongly developed. They 
are described in detail in the next section. This region also showed 
the group of nickel lines X 3000 to X 3900 with comparable intensity, 
and the oxide bands with much less intensity than at the top of the 
flame. 

The short blue cones at the base of the flame showed the hydride bands 
and nickel lines previously described, and also an additional group of 
nickel lines from X 2300 to X 2480, these being of temperature classifica¬ 
tion A. The nickel oxide bands were not present. In addition to 
these systems due to the introduction of the carbonyl into the flame, the 
band systems usually present in the flame alone were also obtained; they 
were the OH bands at X28U and X3064, the CH bands in the blue- 
violet, and the Swan bands of C 2 . The only impurities observed were 
the resonance lines of sodium and potassium which extended throughout 
the flame. 


Description of the Nickel Hydride Bands 

The most prominent features of the wide spaced structure attributed 
to a hydride of nickel are two strong bands in the red and yellow. There 
are also many faint lines and banches in this region of the spectrum. 

* ‘ Phys. Rev.,’ vol. 34, p. 821 (1929). These lists were compiled from publications 
by King, ‘ Astrophys. J.,’ vol. 42, p. 344 (1915), and by Meggers and Walters. ‘ Sci. 
Pap. Bur. Standards,’ vol. 22, p. 205 (1927). 
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Under high dispersion the chief characteristics of the strong red band 
at X 6246 is a widely spaced P branch beginning at X 6281 and degraded 
to the red. The fourth member is resolved as a close doublet, and the 
doublet spacing increases rapidly in higher members. Besides this 
there is an R branch starting at the head at X 6246, and a short Q branch, 
beginning with a very strong line but fading out rapidly. The doublet 
separations in the three branches, which could be measured accurately, 
gave the clue to the analysis into P, Q and R branches. This analysis 
has shown that the doubling occurs only in the upper state and that the 
continuity of the P and R branches through the origin is broken by 
six missing lines. 

The yellow band with head at X 5713 is essentially of similar structure 
except that the P branch shows a large perturbation at the seventh member, 
after which the lines show a doubling similar to the red band. The 
behaviour of the other branches is similar, and shows that the perturba¬ 
tion takes place in the upper level. 

A third, weaker, band with its head at X 6424 has been analysed, and 
is very similar in structure to the band at X 6246 except that the doubling 
is smaller so that it is not resolved until the ninth member of the P branch. 

In addition to the three branches described above, which have yielded 
a rotational analysis, there is also a band at about X 5288 showing a 
similar appearance to the bands which have been analysed. This band 
is, however, much fainter and has not been photographed with sufficient 
dispersion to enable a rotational analysis to be made. 

There are also four well defined branches which have not been fitted 
together to give bands. They have heads, or initial lines, at XX 5834, 
6158, 6171 and 6392, and are listed in Table VII. 

The X 5834 branch starts strongly with small separations between the 
lines and fades out slowly. It may be of either Q or R form. 

The X 6158 branch is similar in spacing and intensity distribution to 
the P branches of the bands which have been analysed. No R or Q 
branch has been found as a partner for it, however. 

The X 6171 branch has all the appearance of an R branch, but again 
has no partners. 

The X 6392 branch has an initial spacing which is rather suggestive 
of a Q branch. It may be a branch of this form belonging to some other 
type of electronic transition in which the P and R branches are too faint 
to be observed. 

Faint lines in the region of X 6250 have given indications of forming a 
band of similar general appearance to those already analysed, but the 
tines near the origin are too faint to make any definite assignments. 
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Analysis of the NiH Bands 

The analysis of the red band at X 6246 was made simple by the fact 
that the doublets occurring in the P, Q and R branches were equal 
within the order of accuracy of the measurements. This indicated that 
the whole of the observed doubling originated in one set of rotational 
levels either the initial or the final state. Consideration of the initial 
lines of each branch showed that the doubling should be assigned to the 
initial levels. Since the branches arise from the following transitions:— 

P (J) = F' (J - 1) - F" (J) 

Q (J) — F' (J) - F" (J) 

R (J) = F' (J + 1) - F" (J) 

it is clear that the doublet separation of the term F' (J) appears in the 
lines P (J + 1), Q (J), and R (J — 1). Knowing the relative J values of 
the lines of thfe three branches it is an easy matter to obtain the term 
differences:— 

A 2 F' (J) - F' (J + 1) - F (J - 1) = R (J) - P (J) 

A 2 F" (J) = F" (J + 1) - F" (J — 1) — R (J — 1) — P (J + 1) 

The wave numbers of the lines of the branches and the values of these 
term differences for the three bands X 5713, X 6246 and X 6424 are listed 
in Tables I, II and III. The equality of the values of A 2 F" (J) obtained 
from each band indicated that all three have the same final level. 

Within each band the following relations were tested:— 

A 1 F'(J + i) = F'(J +1) —F(J) = R(J) — Q (J) 

-Q(J + 1)-P(J +1) 

Ai F" (J + i) - F" (J + 1) - F' (J) = R (J) - Q (J + 1) 

™ Q (J) — P (J + 1). 

The results are given in Tables IV and V. Again it may be observed 
that the term differences are identical for the final states. 

The doublet separations of the rotational levels of the initial states 
of the bands are collected for comparison in Table VI. They vary 
widely for the three bands and cannot be well expressed by a simple 
formula. 

Using the data obtained from the X6246 band, which is the most 
extensive, rotational constants for the final electronic state have been 
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Table I— Branches and Rotational Term Differences A a F (J) for 

the x 5713 Band 


J 

P(J) 

I 

Q(J) 

I 

R (J) 

I 

A a F (J) 

A*F"(J) 








Initial state 

Final state 

2} 

— 


17462-9 

7 

17500*5 

4 

— 

— 

3± 

17409-0 

5b 

17446-7 

6 

17495*1 

5 

86*1 

123*1 

4* 

377-4 

6 

426-0 

4 

485*3 

6 

107*9 

153-4 

5} 

341-7 

8 

400-9 

2 

471 -3 

6 

129*6 

183*9 

6i 

301 -4 

8 

371*9 

2 

452*9 

6 

151*5 

214*3 

7* 

257-0 

9 



439*4 

3 d 

183*4 

244-3 






428*6 

3 

171*6 


84 

208*6 

8 



410*5 

3 

201*9 

274*7 






409*0 

5b 

200*4 

274*3 

9i 

164*7 

5 d 



382*4 

3 

217*7 

304*3 


154*3 

6 



379*0 

3 

224*7 

304*3 

I0i 

106*2 

7 



351 *8 

3 

245*6 

333*7 


104*7 

6 



345*8 

3 d 

241*1 

333*6 

11* 

048*7 

6 



— 



362*6 


045*4 

5 



309*8 

2d 

264-4 

362*6 

m 

16989*2 

5 






-— 


983*2 

6 






391*8 


134 927-7 5 

918-0 6 

144 864*8 5 

850*0 6 

154 800*7 4 

779*3 5 

164 734*9 3 

705-9 4 d 

The intensities of the lines are given under the headings I; b indicates that the line 
is blended with another line; d indicates that the line is probably an unresolved 
doublet. 

calculated. It is found that the term differences A a F" (J) may be very 
accurately represented by a formula of the type 

A,F"(J) = (4J + 2)[B" + 2D" {(J* + J + 1)- Q 4j 3J + + 2 2 ^ } •• |- 
where J = 3i, 4i, 5$, ... 
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J 

2i 

3i 

41 

51 

61 

71 

81 

91 

101 

111 

121 

131 

141 

151 

161 

171 

181 

191 

201 
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II —Branches and Rotational Term Differences A e F (J) for 
the A 6246 Band 


P(J) 

I 

Q(J) 

I 

R(J) 

I 

A.F'(J) 

A, F" (J) 







Initial state 

Final state 

— 


15969-8 

9 

16006-1 

4 

— 

— 

159160 

lb 

15952-2 

7 

15999-2 

6 d 

83-2 

122*8 

883'3 

8 

930-1 

6 

988-0 

5 

104-7 

153-8 





987-2 

5 

103*9 


845-4 

9 d 

903-7 

3 

972-9 

5 

127*5 

183*9 



903-0 

3 

971-3 

5 

125-9 

183*8 

804 1 

8 

873-4 

2 

953-8 

5 

149-7 

214-3 

803-4 

8 

871*5 

2 

950-8 

5 

147-4 

214-3 

758-6 

8 



9310 

6 

172-4 

244-4 

757-0 

8 



926-5 

6 

169*5 

244*2 

709*4 

9 



905-0 

6 

195-6 

274-2 

706-6 

9 



897-8 

6 

191-2 

274-3 

656-8 

9 



875-5 

6 

218-7 

304-0 

652*2 

9 



865-3 

6 

213*1 

304*1 

601-0 

8 



842-9 

6 

241*9 

333-5 

593*7 

8 



829-2 

5 

235*5 

333*6 

542-0 

8 



807-3 

5 

265*3 

362-7 

531-9 

9b 



789-2 

5 

257-3 

362*8 

480-2 

8 



769-0 

5 

288*8 

391*6 

466-4 

8 



745-8 

5 

279-4 

391-8 

415*7 

7 



727-8 

5 

312*1 

420*4 

397-4 

6 



699 0 

4 d 

301*6 

420*4 

348*6 

6 



684*0 

5 

335*4 

448*7 

325-4 

6 d 



649*3 

3 

323*9 

449*0 

279-1 

5 



637-7 

4 

358*6 

476*7 

250*0 

4 



596*6 

3 

346*6 

477*2 

207-3 

6 



588*9 

4 

381*6 

504*4 

172-1 

5 



— 


— 

504-7 

133-3 

3 



537*7 

4 

404*4 


091*9 

2 



484-6 

4 







429*4 

4b 







371*8 

3 d 




See note after Table I. 
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Table III —Branches and Rotational Term Differences A s F(J) for 

the X 6424 Band 


J 

P(J) 

I 

Q(J) 

I 

R(J) 

I 

A*F'(J) 

A a F"< 








Initial state 

Final si 

2* 

— 


15516*0 

4 

15559*0 

4 bd 

— 

— 

31 

15461*9 

1 

505*9 

3 

562*3 

5b 

100*4 

122*0 

4* 

437*0 

3 

493*2 

2 

562*3 

5b 

125-3 

153*2 

5* 

409*1 

4 d 

477*9 

5b 

559 0 

4 bd 

149*9 

184*0 

6* 

378*3 

4 

459*1 

1 

553*0 

5 

174*7 

214*2 

7* 

344*8 

4 



543*9 

4 

199-1 

244*4 

«1 

308*6 

5 



531*9 

9b 

223*3 

274*2 

91 

269-7 

4 



517*2 

Sd 

247■ 5d 

303-9 

101 

228-0 

4 



499*8 

4 

271*8 

333*7 






499-2 

4 

271*2 

334*1 

II* 

183*5 

5 



479*3 

4 

295-8 

362-7 


183*1 

5 



477*9 

56 

294*8 

362-9 

12* 

137*1 

2 



455*8 

4 

318*7 



136 3 

2 



453*8 

3 

317-5 


13* 





429*4 

4b 








426*5 

4 



14* 





399*8 

M 








395*7 

3 



15* 





367*3 

3 








366*6 

3 








361*5 

3 



16* 





331*8 

2 








329*6 

2 








323*6 

2 




17 * 


282-6 2 

238-9 2 

See note after Table I. 


18* 
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Table IV—Rotational Term Differences, A x F' (J + 4), for Initial States 
X 5713 X 6246 X6424 


J 

k(j) Q (J + l) 

— Q (J) -P(j + 1) 

R(J) 

. - Q (J) 

Q (J + 1) 

- P(J + 1) 

R(J) 

- Q(J) 

Q(J + l) 
-P(J + 1) 

2i 

37*6 

37*7 

36*3 

36*2 

43*06 

44*0 

H 

48*4 

48*6 

47*0 

46*8 

56*4 

56*2 

4* 

59*3 

59*2 

57*9 

57*1 

58*3 

57*6 

68*1 

68*86 

Si 

70*4 

70*5 

69*2 

68*3 

69*3 

68*1 

81-16 

80*8 

6i 

810 

80*4 93*9 

79*3 

6 indicates that the difference is derived from a blended line. 


Table V — Rotational Term 

X 5713 

Differences, A x F" (J + 4), for Final States 

X 6246 X 6424 

J 

R(J) 

- Q (I 

Q (J) 

I- 1) - P (J + 1) 

R(J) 

- Q (J + 1) 

Q (J) 

- P(J + 1) 

R(J) 

- Q(J + 1) 

Q(J) 

- P(J + 1) 

2i 

53*8 

53*9 

53*9 

53*8 

53-16 

54*1 

H 

69 1 

69*3 

69*1 

68*9 

69*1 

68*9 

4i 

84*4 

84*3 

84*3 

84*2 

84*7 

84*46 

84*1 

54 

99*4 

99*5 

99-5 

99-8 

99*6 

99*6 

99*96 

99*66 

64 


114*9 


114-8 

114-5 


114*3 


See note after Table IV, 

The values of the constants are:— 

B" = 7-701 cm- 1 D" - 5-0 x 10~* cm 1 . 

If we give the resultant electronic angular momentum along the inter- 
nuclear axis, represented by £i, a value 24 to account for the ^-integral 
values of J and the six “ missing lines ” we obtain for the final rotational 
energy levels:— 

F" (J) = B" [J (J + 1) - Of] + D" [J (J + 1) - £I*] 2 + .., 
where J = 24, 34, 44 , ... 



Band Spectrum of Nickel Hydride 321 


Table VI—Doubling in the Initial States 


J 

X 5713 

X 6246 

X 6424 

2i 



— 

H 


— 

— 

4* 

— 

(0 4) 

— 

51 

.... 

0-7 

— 

61 

— 

1*6 

— 

71 

— 

2*9 

— 

81 

10 6 

4-6 

— 

91 

1*5 

7-2 

— 

10} 

3-4 

10 1 

(0-4) 

111 

60 

13 8 

0*7 

121 

9*7 

18*2 

1*4 

131 

14*8 

23*2 

2*0 

14} 

21 -4 

29 1 

2*9 

151 

161 

29 0 

35-2 

41-4 

4*1 

Table VII — Additional Branches not Classified 

into Bands 

X 5834-3 (A) 

X6157*7 (B) 

X6171*5 (C) 

X 6391-8 (D) 

v(i) A 

v (i) A 

V (i) A 

v(i) A 

17135-2(7) 

16235*2 (4) 

16198*9(3) 

15640-6 (3) 

2-9 

29-5 

1*7 

10-1 

132-3(6) 

205-7 (5) 

197*2(4) 

630-5 (4) 

60 

33*3 

5*5 

11*3 

126-3 (5) 

172*4(5) 

191*7(4) 

619*2 (4) 

8-7 

36-9 

9-8 

12*5 

117-6(5) 

135-5 (5) 

181-9 (4c/) 

606-7(4) 

11 4 

40*8 

13 2 

14*2 

106-2(7 b) 

094-7 (4) 

168-7 (5) 

592 *5 (4) 

14-6 

44-9 

17*4 

16*2 

091*6(5) 

049 -8 (4) 

151-3 (4) 

576*3 (5) 

17-1 

48-4 

21*6 

18*4 

074 -5 (5d) 

001*4(3) 

129-7(4) 

557*9 (4) 

19*2 

53*9 

25*8 

20*9 

055-7 (2) 20-7 

15947*5 (2) 

103*9(3) 

537*0(4) 

053-8 (4) 

58*3 

30*0 

23*8 

889*2 (1) 

073*9 (3) 

513*2(4) 

— 24*9 


33*9 

27-5 

16998-9 (1) 


040*0(3) 

37*7 

002 *3 (3) 

41 *8 

15960*5 (4</) 

44*5 

916*0(76) 

48*7 

867*3 (2) 

50*8 

816*5 (2d) 

486*7(4) 

29-8 

456 *9 (3) 

33*1 

423*8 (3) 

36*2 

387*6 (3) 


vol. CXLVin.—A. 


Y 




322 


A. G. Gaydon and R. W. B. Pearse 


The final levels cannot be represented accurately by a similar formula. 
Under the circumstances the best procedure appeared to be to calculate 
term differences from this formula with values of the constants which 
gave the closest approximation to the observed term differences and to 
examine the nature of the discrepancies. It was found that the calculated 
values could be corrected to give the observed values by inserting a small 
constant C in the factor (4J + 2) so that it became (4J -f~ 2 -f C). The 
values obtained for B' and C in the three bands were:— 

X 5713 > 6246* X 6424 

H.R lTf. 

B' 545cm- 1 5-781 cm 1 5487 cm 1 6106cm 1 

C -0-21 - 1 -97 -1 07 +0-55 

The insertion of this constant in the formula for the term differences 
is equivalent to the insertion of a term in J in the formula for the rotational 
energy levels so that this becomes:— 

F' (J) = B' | J (J + 1) - 12 s + | (J) | + .. 

No value for D' was obtained as these levels did not show the effect 
of increased moment of inertia at high rotations. 

The presence of strong Q branches which fade out rapidly with increasing 
rotation indicates that these bands arise from transitions between 
electronic states of the same type, and the presence of six missing lines 
indicates that the levels are of the type ’A**. So that each of the bands 
represents a transition of the type 2 A 2t -+ 2 A ai . We have concluded that 
all of the bands have the same final level, for which we may assume the 
vibrational quantum number v” — 0. With this assumption we may 
assign the values v' = 1 and 0 to the X5713 and the X6246 bands 
respectively. The separation between the band origins is 1493 cm -1 
which is a possible value for o/ 0 , the vibrational frequency for the mole¬ 
cule NiH. 

The vibrational frequency of the final state may be calculated approxi¬ 
mately from the formula:— 

- ~ 4B, 8 /D„ 

which strictly applies to equilibrium values of the constants but which 
holds fairly well for data from v-0 levels. Using the values B" 0 = 7-701, 

* For the X 6246 band separate formulae were calculated for the two component 
levels H.F. and L.F. indicates high frequency and low frequency components respec¬ 
tively. 
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B'[J(J+l)-6 l 4] 



Fig. 1— -Diagram showing the branches resulting from a a A a * -> 8 A 8t transition. 
The doubling of the upper level is exaggerated. Signs, +, —, are inserted to 
indicate the alternation of levels ; they may be interchanged since the analysis 
gives no means of deciding between the alternative arrangements. Below are 
shown the relative positions in the spectrum of the first two members of each 
branch calculated by putting B' ~ 5-5 and B" ^7*5. The length of line is 
proportional to the theoretical intensity. The dotted lines indicate the position 
of the six missing lines. The doubling is omitted for simplicity. 

Y 2 






324 


A. G. Gaydon and R. W. B. Pearse 


D" 0 = 5 0 x 10~ 4 we obtain for w" 0 the value 1900. For many 
molecules it is found that B Ja> e is constant. If we assume this to be 
true for NiH we obtain for w' 0 = B' 0 to" 0 /B" 0 , the value 1400 which is 
in fair agreement with the observed interval between the X 5713 and the 
X 6246 bands. The numerical value of B 0 /u 0 is 41 x 10 -8 which is 
within the range of values for other hydride molecules.* 

The remaining band at X 6424 is separated from the band at X 6246 
by the much smaller interval of 454 cirr 3 ; it has the same final level as 
the others and has a much larger value of B' for its initial level so that 
it cannot be either the (0, 1) band or the (1, 1) band of the same system. 

According to Aston,f nickel has two isotopes of atomic weights, 58 
and 60, with relative abundances of 2: 1. No isotope shift could be 
detected in any of the bands. If the X 6246 band is the (0, 0) band of 
its system the calculated shift for the higher members of its branches is 
about 0-4 cm^ 1 which could scarcely be detected on our plates. If the 
X 5713 band is the (1, 0) band of the system the vibrational and rotational 
shift will be in opposite directions and so again would not be detected. 

Molecules such as NH, CH, and PH show only one strong band, the 
(0, 0) band for each electronic transition so that it is quite possible that 
the three bands of NiH arise from three independent upper electronic 
states. Tentatively, however, the X 5713 and X6246 bands may be 
considered as being the (1, 0) and (0, 0) bands of the same system, and 
the X 6424 band as belonging to another system. 

Electronic Configurations for NiH 
For the nickel atom there are the following low lying energy levels:— 


3</ s 4s* 

s F 

3 d* 4s 

8 D, 

3d H 4s* 


3 d™ 

a S 


The lowest levels of the copper atom with one additional electron are:— 

3 d*> 4 s a S 

3 d» 4s a a D 

It seems probable that in forming the molecule NiH the electron of 
the hydrogen atom becomes promoted to 4sa and that the resulting 
configuration is 

(3 ddf (3</8) 8 (4so) a a A 

* Jevons, “Report on Band Spectra of Diatomic Molecules,” p. 28. 
t ‘ Phil. Mag.,’ vol. 45, p. 936 (1923). 
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for the lowest state observed. For the upper state of the X 6246 band- 
system this may be excited to 

Odaf (3</tc) 4 (3</8) 3 (4*0 (4 pa) 2 A. 

In the ZnH+ with one more electron the following states are known:— 

3 d i0 (4jo) 2 *2 

3d“ (4 jct) (4/>ct) iv 

For the lower of these states of ZnH+ B 0 — 7-3, « 0 — 1916 and for the 
upper B 0 = 5-7, « 0 = 1365. For the two states of NiH the corre¬ 
sponding values are B„ — 7-7, w 0 = 1900 and B 0 - 5-6, w 0 = 1493. 
Thus the constants for NiH change by much the same amount as those 
for ZnH+ in exciting (4 *t) 2 to (4j<j) (4pa). Since the energies of the 3 d 
and 4 s electrons of Ni are about the same the remaining 2 A level which is 
the upper state of the X 6424 band may be attributed to the configuration 

3 d H (4*t) 2 (4pa) 2 A. 

The fact that nickel possesses many low lying electron states with nearly 
the same energy values may account for the fragmentary branches and 
perturbations. 

Perturbations of the Initial Levels of the X5713 Band 

The upper levels of the X 5713 band show marked perturbation. This 
is clearly seen in the P branch. The first six members from P(3J) to 
P (8i) proceed regularly with increasing intensity; then P (9£) shows a 
sudden decrease in intensity and becomes double, and the remaining 
members are all double though at first with smaller spacing than P (9$) 
and of lower intensity. At the same time the energy levels actually 
observed show a sudden departure from the values calculated from our 
formula. This is exhibited in fig. 2 where the energies of the levels are 
plotted against the departures from the calculated values. It will be 
seen from the diagram that for J' — 8J there is a sudden break in the 
curve. The energy of the initial state at this point is calculated to be 
18871 cm- 1 . 

Intensity Distribution 

The intensities of the lines of a band are usually represented by a 
formula of the type* 

Int. = C/e- 14 '" 


* Jevons, “ Report on Band Spectra of Diatomic Molecules,” p. 133. 
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where C contains a factor v 4 but is otherwise practically constant for a 
given band, where /, the intensity factor, is proportional to the prob¬ 
ability of the transition and to the statistical weight of the initial level, 
and where the factor e - K * lk * gives the distribution of molecules in the 
initial rotational states of energy E r assuming thermal equilibrium at an 
absolute temperature 6. 


18400 

18300 

18200 

^ 18100 

£ 

218000 


B* 

fcllH 

Ton 


0 179 
178001 
17700 
17600 
175001 


00k, 


§ 

w 


•8V2—Q, 

\ 

•7H 


4% 
■2 ^ 


-5 


I 

I 

I 

o 

/ 

t 

I 


o o 

I 

4 


i—Jr 




+10 +15 cm 1 

Departure from calculated value 


Fig. 2—Diagram showing the perturbation of the initial levels of the X 5713 band 


For two case a electronic states of the same multiplicity and type the 
intensity factor i for each of the three branches is as follows:— 


P(J), 
Q(J), 
R(J~ 1), 


i = 2 (J* - 
/ = Q (J), / 


_ 2(2J + 1)Q* 

J(J + 1) 

2 (J* — £1*)/J, 


where £2 = for a * A 2i 2 transition. 

In Table VIII are listed numbers obtained by multiplying the i factors 
by the corresponding values of assuming a mean value 

for B' of 5-7 and a value 0-7 0 «= 1000 which corresponds to a tempera- 
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ture of 1150° C, the approximate temperature of the flame. These 
numbers are proportional to the intensities and are the calculated values 
in the first column for each branch. The other columns headed (X), 
(Y), and (Z) contain the intensities observed for the X 5713, X6246 and 
X 6424 bands respectively. The way in which these numbers were 
obtained is described in a later section. They are to be considered as 
qualitative only. 

Table VIII— Comparison of Calculated and Observed Intensities 


J 


p(j) 




Q(J) 




R(J) 



Calc, 

(X) (Y) (Z) 

Calc, 

(X) (Y) (Z) 

Calc. 

(X) (Y) 

(Z) 

2i 

— 

— ‘ 

— 

— 

8*5 

7 

9 

4 

3*3 

4 

4 

4 bd 

3i 

3-4 

5b 

lb 

1 

6*0 

6 

7 

3 

5*6 

5 

6 d 

5b 

4$ 

5*9 

6 

8 

3 

5*4 

4 

6 

2 

7*4 

6 

5 

5b 












5 


5i 

7*9 

8 

9d 

4 d 

3*5 

2 

3 

5b 

8*7 

6 

5 

4 bd 








3 




5 


6* 

9*4 

8 

8 

4 

2*8 

2 

2 

1 

9*6 

6 

5 

5 




8 




2 




5 


7i 

10 5 

9 

8 

4 

2*3 




10 1 

3 

6 

4 




8 







3 

6 


8i 

11 2 

8 

9 

5 

1*8 




10*4 

3 

6 

9b 




9 







3 

6 


H 

11-6 

5 d 

9 

4 

1*5 




10 3 

3 

6 

5 d 



6 

9 







3 

6 


10i 

11 6 

7 

8 

4 

1*2 




10*0 

3 

6 

4 



6 

8 







3 d 

5 

4 


b indicates that the line is blended with another line; d indicates that the line is 
probably an unresolved pair. 

(X), (Y) and (Z) refer to the X 5713, X 6246 and X 6424 bands respectively. 


The general agreement between the observed and calculated values is 
sufficiently good to support the assignment of the bands to a 2 A., - 2 A.j 
transition. It appears, however, that the R branch is definitely weaker 
compared with the P and Q branches than it should be according to the 
calculated values. This discrepancy in the intensities is doubtless to be 
connected with the unusual form of the rotational energy terras of the 
initial states. 
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Catalogue of Wave-lengths 

A catalogue of the wave-lengths of the lines measured in the spectrum 
of the nickel carbonyl flame together with estimates of their intensities, 
their wave numbers and the classifications of those attributed to NiH 
is given in Tabic IX. 

The first column headed “ X ” gives the wave-lengths in air of the lines 
measured in angstroms. The measurements were made with reference 
to a comparison spectrum of the iron arc on plates taken in the first 
order of the 10-foot concave grating. The dispersion was 5-4 A/mm 
and lines were resolved down to 0 ■ 2 A. The stronger lines were measured 
on two Ilford Hypersensitive Panchromatic plates, one exposed for 
6 hours, the other for 12 hours. The fainter lines were measured only 
on the second plate. 

The second column headed “ Int ” gives the intensities of the lines 
estimated on a scale of 1 to 9. Comparison lines with nine suitable 
exposures, each in the ratio 1:15 were made on a large prismatic spectro¬ 
graph, the slit being turned at right angles to its normal direction, and a 
short slit—1 mm long—being used. By careful focussing and adjust¬ 
ment of the slit width a single line, stretching along the spectrum, of 
sharpness comparable with that of the spectrum lines given by the grating 
was obtained. The source used was an ordinary electric lamp, and the 
same type of photographic plate with similar sensitization was used. 
Lines of the NiH spectrum, as obtained on the plate exposed for 12 
hours, were compared with these standards, the comparison being made 
against the part of the comparison line having the same colour as the 
spectrum line. Spectrum lines with intensity nearest to the comparison 
line with the longest exposure were classified as intensity 9, spectrum 
lines nearest to the next longest exposure as intensity 8, and so on. While 
it is not claimed that these estimates are of great accuracy, the method 
is at least more systematic than visual estimations on a purely arbitrary 
scale, and does give some idea of the relative order of intensity of lines 
of the same colour. Thus lines estimated as, say, 3 and 8 should have 
intensities in the ratio of about 1: (1 • 5) 5 , i.e., about 1:8. It is not 
possible by this method to compare lines of different colours as no 
allowance can readily be made for the intensity distribution in the light 
from the comparison source, or the different dispersions of the grating 
and prism. 

The third column, headed “ v vac ” gives the wave numbers of the 
lines in cm 1 calculated from the wave-lengths with the aid of Kayser’s 
tables. * 

* Kayser, “ Tabelle dcr Schwingungszahlen.” 
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Table IX— Catalogue of Wave-lengths 


X air 

Int. 

v vac. 

Classification 

X air 

Int. 

v vac. 

Classification 

5712*54 

4 

17500-5 

R(2i) 

5802*86 

1 

17228*1 


14-30 

5 

495-1 

R(3}) 

03-26 

1 

226*9 


17*51 

6 

485*3 

R(4i) 

06 13 

3 

218*4 


19-70 

2 

478-6 


06-94 

1 

216*0 


22*09 

6 

471 -3 

R (5±) 

08*29 

2 

212*0 


24-84 

7 

462-9 

Q(2i) 

09*44 

8 

208-6 

P (84) 

26-61 

1 

457-5 


11-67 

2 

202*0 


26 94 

1 

456-5 


18*23 

5 

182*6 


2812 

6 

452*9 

R (6i) 

19-55 

3 

178*7 


30-16 

6 

446*7 

Q (3J) 

24-30 

5d 

164*7 

P (94) 

32-55 

3/r 

439*4 

R (74) 

27*83 

6 

154*3 

P(9±) 

35-28 

3 

431*1 


30 62 

2 h 

146*1 


36*10 

3 

428*6 

R (74) 

32*01 

2 

142*0 


36-97 

4 

426*0 

Q(44) 

32-28 

2 

141*2 


41*37 

1 

412*6 


34-33 

7 

135*2 

A (1) 

42 07 

3 

410*5 

R (84) 

35*31 

6 

132*3 

A (2) 

42-57 

5 

409-0 

P <34). R (84) 

37*36 

5 

126*3 

A (3) 

43*95 

1 

404-8 


40*32 

5 

117*6 

A (4) 

44-78 

1 

402-3 


44*22 

7 

106-2 

P()0*), A (5) 

45-24 

2 

400-9 

Q (54) 

44*73 

6 

104-7 

P(10i) 

51-35 

3 

382-4 

R (94) 

45*27 

2 

103-1 


52 21 

3 

379*8 


46-40 

2 

099-8 


52-48 

3 

379*0 

R (94) 

49*21 

5 

091*6 

A (6) 

53*00 

6 

377*4 

P(44) 

55-07 

5 d 

074*5 

A (7) 

54-83 

2 

371*9 

Q (64) 

56 00 

2 

071*8 


61*50 

3 

351*8 

R 004) 

58-5 

h 

— 


63*49 

3 h 

345-8 

R (104) 

59-77 

2 

060 8 


64*85 

8 

341-7 

P(54) 

60 42 

2 

058-9 


70-74 

2 h 

324-0 


61-52 

2 

055*7 

A (8) 

74-28 

1 

313*4 


6217 

4 

053-8 

A (8) 

75-44 

2 h 

309*8 

R014) 

63-24 

2 

050*7 


78-28 

8 

301*4 

P(64) 

63-93 

6 

048-7 

POli) 

79*92 

1 

296*5 


65*06 

5 

045*4 

P(1li) 

81*92 

1 

290*5 


65-51 

2 

044-1 


84*46 

1 

282*9 


66-92 

3 

040 0 


87*08 

3/r 

275*1 


67*72 

3 

037*7 


93*15 

9 

257-0 

P(74) 

69*54 

1 

032*4 


95*80 

3d 

249-1 


70 09 

4 

030*8 


98*09 

3 

242*3 


71*40 

2 

027*0 


5801*35 

1 

232*6 


76-10 

1 

013-4 



d line probably an unresolved doublet. 
h line hazy or diffuse. 
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Table IX —(continued) 


X air 

Int. 

v vac. 

Classification 

Xair 

Int. 

v vac. 

Classification 

5876-75 

3 

17011-5 


5939 

25 

3 

16832-5 


79 10 

3 

004-7 


43 

37 

4 d 

820-8 


81-11 

1 

16998*9 

A (9) 

47 

83 

3 

808-2 


81-42 

1 

998-0 


50 

49 

4 

800*7 

P (15$) 

82*60 

3 h 

994-6 


50 

95 

4 

799*4 


83-19 

4 

992*8 


51 

66 

3 

797*4 


84-46 

5 

989-2 

P (12$) 

53 

71 

3 h 

791-6 


84-88 

1 

988*0 


55 

73 

3 h 

785*9 


86-54 

6 

983-2 

P (12}) 

58 

08 

5 

779-3 

P(l5i) 

89-15 

3 

975*7 


59 

03 

3 h 

776-6 


90-85 

4 

970 8 


66 

40 

4 

755*9 


91-40 

4 h 

969*2 


67 

75 

4 

752*1 


94*11 

2 

961 *4 


73 

88 

3 

734*9 

P(16i) 

96-58 

3 

954*3 


82 

54 

3 

710*7 


99-64 

3 

945-5 


83 

07 

3 

709-2 


5900-27 

3 

943-7 


84 

25 

4 h 

705-9 

P(16i) 

01*07 

3 h 

941*4 






01-38 

3 h 

940-5 


6032 

62 

6 

572 0 


02-01 

02-67 

3 

2 

938*7 

936-8 


62 

49 

4 

490*3 


03*26 

2 

935*1 


63 

03 

4 

488-9 


04-24 

3 

932*3 


68 

78 

3 d 

473*2 


05*84 

5 

927*7 

P(13*) 

68 

89 

3 d 

472*9 


09*23 

6 

918-0 

P,,(13i) 

70 

13 

3 

469*5 


11*92 

3 h 

910*3 


94 

22 

3 

404-5 


12*41 

U 

908*9 


94 

35 

3 

404-1 


14-58 

3/i 

902*7 


95 

33 

3 

401-5 


15*42 

2 

900*3 


6103 

21 

3 

380-3 


19-45 

2 

888-7 


11 

56 

4 

357-9 


20*85 

3 

884-8 


17 

95 

3 h 

340*8 


23-83 

5 

876*3 


22 

70 

4 

328-2 


24-71 

2 

873*8 


28 

89 

3 

311*7 


25-80 

4 

870*7 


29 

62 

3 

309*7 


27*13 

2 

866*9 


33 

67 

3h 

299*0 


27*87 

5 

864*8 

P (14$) 

34 

10 

3 

297*8 


* 




35 

19 

3 

294*9 


33*08 

6 

850*6 

P 04$) 

38 

18 

3 

287*0 


33*50 

3 

848*8 


50 

02 

3 

255*6 


36-88 

3 h 

839*2 







38*43 

2 

834*8 


57 

75 

4 

235*2 

B (1) 


d line probably an unresolved doublet. 
h line hazy or diffuse. 

♦From X5928 to X6157 the spectrum shows numerous faint lines which are unclassified. 
Only the more intense are recorded here. 
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Table IX—(continued) 


Xair 

Int. 

v vac. 

Classification 

X air 

Int. 

v vac. 

Classification 

6159*47 

1 

16230*7 


6260*09 

9 

15969*8 

Q(2i) 

60*65 

36 

227*6 


63*73 

4 h 

960 5 

C (12) 

63*22 

36 

220*8 


66*37 

5 

953*8 

R(6i) 

65*96 

2 

213*6 


67*01 

7 

952*2 

Q(3i) 

66*53 

2 

212*1 


67-54 

5 

950*8 

R (6±> 

68*97 

5 

205*7 

B (2) 

68*17 

1 

949*2 


71 *22 

3 

199*8 


68-86 

2 

947*5 

B (8) 

71*55 

3 

198 9 

C(l) 

74*09 

2 

934*2 


72*19 

4 

197*2 

C (2) 

75*33 

6 

931*0 

R(7i) 

73*12 

3 

194*8 


75*70 

6 

930*1 

Q(4}) 

74*32 

4 

191 7 

C (3) 

77-10 

6 

926*5 

R (7i) 

78*05 

46 

181*9 

C(4) 

81*25 

7 h 

916*0 

P (3i), C (13) 

81 *61 

5 

172 4 

B (3) 

82*47 

1 

912*9 


83 09 

5 

168*7 

C (5) 

85-61 

6 

905*0 

R(81) 

83*88 

1 

166*6 


86*12 

3 

903-7 

Q(5i) 

84*92 

1 

163*9 


86*38 

3 

903*0 

Q(5i) 

89*79 

4 

151*3 

C (6) 

88-43 

6 

897-8 

R(8i) 

95*80 

5 

135*5 

B (4) 

89*63 

1 

894*8 


98*03 

4 

129*7 

C (7) 

89*96 

1 

894*0 


6201*56 

2 

120*5 


91 *83 

1 

889-2 

B (9) 

03*82 

16 

114*7 


94*29 

8 

883*3 

P (41) 

04*76 

2 

112*2 


97-28 

6 

875*5 

R (9i) 

07*96 

3 

103*9 

C (8) 

98-12 

2 

873*4 

Q(6i) 

08*78 

26 

101*8 


98-88 

2 

871*5 

Q(61) 

11*53 

4 

094*7 

B (5) 

6300-49 

2 

867*3 

C (14) 

18*45 

2 

076*8 


01*32 

6 

865*3 

R«) 

19*55 

3 

073*9 

C(9) 

09*18 

9 d 

845*4 

P(5i) 

28*90 

4 

049*8 

B (6) 

10-22 

6 

842-9 

R(10)i 

32*72 

3 

040*0 

C(10) 

12*93 

l 

836*1 


42*75 

3 

014*2 


13*26 

1 

835*4 


45*88 

4 

006*1 

R(2}) 

15*70 

5 

829*2 

R(10i) 

47*38 

36 

002*3 

C(U) 

20*76 

2h 

816*5 

C (15) 

47*71 

36 

001*4 

B (7) 

22*64 

2 

811*8 


48*60 

6 d 

15999*2 

R(3i) 

24*43 

5 

807*3 

RUH) 

51*49 

1 

991*8 


25*74 

8 

804-1 

P(6i) 

52*98 

5 

988*0 

R(4i) 

26 00 

8 

803*4 

P(6i) 

53*27 

5 

987*2 

R(4i) 

31*68 

5 

789*2 

R(lli) 

57*41 

16 

976*6 


37-87 

1 

773-8 


58*88 

5 

972*9 

R(5i) 

39-81 

5 

769*0 

R(l2i) 

59*52 

5 

971*3 

R(5i) 

42-43 

2 

762*5 



d line probably an unresolved doublet. 
h line hazy or diffiise. 
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Table IX—(continued) 
X air lnt. v vac. Classification 


6343-98 

8 

15758-6 

P(7i) 

44*64 

8 

757-0 

P(7 1) 

49*13 

5 

745-8 

R(12i) 

56*40 

5 

727-8 

R(l3i) 

63*86 

9 

709-4 

P(M) 

65*01 

9 

706*6 

P(8i) 

68*09 

4 h 

699*0 

R(13D 

69*99 

1 h 

694*3 


70-28 

\h 

693-6 


73-52 

1 

685*6 


74*15 

5 

684 0 

R(I4|) 

76-52 

1 

678-2 


80-37 

3 

668-7 


84*11 

1 

659-6 


85*22 

9 

656*8 

P(9!) 

86-86 

2 

652*8 


87* 12 

9 

652-2 

P(9!) 

87-89 

3 

650*3 


88-28 

3 

649-3 

R(14!) 

89*63 

1 

646-0 


90 22 

1 

644*6 


91-85 

3 

640*6 

D(l) 

93 04 

4 

637*7 

R (15!) 

95-97 

4 

630-5 

D (2) 

6400 61 

4 

619*2 

D (3) 

03*24 

1 

612*8 


04*41 

1 

609*9 


04*71 

1 

609*2 


05-74 

4 

606*7 

D(4) 

08-08 

8 

601-0 

P(10!) 

09*87 

3 

596*6 

R (15!) 

11 07 

8 

593*7 

P (10!) 

13-05 

4 

588*9 

R(16!) 

14*82 

1 

584*6 


15-16 

1 

583*8 


18*23 

5 

576-3 

D(6) 

24-02 

5 

562*3 

*01), *(41) 

25-38 

4h 

559*0 

* (5!), R (2!) 

25*81 

4 

557*9 

D(7) 

27-88 

5 

553*0 

R( 6!) 


X air 

lnt. 

v vac. 

Classification 

6431-62 

4 

15543*9 

*(7!) 

32 41 

8 

542*0 

PdH) 

34-20 

4 

537*7 

R (17!) 

34-46 

4 

537*0 

D( 8) 

36-58 

9 

531*9 

P (11!), R (8!) 

39-45 

2 

525*0 


40-50 

l h 

522*5 


42-67 

5 d 

517*2 

R (91) 

43-19 

4 

516 0 

0(21) 

44-07 

2 

513-9 


44-37 

4 

513-2 

D(9) 

47*37 

3 

505*9 

001) 

49-93 

4 

499*8 

*00i) 

50-20 

4 

499*2 

*(10!) 

52-68 

2 

493*2 

0(41) 

53-87 

2 h 

490-3 


55*37 

4 

486*7 

D (10) 

56-25 

4 

484*6 

R (181) 

58-07 

8 

480-2 

P (121) 

58*48 

4 

479-3 

/(dll) 

59*04 

5 

477*9 

/((Hi), 0(51) 

63*85 

8 

466-4 

P (121) 

65*73 

1 

461-9 

*01) 

66*54 

1 

459-9 


66-90 

1 

459*1 

0(61) 

67*81 

3 

456*9 

D (11) 

68-30 

4 

455*8 

*02!) 

69 11 

3 

453-8 

*021) 

72-84 

1 

444*9 


74 26 

2 

441*5 


76-17 

3 

437-0 

*(4D 

78-15 

1 

432*3 


79-37 

4 

429-4 

* 031). R (191) 

80-56 

4 

426*5 

*031) 

81*61 

3 

423*8 

D (12) 

85-11 

7 

415-7 

P 031) 

87*90 

4 h 

409*1 

*(51) 

91*78 

3 h 

399-8 

*041) 

92*81 

6 

397*4 

P(13!) 

93*52 

3 

395*7 

*04!) 


d line probably an unresolved doublet. 
h line hazy or diffuse. 

Lines belonging to the x 6424-0 band have been classified in italics to avoid confusion with 
lines of the X 6245 *9 band. 
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Table IX—(continued) 


X air 

Int. 

v vac. 

Classification 

X air 

Int. 

v vac. 

6496-94 

3 

15387-6 

D (13) 

6576*47 

1 

15201-6 

98-10 

1 h 

383-7 


80-40 

5 

192-5 

99-56 

1 h 

381*4 


81-39 

4 

190-2 

6500-89 

4 

378*3 

P (6*) 

81-50 

4 

189-9 

03-61 

3 h 

371*8 

R (20*) 

82-83 

1 

186*9 

04-11 

3 h 

370-7 


83-16 

2 

1861 

05*52 

3 

367-3 

ft (15*) 

83-66 

1 

184*9 

05*85 

3 

366-6 

ms*) 

84-30 

5 

183*5 

07-37 

1 

363*0 


84-46 

5 

183*1 

08-01 

3 

361-5 

ft (15*) 

85*08 

1 

181 *7 

08-62 

3 

360-0 


87-01 

3 

177*2 

09-33 

1 

358-3 


87-68 

3 

175-7 

12*41 

2 

351-1 


89-25 

5 

172-1 

13-47 

6 

348-6 

P (14*) 

91-49 

1 

166-9 

14*06 

2 

347-2 


96-54 

1 

155-3 

15*08 

4 

344*8 

m*) 




17*23 

4 

339-7 


97*12 

2 

154-0 

20-61 

2 

331-8 

ft (16*) 

97*29 

2 

153*6 

21-54 

2 

329-6 

*(16*) 

99 04 

2 

149*6 

23*33 

6 d 

325-4 

P (14*) 

6601-98 

-> 

142-8 





03-92 

2 

138-4 

24-08 

2 

323*6 

ft (16*) 




30*17 

2 h 

309-3 


04-48 

2 

137-1 

30-50 

5 

308*6 

m*) 

04-81 

2 

136-3 

33-26 

2 

302*1 


06-12 

3 

133-3 

37-04 

Ih 

293-1 


06-59 

1 

132-2 

38-14 

3 

290-7 


07 50 

3 

130-2 

41-58 

2 

282-6 

ft (17*) 

08-92 

1 

126-9 

43-09 

5 

279-1 

P (15*) 

11-40 

2 

121-2 

47-11 

4 

269*7 

PC 9i) 

11-85 

2 

120-2 

54-93 

2 h 

251-5 


17-71 

1 

106*8 

55-56 

4 

250*0 

P (15*) 

17-95 

1 

106-2 

56-96 

2 h 

246-8 


18*88 

l/i 

104-2 

58-34 

2 

243-6 


20*97 

1 

099-4 

60*34 

2 

238*9 

ft (18*) 

22-52 

1 ft 

095*8 

62-37 

2 

234-2 


24-24 

2 

091-9 

65-05 

4h 

228-0 

P(10*) 




68*12 

2 

220-9 





70*01 

2 

216-5 





71*36 

2 h 

213*4 





73-99 

6 

207*3 

P (16*) 





Classification 


P{ Hi) 

nm) 


P (16*) 


m2*) 
m2*) 
P (17*) 


P (17*) 


d line probably an unresolved doublet. 

A line hazy or diffuse. 

Lines belonging to the X6424 0 band have been classified in italics to avoid confusion with 
lines of the X 6245‘9 band. 



334 Band Spectrum of Nickel Hydride 

The fourth column gives the classification of the lines. Lines of the 
three bands analysed are classified by the branch and J value, e.g., R (7£). 
Members of the four uncorrelated branches are classified by the letter 
indicating the branch and the value of M, e.g., B (4) denotes the fourth 
member of the branch B with head X 6157 -7. 

The authors wish to thank Professor A. Fowler, F.R.S., for his con¬ 
tinued interest and valuable suggestions during the progress of the 
research. 


Description of Plate 11 

Spectrum of the region of the nickel carbonyl flame immediately above the blue 
cones, photographed in the first order of the 10-foot concave grating. 

(a) The X5713 band of NiH. The distribution of lines near the origin may be 
compared with fig. 1. The perturbation is well seen to occur at the seventh member 
of the strong P branch. 

(/>) The X 6246 band, and the head of the X 6424 band of NiH. The large doubling 
of the strong P branch of the X 6246 band is clearly shown. 


Summary 

(1) Bands with very open structure have been observed at X5713, 
X 6246 and X 6424 in the spectrum obtained by introducing nickel car¬ 
bonyl into the flame of a Meker burner. They are attributed to NiH. 
This assignment has been confirmed by the production of the bands in 
other sources containing nickel and hydrogen. 

(2) The bands have been photographed in the first order of a 10-foot 
concave grating with exposures up to 12 hours. 

(3) Analysis of the bands showed that they consisted of P, Q and R 

branches with a number of missing lines consistent with a transition of 
the type 2 A 21 2 A 2 j. This is apparently the first record of the observa¬ 

tion of such a transition. 

(4) The rotational term differences have been obtained and values of 
the rotational constants calculated. The initial states show marked 
departures from the usual form of rotational energy term, and exhibit 
a large doubling increasing with J. For 2 A levels the A-doubling is 
expected to be negligible. 

(5) The three bands are all found to have the same lower levels. 

(6) The X 5713 band shows a remarkable perturbation of its initial 
levels at J' — 8$. 



Gaydon and Pearce Proc. Roy. SocA, vol. 148, Plate 11 



{Lacing p t 4:U,) 
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(7) Estimates of the intensities of the lines have been made and com¬ 
pared with those expected for a transition between two case a 2 A 2i 
states. Although the agreement is generally good there are certain 
definite departures. 

(8) The relation of the electronic levels of the molecule NiH to those 
of the atom Ni is considered. 

(9) A catalogue of wave-lengths is given. 


The Hyperfine Structure of the Resonance Lines of 

Potassium 

By D. A. Jackson and H. Kuhn, Clarendon Laboratory, Oxford 

(Communicated by F. A. Lindemann, F.R.S.—Received September 10, 

1934) 

[Plate 12] 

Introduction 

The limit of resolving power which can be used in the investigation 
of the fine structure of a spectral line depends upon the half-value width 
of the components. In the absence of electric fields, magnetic fields or 
pressure broadening, the half-value width of a line is a function of the 
temperature and the molecular (or atomic) weight of the radiating gas. 
The molecules possess velocities in random directions, and, as a result 
of the Doppler effect, small variations occur in the wave-length of the 
radiation according to the velocity and direction of the radiating molecule, 
or atom. It can be shown by the gas kinetic theory that owing to this 
random Doppler effect the half-value width of a line is equal to approxi¬ 
mately Xx 10 6 X Ve/M, where M is the molecular, or atomic weight 
of the radiating substance and 0 is its absolute temperature. The 
greatest reso lving power which can be achieved is therefore equal to 
10° x VM/0. For a given substance M is constant and 0 alone can be 
varied ; and in order to resolve the finest separations it is necessary to 
make 0 as small as possible. 
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By making use of the sputtering of metals in the neighbourhood of 
a hollow cathode, Schueler was able to observe the spectra of atoms at 
the temperature of liquid air, the spectra obtained being of very great 
intensity although the vapour pressures of the metals at that temperature 
are vanishingly small. By this method he was able to resolve the resonance 
lines of sodium, finding each line to consist of two extremely close 
hyperfine structure components; the half width of the lines was rather 
less than half of that which it would be if the spectrum of sodium vapour, 
at very low pressure, were observed. By this method it is therefore 
possible to reduce the half-value width of lines of the more volatile 
metals by a factor of two, and of the less volatile metals by a factor of 
three. Unfortunately this appears to be the limit of the method. On 
account of the heat generated by the discharge and the losses due to heat 
conduction, a very great quantity of liquid air is consumed so that it is 
improbable that the temperature could be further reduced by cooling 
with liquid hydrogen. Moreover, even if this were possible, the Doppler 
width of the lines would only be reduced by an additional factor of two, 
the mean velocity of molecules decreasing as the square root of the 
temperature. 

By means of an atomic beam it should be possible to reduce the 
Doppler width of a spectral line to a very much greater extent than is 
possible by the reduction of the temperature of the emitting atoms.* 
An atomic beam consists of a stream of atoms in which all the atoms are 
moving in approximately the same direction and in which the number 
of atoms is so small that in the length of the stream there are practically 
no collisions between the atoms. If atoms evaporate from the surface 
of a liquid and then pass through a long cool tube so that any atom 
striking the wall of the tube is removed by condensation, then there will 
emerge from the further end of the tube an atomic beam in which all 
the atoms are moving in directions which differ only by very small angles 
from that of the axis of the cool tube. If d and / be the diameter and the 
length of the tube through which the atoms flow, then the greatest angle 
which the path of an atom can make with the axis of the tube is djl, 
provided the number of atoms flowing through the tube is sufficiently 
small for there to be no collisions between atoms in the length of the 
tube. Now if these atoms are excited or allowed to absorb and the 

[* Note added in proof— N. A. Bogros (‘C. R.,’ vol. 183, p. 124 (1926) and 
vol. 190, p. 1185 (1930)), investigated the multiplet structure of the Lithium Resonance 
line by a similar method, and L. Oobrczov and A. Terenin report a qualitative 
observation of hyperfine structure in the Sodium Resonance lines by means of 
fluorescence of an atomic beam.] 
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radiation or absorption is observed by means of a spectroscope the line 
of sight of which is at right angles to the direction of the atomic ray, 
then the Doppler width of the emitted or absorbed line will be smaller 
in the ratio of d to / than that of a line emitted by the atoms with their 
normal random distribution of velocities at the temperature of the 
liquid from which the atoms are evaporating. For the component of 
the mean velocity in the line of sight is only d/I of the total mean velocity. 
The width of the line is therefore equal to that given by a gas radiating 
or absorbing at a temperature of ( dilf. 0, 0 being the temperature of 
the liquid from which the atomic ray is evaporating. If, for example, 
the ratio of d to / is one to twenty the Doppler width of the emission or 
absorption line given by the atoms in the atomic beam is equal to that 
given by the atoms under normal gaseous conditions at a temperature 
four hundred times lower than that of the metal from which the atoms 
are evaporating. The atomic beam is therefore capable of giving lines 
which are very much narrower than could be obtained by working with 
a discharge tube cooled even to the temperature of liquid hydrogen. 

The element potassium is of the greatest interest from the point of 
view of the hyperfine structure of its spectrum. It possesses two isotopes 
of atomic weight 39 and 41, the lighter isotope being twenty times more 
plentiful than the heavier. With the exception of silver all atoms of 
odd atomic weight whose spectra have been investigated, have been 
found to possess hyperfine structure indicating that their nuclei posses; 
magnetic and mechanical moments. By the method of the hollow cathode 
tube Schueler and Jones* were unable to find any hyperfine structure in 
the potassium spectrum other than an indication of an isotope displace¬ 
ment between the line of the two isotopes. 

Potassium is very suitable for the investigation of the structure of its 
lines by the atomic beam method. It is readily vapourized, so that an 
atomic beam of the type described can easily be obtained. Further, its 
resonance lines are situated in the near infra-red so that a Fabry-Perot 
interferometer with the necessary very high resolving power can be used 
satisfactorily for the examination of the structure of the absorption (or 
emission) lines given by the atomic beam. 

An atomic beam was therefore made by the evaporation of potassium 
through a cool tube, the length of which was twenty times the width; 
The absorption of this atomic beam for the light from a potassium lamp 
was investigated by means of a spectrograph combined with a Fabry- 
Perot italon of 10 cm plate separation, the line of sight being at right 

♦ ‘ Z. Phys.’ vol. 76, p. 14 (1932). 


VOL. CXLVIII.—A. 
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angles to the direction of the atomic ray. The resolving power of 
this instrument was about five million. 

The atomic beam was found to produce two very narrow absorption 
lines in each of the resonance lines. The separation of these two lines 
was approximately 0 015 cm 1 ; it was not exactly equal for both 
resonance lines, but was about 10% greater in the line 7699 than in the 
line 7664. A resolving power of more than one million is necessary to 
separate these lines; if a discharge tube were used in which the directions 
of the atoms is not controlled it would be necessary to work at a tem¬ 
perature lower than that of liquid hydrogen. The atomic ray is therefore 
shown to afford a new method of resolving very close hyperfine structures; 
moreover, it is applicable to any element whose resonance lines are in a 
region where spectroscopic instruments of high resolving power can be 
used. 

In this arrangement it is possible only to investigate resonance lines, 
the absorption of atoms for other lines being insufficient. It is, however, 
possible that by means of electronic excitation of the atomic beam other 
lines could be produced in emission with an adequate intensity. 


The Spectrograph and Interferometer 

In order to detect the extremely small structures which were being 
sought it was necessary to make use of a spectrograph of very high 
resolving power, a resolving power of five million being necessary to 
obtain the full advantage of the narrowness of the absorption lines of 
the atomic ray. In order to achieve this a Fabry-Perot etalon was used, 
with a plate separation of 10 cm. With this separation the order of 
interference for light of the wave-length of the potassium resonance 
lines is about 250,000. Now the half-value width of the emission lines 
of the potassium resonance lamp used is about 1 /300,000 of their wave¬ 
length, so that the spectral range of the etalon was just great enough 
to avoid overlapping. With heavily silvered plates an etalon can resolve 
in the red or infra-red lines, which are separated by about 1/20 of a 
fringe; the resolving power of the instrument therefore had the 
required value of 5,000,000. 

The angular radius of the fringes given by an etalon of 10 cm plate 
separation with light of the wave-length of the potassium resonance lines, 
is extremely small. Measured in radians, the values for the first six 
fringes are respectively 2-7, 3 • 8, 4-7, 5-5, 6-2 and 6-8 thousandths. 
For the observation of hyperfine structure the fourth, fifth and sixth 
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fringes are the most suitable; in the first and second the rate of change 
of scale is too great. If there is to be no loss of resolving power the 
linear scale of the image of the fringes must be sufficiently great for the 
separation of the fifth and sixth fringes to be about l mm. In order 
to obtain this a lens of at least 150 cm focal length must be used for the 
projection of the fringe system, this gives a separation of just under 
1 mm between the fifth and sixth fringes. 

Accordingly a spectrograph was constructed with achromatic lenses 
in collimator and camera of 150 cm focal length; and a space was left 
between the end of the collimator and the prism sufficiently big to receive 
the interferometer. This arrangement is particularly favourable when a 
long etalon plate separation, requiring an objective of unusually long 
focal length is used. Not only does it avoid the necessity of having a 
very long space between the light and the spectrograph slit, as would 
be necessary if the fringes were projected on to the slit, but it also effects 
a considerable saving in light, as the optical system contains one less 
achromatic lens. 

It was necessary to have a special prism constructed to produce the 
requisite separation of the two resonance lines of potassium. The 
separation of these lines is 35 A, and if the Fabry-Perot fringes are to be 
observed clearly, the width of slit^ised must be at least 1 mm; the prism 
had, therefore, to possess a dispersion in the infra-red great enough to 
give a separation of at least 1 mm with a lens of 150 cm focal length. 
This was possible only by making a prism with an angle of 65° from 
a very dense glass, the refractive index of which was 1 -75. Although 
the aperture of the interferometer was only 4 x 4 cm; in order to make 
full use of this the length of face of the prism had to be 15 cm; for the 
angle made by a light ray with the face of a prism of this angle and 
refractive index is only 15°. This very oblique angle of incidence is 
accompanied by a considerable loss of light by reflection at the two 
surfaces of the prism, the total loss by reflection being about 40%; the 
loss by absorption in the near infra-red is small. The prism and lenses 
and the spectrograph mounting were constructed by Hilger; the definition 
was perfect, the instrument having its full theoretical resolving power. 
The lenses were symmetrical achromatic triplets, each lens consisting of 
two convex quartz lenses enclosing a concave lens of rocksalt, the one 
quartz component being of right handed and the other of left handed 
quartz ; the axis of the quartz was the same as the axis of the lens. 
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The Construction of the £talon 

The etalon used was of an entirely new design.* The type of etalon 
generally used in work on the hyperfine structure of lines requires adjust¬ 
ment; the plane half-silvered plates are separated by three stops of 
exactly equal thickness, and small inequalities, arising from the inclusion 
of dust particles between the separating pieces and the plane plates are 
equalized by adjustment of the pressure on the springs which press the 
etalon plates on to the separating pieces. When the plate separation 
does not exceed three or four cm this arrangement is quite satisfactory. 
A suitable low pressure mercury vapour arc lamp gives relatively sharp 
fringes with an interference path of this length, and the equality of the 
separation of the plates can be secured by so arranging the pressure of 
each of the three springs that the angular diameter of the central fringe, 
when viewed by eye or by means of a small telescope, is equal for all 
parts of the plates. This method, however, is not applicable to an etalon 
in which the plate separation is 10 cm. In the first place the angular 
diameter of the fringes is so small that small changes in the diameter of 
the central fringe cannot be detected with sufficient accuracy; and in 
the second place even a very cool mercury arc lamp gives very broad 
fringes over an interference path of this length. 

It was therefore decided to construct an etalon which would not 
require any adjustment, the plates being kept apart by fixed separating 
pieces so arranged that the silvering could be carried out without the 
removal of the plates from the separating pieces. It has been found by 
Messrs. Adam Hilger that if two surfaces of fused silica are made 
as plane as possible (i.e., to the accuracy of about 1/20 of an 
interference fringe) and are brought together after the removal of all 
dust, these two surfaces adhere together so strongly that they can be 
separated again only with considerable difficulty; moreover the inter¬ 
space between the surfaces is extremely small and is quite constant in 
value to within 1/20 of an interference fringe. 

The construction of the 6talon is shown diagrammatically in fig. 1. 
Two pieces of fused silica of cross-section 4 x 2 cm form the separating 
pieces; these were worked to the highest degree of accuracy, the ends 
being exactly parallel and the lengths identical, any errors in equality 
of length or deviations from parallel of the opposite ends did not exceed 
1/20 fringe; the length of these separating pieces was 10 cm. The end 
plates were also constructed of fused silica, the area being 4 x 8 cm 


* Designed jointly by C. V. and D. A. Jackson. 



The Resonance Lines of Potassium 341 

and the thickness 1 cm. The inner surfaces of these were made plane 
to the highest interferometric accuracy. These two plates were brought 
into optical contact with the separating pieces in the manner shown in. 
fig. 1, leaving a clear area 4 x 4 cm for silvering to form the interference 
surfaces. The outer surfaces of the interferometer plates were not 
parallel to the inner surfaces, but made an angle of 1° with them; in this 
way the possibility of the formation of spurious secondary fringes due 
to interference between the silvered and unsilvered surfaces is eliminated. 



Fig. 1— The Fabry-Perot etalon 


The etalon thus formed was absolutely rigid and required no adjustment; 
for, if the separating pieces were not of exactly equal length, it would 
be impossible to obtain optical contact between the plates and the 
shorter separating piece. The coefficient of expansion of fused silica is 
about one part in two millions, so that a change in temperature of 
produces a change in optical path of about one part in five million, 
allowing for the expansion of air. 

The Silvering of the I-talon Plates 

The silvering of the plates by evaporation was carried out in an 
evacuated brass box, in a manner similar to that described by Ritschl.* 
The diameter of the cylinder was 15 cm and the length 35 cm. One 
end was closed by a circular brass plate soldered on; the other end was 
fitted with a flange arranged to receive a rubber washer; this washer 
was greased on both sides with apiezon tap-grease so that, when a brass 
end-plate was clamped on and the cylinder exhausted, a perfectly gas- 
tight joint was formed. The cylinder was fitted with two side tubes of 
about 15 mm diameter which entered it midway between the end-plates. 


* ‘ Z. Phys.,’ vol. 69, p. 578 (1931). 
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One of these was connected through a liquid air-cooled mercury trap to 
a mercury vapour diffusion pump by means of which the necessary 
very high vacuum could be obtained in a short time. The other side 
tube terminated in a ground joint which fitted a glass tube with two 
wires sealed through it; these wires were connected to a tungsten heating 
wire on which was a small quantity of silver wire. The length of the 
wires carrying the tungsten wire was adjusted so that, when the 10 cm 
etalon was in place in the cylinder, the tungsten wire occupied the centre 
of the space between the plates and the separating pieces. The brass 
plates at the end of the silvering box were fitted with glass windows 
so that it was possible to look through the etalon plates during the 
course of the silvering, or to measure the degree of transmission by 
means of a photocell. Opposite one of the windows a powerful cine¬ 
matograph projector lamp was set up, in such a manner that the light 
from it passed through the dtalon and through the second window on to 
a copper-copper oxide photocell, connected to a galvanometer. The 
silvering by evaporation took place very rapidly, a sufficient thickness 
being obtained in about one minute. The plates were silvered until 
the transmission, as measured by the deflection of the photocell was 
about 1% of the incident light. This value for the percentage 
transmission represents the mean value over a large range of wave¬ 
lengths, determined by the energy distribution in the light source and the 
sensitivity curve of the photocell. Although the absolute value of the 
percentage transmission is, therefore, not very significant, it is neverthe¬ 
less of great value in reproducing similar degrees of silvering. The 
silvering was carried out till the transmission was 1% because it was 
found that an etalon of 2 • 5 mm plate separation with the plates silvered 
to this degree gave fringes of the neon lines whose width was only about 
1/15 or 1/20 of the separation between two adjacent orders. Moreover, 
as the reflecting power of silver is higher in the near infra-red than in 
the visible red, it followed that with this degree of silvering the 10 cm 
etalon would have the required resolving power of about 5,000,000. 
Treatment with fumes of acids, as recommended by Ritschl, was not 
found to improve the reflecting power of the silver. 

The Light Source 

The absorption of the potassium atomic ray was to be investigated 
by means of a Fabry-Perot 6talon of 10 cm plate separation. The order 
of interference for light of the wave-length of the resonance lines of 
potassium is 250,000, so that the total width of spectrum which can be 
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observed without overlapping is only 7500/250,000 A. It is, therefore, 
necessary to observe the absorption as absorption in a very narrow 
range of wave-length. This was done by using as the light source in 
which the absorption took place, a potassium lamp which gave very 
narrow potassium resonance lines in emission, whose half-value width 
was rather smaller than the spectral range (7500/250,000) of the 
10 cm dtalon. The lamp was of the type used by Jackson in earlier 
works on the structures of the lines of the spectra of caesium and 
rubidium. A discharge tube fitted with external electrodes was 
excited by means of a high frequency oscillator capabfc of an output 
of jr kw. The ends of the tube were 5 cm in diameter and 6 cm in 
length; the capillary was 5 cm long, with an internal diameter of 5 mm. 
The tube was filled with neon at a pressure of about 3 mm and contained 
in one end a small quantity of potassium; it was used in a vertical 
position, the lower end containing the potassium being immersed in an 
oil bath. In order to obtain the potassium resonance lines the tem¬ 
perature of the oil bath was raised to 150° C ; under these conditions 
the lines were very strong, and when examined with the interferometer 
found to be quite free from self-reversal. If the temperature of the oil 
bath was raised beyond this the potassium lines became stronger but 
the line of shorter wave-length began to show self-reversal. The vapour 
pressure of potassium at 150° C is less than 1/2000 mm; nevertheless, 
the intensity of the lines was very great. The exposure required, with 
the 6talon plates silvered so that less than 1% of the total light was 
transmitted, was only about ten minutes, when hypersensitized Ilford 
infra-red sensitive plates were used, and these plates are at least twenty 
times slower than a fast panchromatic plate in the yellow or near red. 


The Production of the Atomic Beam 

The apparatus used for the production of the atomic beam was a 
tube 15 mm in diameter and 35 cm in length containing about 7 gm of 
potassium in the lower end while the upper end was attached to an 
observation chamber fitted with four plane windows at right angles. 
Thus the atomic beam could be illuminated with potassium resonance 
radiation in such a manner that the resonance lines could be observed 
either in absorption or in emission by fluorescence. The centre of the 
atomic beam tube was connected through a liquid air-cooled mercury 
trap to a mercury vapour pump. The design of the tube is shown 
diagrammatically in fig. 2. The potassium contained in the lower part 
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of the tube was distilled in from a side tube; the metal was obtained in 
sealed glass tubes from the Oxford Instrument Company and was com¬ 
pletely free from hydrogen or any other occluded gas. This potassium 
had been distilled three times in vacuo by means of electric furnaces 
so arranged that the temperature remained constant and gave a very 
slow distillation of the potassium. Rapid distillation, however many 
times it is repeated, is useless for the removal of occluded hydrogen, 
the gas being reabsorbed as the metal condenses. In order to obtain 
the atomic ray the lower end of the tube, containing the potassium, was 
immersed to a depth of about 4 cm, into an electrically heated bath of 
Wood’s metal. At the point at which it emerged from the heating bath 
the tube passed through a closely fitting sheet of thick 
asbestos so that, within a very short distance from the 
bath, the temperature of the tube was comparatively 
low; and even when the bath was at 300° C the tube 
just above the asbestos was not hotter than 100° C. 
When the temperature of the heating bath was raised 
to about 200° C a fine deposit of metallic potassium 
began to be formed on the top of the observation cham¬ 
ber ; this deposit was in the form of a circle the diameter 
of which was the same as that of the atomic beam tube; 
the edges of the circle were perfectly sharp. It was clear, 
therefore, that the atoms leaving the surface of potass¬ 
ium at the lower end of the tube only reached the 
observation chamber if their direction was such that 
they could reach it without hitting the walls of the tube; 
all atoms with other directions were removed by con¬ 
densation on striking the walls of the tube. Accordingly 
the greatest velocity of an atom in the atomic beam in 
the line of sight was only 1 /20 of its total velocity. The 
sharpness of outline of the layer of condensed potassium 
at the top of the observation chamber also showed that 
there were no collisions between the potassium atoms 
in the tube or between the potassium atoms and any traces of a foreign 
gas; if there had been, the deposit on the top of the observation chamber 
would have been bigger than the cross-section of the collimating tube, 
and its edges would have been ill-defined instead of sharp. The tem¬ 
perature of the heating bath could be raised to 260° C without the deposit 
of potassium formed by the atomic beam losing its sharpness; it was, 
therefore, assumed that up to this temperature there were practically no 
collisions between the atoms in the atomic beam. 



beam tube 
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The position of the observation chamber of the atomic beam tube was 
so adjusted that any light from the potassium resonance line had to 
pass through the centre of the path of the atomic beam before it could 
enter the spectrograph; the distance from the spectrograph slit was about 
10 cm and, as the relative aperture of the spectrograph was 1: 40, the 
width of the beam of light entering the slit at this point was less than 
3 mm. It was, therefore, not difficult to insure that the whole of this 
beam passed through the atomic beam, which had a cross-section of 
diameter 15 mm. 


The Experimental Results 

A preliminary examination of the absorption of the potassium atomic 
beam was made with an etalon with a plate separation of 4 cm. The 
emission lines of the potassium lamp were seen to be quite free from self¬ 
reversal, in the absence of the atomic beam; and their half-value width 
was rather less than half of the separation between two fringes. When 
the atomic beam was formed by the heating of the metal bath it was 
found to give rise to a very narrow absorption line in the centre of the 
fringes. The absorption could be observed in the stronger line (7655) 
before it appeared in the weaker line; and when the temperature of 
the heating bath was about 220° C the absorption was visible in both 
resonance lines. There is a possibility that the temperature of the 
potassium in the lower end of the atomic beam tube was appreciably 
lower than that of the metal in the heating bath, but, as the tube was 
always immersed to the same depth in the bath, the temperature measure¬ 
ments were perfectly reliable for the purpose of reproducing the same 
conditions, since a given temperature of the heating bath corresponded 
always to the same temperature of the potassium. 

The absorption was then investigated by means of the etalon with a 
plate separation of 10 cm. Under these conditions the lines from the 
potassium lamp, without the absorption of the atomic beam, no longer 
gave interference fringes, the half-value width of the emission lines 
being only very little less than the spectral range of the etalon. When 
the temperature of the heating bath was brought up to 220" C the 
absorption of the atomic beam was visible in both of the resonance 
lines; and the absorption, which with the 4 cm etalon appeared as a 
single line, was now seen to consist of two components in each line. 
Every line, in which there were no fringes visible in the absence of the 
atomic beam, was crossed by absorption fringes consisting of pairs, the 
separation of which was between 1 /4 and 1 /3 of an order. A reproduc- 
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tion of one of the interferograms showing the absorption of the atomic 
beam is shown in fig. 3, Plate 12; the doublet hyperfine structure is very 
clearly visible; and it can also be seen that the separation of the two 
components of the weaker line (7699) is rather greater than that of the 
stronger (7665). 

A large number of photographs of the absorption fringes was made, 
with various temperatures of the heating bath between 200° C and 260° C. 
In all eight photographs were obtained which were suitable for accurate 
measurement; the values found with the various plates are enumerated 
in Table I. 

Table 1 

Separation of hyperfine structure components of 7699 (4 S,/, — 4 2 P l t ) 

Temp, of heating bath, °C .. 260 260 285 285 288 290 

Separation in cm 1 . 0 0162 0 0159 0 0167 0 0162 0 0164 0 0161 

Mean ■ - 0-0163 ± 0-0005 cm -1 

Separation of hyperfine structure components of 7664 (4 S 1; ' 2 — 4 “P 3 /j) 

Temperature of heating bath, ° C .. 260 285 285 288 290 

Separation in cm' 1 . 0-0149 0-0144 0-0137 0-0136 0-0145 

Mean = 0-0141 ± 0 0005 cm 1 

It can be seen that the results obtained from the various plates are 
very consistent, the mean value for the line 7664 being 0-0141 cm 1 
and that for the line 7699 being 0 -0163 cm 1 . In each plate it was 
possible to measure the doublet separation in eight orders, and the 
erratic error is probably 0-0005 cm' 1 . It is possible, however, that 
there is a systematic error rather greater than this resulting from the 
personal error of an observer in tending to place the crosswire of the 
photomeasuring micrometer a constant amount within or without the 
true centre of each line comprising the doublet; this possible systematic 
error certainly does not exceed 0-001 cm 1 . Moreover, the value for 
the difference in separation of the components in the two resonance lines 
is independent of this possible systematic error, for it would be equal 
for each doublet. The accuracy of the difference is therefore limited 
only by the erratic error, and consequently has the value 0-0005 cm -1 . 

Any difference in the intensity of the two hyperfine structure com¬ 
ponents of the resonance lines was very small; the absorption was 
observed at various intensities of the atomic beam, by varying the 
temperature of the metallic potassium in the lower end of the tube. 
It was found that the absorption in the line 7699 became very weak at 
about 200° C, both hyperfine components disappearing; while under 
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the same conditions both of the components of the line 7664 were clearly 
visible. This indicates that the intensity ratio of the hyperfine structure 
is very much less than that of the multiple! structure; that is to say less 
than 2:1. Moreover, a comparison of the intensity ratio in the 
potassium absorption with that in the sodium absorption (this is described 
below) indicates that the difference in the intensities of the potassium 
components must be less than that in the sodium components; for while 
the intensity difference in the sodium components is clearly visible, it is 
difficult to detect the intensity difference in the potassium absorption, 
even with the weakest atomic ray. It can, therefore, be concluded 
that the intensity ratio of the potassium hyperfine doublets must be 
appreciably less than 5 : 3, which is the value for the sodium hyperfine 
doublets. The component of shorter wave-length appeared to be the 
stronger, when any intensity difference could be observed. 


The Observation of the Doppler Effect 

In the experiments described above, the absorption of the atomic 
beam was observed in a direction at right angles to the axis of the atomic 
beam tube, so that the mean of the components of velocity in the line 
of sight was zero. Now if the tube were so tilted that its axis was not 
quite at right angles to the line of sight, and differed from this by an 
angle 0, then it should be possible to observe a small change in wave¬ 
length of the absorption of the atomic beam, the value of which should 
be (v . 0)/c, v being the average velocity of the potassium atoms as they 
leave the surface of the metal and c being the velocity of light. If two 
photographs of the absorption were made side by side, the tilt of the 
atomic beam tube in one being away from the spectrograph and in the 
other towards it, the shift between the absorption lines in the two photo¬ 
graphs should be (2 v . U)/c. Such an experiment is of interest, for it gives 
the possibility of directly measuring, by means of the Doppler shift, the 
mean velocity of atoms evaporating from the metal surface. 

Accordingly an arrangement was made enabling the spectroscope slit 
to be moved in a direction at right angles to its length; the slit width 
was made equal to rather less than half the separation of the two reson¬ 
ance lines of potassium. The atomic beam tube was then tilted towards 
the spectrograph, so that its axis made an angle of 1/7 radian with the 
vertical; an exposure of the atomic ray absorption was then made, under 
these conditions. After this the slit was moved sideways through a 
distance exactly equal to its width and the atomic beam tube was tilted 
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through the same angle, but in the opposite direction (away from the 
spectrograph), and a second exposure was made. During the entire 
time of the experiment the temperature of the air surrounding the 6talon 
changed by less than 1/10°, so that any shift in the position of the fringes 
arising from this cause was less than 1/100 fringe; moreover, the moving 
of the slit between the two exposures could not influence the position of 
the interference fringes as this depends only on the relative position 
of the camera and the £talon. 

The shift in the position of the fringes can be seen very clearly in 
the photographs, and is equal to approximately half of the separation 
between the hyperfine structure components. One of the photographs 
is reproduced (fig. 4, Plate 12), to simplify it only the line 7699 is shown, 
the line 7655 having been screened off. 

On measurement it was found that the Doppler shift was equal in 
both lines; the mean value was found to be 0 008 ±0 001 cm 1 
(0 0047 A.). The velocity required to produce this Doppler shift is 
185 metres per second; and, as the angle through which the atomic 
beam tube was turned to produce the shift was one quarter of a radian, 
the mean velocity of the atoms in the atomic beam is 3-5 times greater 
than this, i.e., 650 metres per second. The mean velocity of atoms in 
potassium vapour at a temperature of 260° C is 650 metres per second, 
according to the gas kinetic theory. 


The Hyperfine Structure of the Resonance Lines of Sodium 

The structure of the resonance lines of sodium was also investigated 
by means of the atomic beam. The apparatus used for the production 
of the atomic beam was similar to that used with potassium; the tube, 
however, was shorter, being 20 cm in length, while the diameter, 15 mm, 
was the same. The mercury vapour pump and liquid air-cooled mercury 
trap used for the production of the necessary high vacuum were also 
the same as those used in the production of the potassium atomic beam. 
The sodium contained in the lower end of the tube had been distilled 
three times in vacuo, and was introduced by distillation from a side tube. 

The light source used for obtaining the sodium resonance lines in 
emission was a G.E.C. sodium lamp. The radiation of this lamp was 
examined by means of an 6talon of 2 cm plate separation, and it was 
found that, provided the current through the lamp did not exceed one 
ampere, the lines were quite free from self-reversal; and the half-value 
width was a little more than i fringe. 
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When the sodium in the lower end of the tube was first heated, no 
atomic beam was formed; for instead of a circular deposit with sharp 
edges being formed on the top of the observation chamber, a general 
deposit was formed everywhere. This proved that there were traces of 
residual gas in the apparatus, with which the sodium atoms collided; 
and under these conditions an atomic beam cannot be formed. However, 
after the tube had been run at a high temperature for about one hour, 
most of the residual gas was removed, and the sodium made a deposit 
with sharp outlines on the top of the observation chamber; and when 
it was illuminated with the sodium resonance light the atomic beam 
could be observed by the fluorescence light which it emitted (this was 
impossible with the potassium atomic beam because the potassium 
resonance lines lie in the infra-red). The atomic beam was seen to 
have very sharply defined edges and to be of the same width as the 
atomic beam tube. But even under these conditions the beam was not 
so perfect as the potassium atomic beam; for very thin deposits of 
sodium were still formed on the windows of the observation chamber, 
indicating that the atoms in the atomic beam were occasionally deflected 
from their course by collisions with traces of residual gas. In the 
potassium atomic beam tube on the other hand there was no trace of 
potassium deposit except in the sharply defined circle at the top of the 
observation chamber; the potassium was therefore absolutely free from 
residual gas. The greater difficulty of obtaining sodium free from gas 
results from the greater stability of the hydride. 

Photographs of the absorption of the sodium atomic beam were made 
with etalons with plate separations of 2 cm, 3 cm and 4 cm; each of the 
resonance lines was seen to consist of doublets, the separations being 
approximately \ fringe with the 2 cm etalon, J fringe with the 3 cm 
6talon and ■£ fringe with the 4 cm Etalon. The plates obtained with the 
6talon of 3 cm plate separation were found to be the most suitable for 
measurement, and a large number of photographs was therefore made 
with this etalon, the temperature of the heating bath of the atomic beam 
tube varying between 330 and 370° C. In all, six photographs suitable 
for measurement were made; the doublet separation was measured in 
eight orders in each photograph. The linear dispersion of the spectro¬ 
graph was increased by tilting the plate about a vertical axis so that it 
made an angle of about 20° with the axis of the lens; in this way the 
dispersion was increased three times, and the width of each D line could 
be 1 mm without any overlapping. 

The mean value for the separation of the two components of Di (5896) 
is 0 0610cm -1 ; the probable accuracy being ±0 001 cm -1 ; the separation 
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of the two components of D a (5890) is rather smaller; the mean value is 
0 • 0565 cm' \ the accuracy being ± 0 • 001 6 cm -1 . A reproduction of one 
of the photographs of the sodium atomic beam absorption, using the 
6talon with 3 cm plate separation is shown in fig. 5, Plate 12. It can be 
seen that in both D lines the component of longer wave-length is the 
stronger; the weak absorption which can be seen in the space between 
the two components is due to the sodium atoms which were occasionally 
deflected from the atomic beam by collisions with traces of residual gas 
and caused the thin deposit seen on the windows of the observation 
chamber. The photograph reproduced was made with the heating 
bath of the atomic beam tube at a temperature of 350° C. When the 
temperature of the bath is 330° C the absorption is still clearly visible 
in the stronger line, but is somewhat less visible in the weaker line; the 
difference in the intensities of the two components, however, appears 
more marked, particularly in the components of D 2 than in the photo¬ 
graphs made at 350“ C. 

The Hyperfine Structure of the Terms of Potassium 

Potassium possesses two isotopes, 39 and 41, the lighter being twenty 
times more plentiful than the heavier. The doublet structure of the 
absorption observed in the atomic beam was due to the isotope 39; 
for even when the density of atoms in the atomic beam was made so 
small that the absorption was very weak, the two hyperfine components 
still possessed nearly the same intensity. Moreover, with the highest 
temperatures used the density of the atoms in the atomic ray was 
only about four times greater than at the temperature when the 
absorption was no longer observable, so that the isotope 41 which is 
present only to the extent of 5% could not cause any observable 
absorption. 

The two resonance lines possessed doublet hyperfine structure, the 
separation in one being rather greater than that in the other. This 
can be explained by ascribing the main separation to the 4 S, /a term, while 
the small differences are due to unresolved structure in the 4 a P 1/a and 
4 2 P s/a terms. Now if 8 S 1/a be the separation of the hyperfine components 
of the S J/a term and 8 a P 1/a and S a P 3/a be the total hyperfine structure 
separations of the terms a P 1/a and a P 3/a respectively, then the observed 
doublet separations of the lines S 1/a — a P a/a and S 1/2 — a P 3/a (the hyperfine 
structure of the P levels not being resolved) are 8 S 1/a + |8 a P 1/a and 
8 Si /2 — -ft 8 a P 3/2 . (This has been shown previously by Jackson.*) 

* ‘Proc. Roy. Soc.,’ A, vol. 147, p. 500 (1934). 
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The difference in the two observed separations (0-0163 — 0*0141 — 
0-0022 cm -1 ) is equal to JS a P J/a 2 P 3/a . Now 8 2 P 1/a is according 
to theory equal to f 8 2 P s/a ; it therefore follows that 8 2 P 1/2 is equal to 
0-0033 cm 1 and 8 a P 3/a is equal to 0-0020 cm 1 and 8 Si /a is equal to 
0-0152 cm- 1 . 


The Mechanical and Magnetic Moments of the Nucleus of 

Potassium 39 


Any possible intensity difference in the hyperfine structure components 
of the potassium resonance lines was seen to be considerably less than 
that in the sodium lines. From this it follows that the mechanical moment 
of the nucleus is probably greater than 3/2; an upper limit, however, 
cannot be given. As it appeared that the component of shorter wave¬ 
length had the greater intensity, it seems that the magnetic and mechanical 
moments are of opposite sign; this, however, cannot be regarded as 
very certain, as the difference in intensity is very difficult to observe. 

The nuclear magnetic moment can be calculated with considerable 
accuracy from the value found for the hyperfine structure levels of the 
term 4S l/a . According to the formula of Goudsmid* the value is 

— . | , x -- --- - - Bohr magneton. I is equal to or greater than 5/2; the 

values of the magnetic moment fori = 5/2, 7/2 and 9/2 are respectively 


0-43 
1838 ’ 


0 - 46 ^ 

‘1838 


and 


0-47 

1838 


Bohr magneton; the negative sign in 


dicates that the mechanical and magnetic moments are of opposite sign. 


The Nuclear Magnetic Moment of Sodium 

The observed hyperfine structure doublet separations of the resonance 
lines of sodium were 0-061 cm 1 and 0 056 # cm 1 respectively for D a 
and D a . This can be explained by ascribing a doublet hyperfine structure 
with a separation of 0 -059 cm 1 to the 3 S 1U term, and hyperfine structure 
separations of 0-007 cm' 1 and 0 004 cm 1 to the terms 3 a P 1/a and 3 2 P a/a , 
these values being deduced from the observed separations in the manner 
in which the term structures were found from the observed separations 
in the potassium lines. The value of the mechanical moment of the 
nucleus is 3/2; the value of the magnetic moment according to the 
formula of Goudsmid is therefore 2-05/1838 Bohr magneton, calculated 
from the structure of the 3 S 1/a term. 


* ‘ Phys. Rev.,’ vol. 43, p. 636 (1933). 
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Summary 

The hyperfine structure of the resonance lines of potassium was 
investigated by means of the absorption of an atomic beam. Each of 
the lines was found to consist of two very close components, the separation 
in the line 7664 being 0 0141 cm -1 and in the line 7699, 0-0163 cm' 1 . 
This hyperfine structure was shown to be due to the isotope 39, and the 
nuclear magnetic moment of this isotope was calculated from the observed 
hyperfine structure to be between 0-43/1838 and 0-47/1838 Bohr 
magneton, and probably of opposite sign to the mechanical moment. 

The Doppler efFect, due to the velocity of the atoms constituting the 
atomic ray, was observed directly, and a shift in the position of the 
absorption fringes obtained by directing the atomic beam towards the 
spectroscope. The mean velocity of the atoms was found to be 740 
metres per second, a value in good agreement with that expected 
according to the gas kinetic theory. 

The hyperfine structure of the resonance lines of sodium was also 
observed by the method of the atomic beam. Each line possessed two 
components, the separations in the line 5896 being 0-0610 cm 1 and in 
the line 5890, 0-0565 cm 1 ; from these figures the value of the nuclear 
magnetic moment of sodium was shown to be 2-05/1838 Bohr magneton. 



Jackson and Kuhn 


Proc. Roy. SocA, vol. 148, Plate 12 


v\ 



Fig. 3 Hyper fine structure of potassium resonance lines 



Fig. 4—Doppler shift Fig. 5 Hypertine structure of sodium 

resonance lines 
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On the New Field Theory 

By Banesh Hoffmann, University of Rochester, New York 

(Communicated by A. E. H. Love, F.R.S.—Received 
August 20, 1934) 


§1 - Introduction 

In a recent series of articles* Born, with lnfeld, has developed a theory 
of the electromagnetic field in which the self-energy of the electron is 
finite. In II the theory is based upon an unsymmetric fundamental 
tensor of which the symmetric and antisymmetric parts are identified 
respectively with the gravitational potentials and the electromagnetic 
field strengths. The Lagrangian is built up in terms of the determinants 
of the fundamental unsymmetric tensor and its symmetric part, but field 
equations for the electromagnetic field are not obtained directly from 
a variation of the Lagrangian with respect to the field strengths. One 
must first assumef that these field strengths form the curl of a potential 
vector, and one must then perform the variation with respect to this 
vector. Again, though the gravitational g aC , enter the Lagrangian, 
variation with respect to them does not lead to adequate field equations 
for the gravitational field, so that Bom and lnfeld have suggested! the 
arbitrary addition of the Riemannian curvature scalar density R V—g to 
their Lagrangian. 

In view of these two points it seems desirable to discuss the possible 
modification of the Born-Infeld theory in terms of the projective theory 
of relativity! since in this way the difficulties mentioned above will be 
automatically overcome. 

* E.g., * Proc. Roy. Soc.,’ A, vol. 143, p. 410 (1934), and vol. 144, p. 425 (1934), 
referred to respectively as I and II. 

t II, p. 435. 

t A convenient account of the general ideas of the projective theory will be found 
in ‘ Phys. Rev.,’ vol. 36, p. 810 (1930). We shall throughout the present paper use 
the notation of Veblen’s book “ Projektive Relativitatstheorie, Ergebn. Math., Berlin, 
1933,”to which we shall refer as'P.R.' The Einstein-Mayer theory is almost identical 
with the projective theory and the relationship is discussed in ‘ P.R.’ Chap. VIII, and 
also by Schouten and Van Danzig, ‘ Z. Phys.,’ vol. 78, p. 639 (1932), and by Hoffmann, 
‘ Phys. Rev.,’ vol. 43, p. 615 (1933). 
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The author, in a letter to ‘ Nature,’* recently outlined such a modifica¬ 
tion of the Born theory and in the present paper the details are given. 
It turns out that though the “ electromagnetic ” field equations reduce 
to those of Born for the Galilean case, one cannot deduce from this 
fact that the electrostatic potential will remain finite, because the electro¬ 
static field exerts its own gravitational influence and therefore prevents 
the assumption of Galilean g ab . This point arises whenever gravitation 
is considered along relativistic lines in connection with the Born theory, 
but it happens that the Born-Infeld suggestion for including the gravita¬ 
tional field equations actually requires no modification of the electrostatic 
potential, even though this potential modifies the curvature of space- 
time. The field equations of the present paper are extremely complicated 
and no spherically symmetric, static solution has been obtained for 
which the electrostatic field does not vanish. One can show that there 
must be some modification of the electrostatic potential by its own field, 
but the extent of this modification cannot be determined in the absence 
of the general solution. 

Thus, although the present paper overcomes the two difficulties already 
mentioned in the foundations of the Born-Infeld theory at the expense 
of an elegance that Born and Infeld are themselves compelled to mar, 
there is a possibility that in so doing it loses the substance of that theory; 
and whether this is so or not can only be decided by a rigorous general 
solution of the complete set of field equations for the static, spherically 
symmetric case. 

§2-—Lemma 

Let a set of field equations in the projective theory of relativity be 
obtained from a variational principle of the form 

S | K dx 1 dx* dx 3 dx* = 0, (1) 

where K is some projective scalar density of zero index involving only 
the projective metric y.* and its derivatives, and the variation is with 
respect to this metric. 

Let the usual process of neglecting divergences lead to 

sj K(/T = jK-n Y .^T (dr = dx 1 dx* dx* dx*) y (2) 

where = K 3 *. Then, in the usual manner,f the field equations 
will be, not K" s = 0, but 

K* - Yo'lVK - 0. (3) 

* * Nature,’ vol. 134, p. 322, September 1 (1934). 
t * P.R.,’ p. 55. 
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These field equations, fifteen in number, contain only fourteen 
algebraically independent equations* which may be broken upf into 
the two affine sets 1 

K“" *= 0 (4) 

K„“ = 0. (5) 


We shall show that these equations are what we should obtain from 
the variation in (1) if we varied respectively only the g ab and only the 
<f> a . For we havej 


Tab Sab *^b? 

(6) 

Y«o = 4>a = 1 • 

(7) 

Thus 


Ob = Hab + <f>b 8<j) a + <f> a 8<f> b , 

(8) 

S Y a0 ~ 8< £a> S Yoo — 0* 

(9) 

and by means of (8) and (9), (2) may be written as 


8 f K dr - j (K-* 8 Y«b + 2K'° SyJ dx 


= f {K“> 8g ab + 2 (4>b K-* + K«o) 8<f> a } dx. 



Hence variation of the g ab alone would give equation (4). Variation of 
<f> a alone gives 

<f> b K ab + K®° « 0, 

which may be written as 

0 = y 60 K«» + YooK'- 0 = y*K* = K 0 «, 
which is equation (5). 

§3—Projective Field Equations 

Born’s theory of the electromagnetic field can be based upon the 
variational principled 

8 J (VT+lrWtt ~ *) ~ 0 ( a = const.) (10) 

* See ‘ Phys. Rev.,’ vol. 36, p. 820 (1930), footnote, 
t ‘ P.R.,’ p. 51, Latin suffixes go from 1 to 4, Greek from 0 to 4. 
t Consequences of ‘ P.R.,’ p. 15, equation (13), since g, l0 => 0 and <|> 0 = 1, whilst 
for present case, = 1. 

§ This variational principle is that of II, p. 432, equation (2.27) and not that of II, 
p. 431 equation (2.15). 


2 A? 
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where, * * * § to use the notation of ‘ P.R,,’ 


^ ab 




(ID 


and variation is with respect to <j> a . 

Now in the projective theory of relativity the projective curvature 
scalar B has the valuef 

B = R - fa <t>‘ - R + he ha, (12) 

where R is the Riemannian curvature scalar of the g ab . Also, the deter¬ 
minant of the has the same value as that of the g ab : J 

y ~ g- (13) 

Thus it is natural to generalize Born’s theory by considering the 
projective field equations obtained from the variational principle 


8 j (Vf r B — 1) V- y dx - 0, 


(14) 


where — dx 1 dx 1 dx s dx*, variation is with respect to the y afi , and 
the constant a that should multiply B has been absorbed as a change 
of units. 

The variation leads § to the field equations 

T«0 — Yo'y/T = 0, (15) 

where 

T ” = vm B "~ r ‘ (v ' r + 1 - »--rV) (VV <16> 


the semicolon denoting the projective derivative. 
The equivalent affine sets are 


and 


T« 6 = 0, 

V = 0, 


(17) 

(18) 


and, by our lemma, we see that (18) must, in the Galilean case, lead 
to Born’s field. That this is indeed so can be verified as follows. On 
expanding (18) we obtain 


1 

Vl "|- B 


B 0 n + Y n 


Vl + B 



(19) 


* ‘ P.R.,’ p. 42, equation (8). 

t ‘ P.R.,' p. 45, equation (25). See also the convention as to the raising of 
indices on pp. 42-3. 

t *P.R.,’ p. 43, equation (11). 

§ See appendix. 
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Alth ough (1/Vl + B) ; o vanishes identically, it does not follow that 
(1 /Vl + B). r , ; , which is the same as (1 /Vl + will also be i dentic ally 
zero ! The notation actually implies that we first evaluate (1/Vl -f B) :y * 
and then let S = 0. Since* 


r** - r 00 » = o, 

we obtain from (19) the equations 


( 20 ) 


1 


or, sincef 


Vl + B 


B„“ — Y at 4? — ( 
T 9 


a / i 


Vl + B 


~ o. 


Y ac *=g a % and B 0 n ^ V' 6 . 


( 21 ) 


where the comma denotes affine covariant derivation with respect to the 

Sabt 

— i — 4 ab . -i- 4 ab f — !— ) = n 
vT+b 9 b 1 9 Wl + B j .o u ’ 

which may be written as 

6 ab ) =— -1 — JL ( X~ d> ,,b \ — o t 

™ i, « /_/* ^v fc V/i i n ™ + 


vf • b • /,.-v“s i 'vr+B’' /””•* <22) 

If we take defined by the line-element 

ds*= - dr % - r 2 dW - r* sin 2 6 d<f>* + dt\ (23) 

so that B n bcd , and thus also R, is zero, and if we further assume that 

4>1 = <^2 - 4, - o, 4, « 24 (r), (24) 

we find that (22) becomes 

/i / »2 \ 

o, (25) 


leading at once to 


_r*4' 
dr\V 1 - 2 V* 

k 


4' 


V2k* + r 4 ’ 


(26) 


which, since the unit of charge is at our disposal, gives Born’s potential. 

But, as has already been pointed out, it is not permissible to assume 
Galilean co-ordinates unless 4m is zero. As soon as gravitational field 

* ‘ P.R.,’ p. 44. 

t * P.R.,’ p. 43, equation (13), and § VIII, especially p. 52, equation (8). 
j Cf. II, p. 433, equation (3.4). 
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equations are considered along with the electromagnetic equations the 
question of the inertia of the electromagnetic field arises, and one must 
seek a simultaneous solution of all the field equations. 

From the form of the field equations given by (15) and (16), it is 
evident that they will be satisfied by any field for which 

= 0, (27) 

since this implies that B is also zero. In the spherically symmetric, 
static case, this leads only to the Schwarzschild line-element and a zero 
electromagnetic field; the Coulomb electrostatic field, though a solution 
of the “ electromagnetic " equations 

B 0 “— 0, (28) 

is not a solution of (27) because the latter contains the fifteenth equation 
that is absent from the usual field equations of the projective theory. 

If we take, instead of (23), the general spherically symmetric, static 
line-element 

ds 2 — e k dr 2 — r 2 di) 2 — r 2 sin 2 0 d<f> 2 + e v dt 2 (29) 


where A and v are functions of r alone, and if we also assume the potential 
(24), then the four field equations (18), which may be written in the form 
(22), lead to the first integral 


fce^< -> vr+n 

9 V2F+7* 


(30) 


and one cannot predict that this will give an electrostatic potential having 
reasonable properties. 

The ten field equations (17) can be shown to reduce to 

(R«* + 2g cU +•+/) - ^ (vT+B - 1) 

- (r‘r' - g ac g bi ) ( —7==== ) = o, (3i) 
VI + B/.ed 

but they are of considerable complexity, and I have been unable to obtain 
a spherically symmetric, static solution for which the electrostatic field 
does not vanish. It can be shown that the electrostatic field must vanish 
if we take A -j- v — 0. 


§4—The Born-Infeld Case 

In view of the gravitational influence of the electrostatic field, it is 
important that the suggestion of Born and Infeld for the inclusion of 
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gravitational field equations be examined in detail. We shall here show 
that the field equations obtained in the Born-Infeld case lead to a 
spherically symmetric solution in which the function defining the electro¬ 
static potential is the same as for the illegitimate flat case that was con¬ 
sidered by Born and Infeld in I and II. 

Omitting the G part of the Born-Infeld Lagrangian which does not 
affect the electrostatic solution, we may write the field equations deducible 
from their variational principle, in our notation, as 


R 06 — $g“ b R + 

together with 


2 rHUi 
v\ - jtr 


- g* (Vi ~ J7 ?? 


1) = 0, (32) 


d ( V— g V b 

dx b Vl - 


) = 0. 


(33) 


If we now assume the line-element and potential of (29) and (24), we find 
as a first integral of (33), 


VW T r* ' 


(34) 


The non-trivial field equations of the set (32) may now be written as 


R 11 + ie~ A R + ] - 2 (VUc 2 + r* - r 2 ) = 0, 


R* 2 + R- + 4 ( ' — 1) — 0, 

2 r 2 r 2 V2F+7 4 ' 


and 


1 


R 44 — ie~*R — e~’ (V^k 2 +T* — /•*) = 0; 


(35) 

(36) 

(37) 


and from (35) and (37) we at once find 

R x * = R 4 4 

which, as in the usual relativity theory,* gives 

V -f v' = 0, 

which we integrate, without loss of generality, as 

X + v - 0. (38) 

* Eddington, “ Mathematical Theory of Relativity,” 2nd ed. Camb. Univ. Press, 
p. 85. 
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This result, coupled with (34), is enough to show that the electrostatic 
potential is unaltered by the gravitational field. It is not difficult to 
complete our solution and, indeed, a completion is essential since the 
remaining equations might yet require that k be zero; using Eddington’s 
computed values of the components of R a6 for the line-element (29), 
we have, from (35), 

e A (/•>-' - 1) -f 1 + (V2k 2 + ? 1 - r 8 ) - 0 
or, writing A for c \ 

j r (rA) = 1 + V2*» + r* - r\ 

whence 

A — 1 + - — Jr 2 + - r \/W + r 4 dr; (39) 

r r Jo 

and this value will be found to satisfy (36). 

Thus we obtain the solution 


ds* = A dt~ - A- 1 dr 2 - r 2 dW - r sin 2 0 d<f>\ 
where A is given by (39), and the electrostatic potential is given by 

, _ p 2k dr 

* J, VW+T*' 


Appendix 


Variation of the Integral 

In the process of variation, we shall make no use of the special proper¬ 
ties of the four-dimensional projective transformations that distinguish 
them from five-dimensional affine transformations; we may therefore 
considerably shorten the labour of the computations by using certain 
known results in affine tensor analysis, writing them in terms of the 
instead of the g nb . We shall, for example, make use of a result* which 
may be written in terms of the y„ 0 as 


£B 

s r«» 


8 

8xr 


8B } 


+ 


0 s 


8xy 8x* \ 


0B 




E - B*», 


where the “ | ” denotes the ordinary derivative. 


(40) 


* It can be deduced from ‘ Gtttt. Nachr.,’ 
with p. 404, below equation (21). 


p. 397 (1915), equation (4), coupled 
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We wish to perform the variation in (14). We have 

(VF+B- 1) V—~y d'z 

= J (VPr'B - 1) 8 V — y c/t + j V-y 8 (Vl + B) rf-r 

= f (VrTB - 1) 8 V-y dx + i j ^ «B </t. (41) 

Now* 

Sy = yy«3 8y a „, (42) 

so that 

S V=T ^ i V- yy^ Sy,.,. (43) 

Hence 

| (Vl + B — 1) 8 V— y c/t — (Vl + B — 1) y“ s V— y 8y a/s </x, (44) 

and it remains to evaluate the second term in (41). 

It is as simple to consider the more general integral 

J K SB dr, (45) 


where K is any projective scalar density. We have, in the usual manner 
of the calculus of variations, 


| K 8B dz = Jk i 

K 1 

f K 


dB a , SB s 


= hk^S. 

= ficlii 




SB 

8* 


dxy \“ Sy 0(Jlr . 
3 / SB 


Sx* 3x s \ Sy a , 


( K 


aB 


dr 


afllvS 


Sy, p </x 


+ 


Sx* \Sy o(3 | r 

ff SB SK 

J l Sy aj9 | V Sx* 


) + toS?l5l!-ji Sr -‘' T 


Sx r Sx* Sy a @|y« J 

, 2 J_ , SB \ SK 
Sx 4 \Sy a(i | vS / Sx> 


(- KB**) Sy^t/T + £1, 


, JB_ S»K 1 . , 

dy«/9|r» Sx»Sx*) 

(46) 


where we have used (40) in the evaluation of the first integral of the 
previous line and have denoted the second integral by Q. 


• E.g., Eddington, “ Mathematical Theory of Relativity,” 2nd ed., p. 74, equation 
(3S.3), coupled with equation (35.11). 
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The integral £1 presents little complication. It will be seen that it 
contains first and second derivatives of the density K, and we know that 
the contents of the brackets must form a projective tensor density; it 
follows that this tensor density can be, at most, a linear combination of 
the first and second projective derivatives of K, the coefficients being 
tensors formed from the y«s and their first and second derivatives only. 
Now we can at once reject the possibility that the first projective derivative 
of K will enter, since it would require as coefficient a tensor of odd rank 
involving the y aP and their first derivatives only, and none such exists. 
Therefore, the whole tensor density must be of the form 

A* # r*K; r «, 

and A'W must thus be merely the coefficient of the second ordinary 
derivative of K within the brackets of £1. This coefficient is easily evalu¬ 
ated; for the terms of B involving the second derivatives of are 
found to be 

lr*Y n (Y*7|.e - Yay|0<r - Y W „ + Yam*) = (Y“V 8 ~ Y^Y*) Y.ei, t , 
so that 

(= A»^«) = Y-'V 5 - rV 4 ; (47) 

®Ya0|y« 

therefore 

Q « | (y*V 4 - y‘V 4 ) K yt S Ta ,dr. (48) 

If we now collect the results of (41), (44), (46), and (48), and let K take 
the special value— y/V 1 + B, while using the fact that the divergence 
of V~ is identically zero, we find that 

8 \ (VI + B - 1) dr - - i j T‘* V~ Sy a „ dr, (49) 

where T* fl is defined by equation (16) of the text. 

The field equations are given by (15) and not by 

T* = 0 

since y 00 is always unity and therefore the 8y. @ cannot be taken as 
independent.* 

Since the quantity T aS is the result of a variational principle, it must 
have a vanishing projective divergence. That this is so is easily verified 

* See * P.R.,’ p. 55, equation (14), et seq. 
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by direct computation when use is made of the Ricci identity and of the 
rule for interchanging the order of projective differentiation. We shall 
omit the details, but the result provides a useful verification of our 
variational process. 


Divergence Relations 

The vanishing of the projective divergence of T“' i leads to conservation 
laws. We may break up the identity 


into the two affine parts 


T*., = 0 


and 


-L= + IVT* = o 

\ — g . 

_!_^T 0 6 V" g p <rqr g = n 

V^g 03 ? 0@ K -- u ’ 


(50) 

(51) 

(52) 


where we have made use of (13), and the fact that does not contain 

x°. 

Since* 


00 


y aiT< f‘afi and <f> a0 = 0, 


equation (45) becomes 


— j— 8T 0 » V g , j ab _ q 

V~g dx> +* 1 - u - 

Since T a!> is symmetric while <j> ttb is antisymmetric, the second term 
vanishes identically and we are left with 


(To 11 ), (■ = 0, 


(53) 


where the comma implies that we take the affine divergence of the affine 
vector T 0 *, ignoring the suffix 0 in the process. In a dualistic theory, T 0 * 
would be equated to a charge-current vector, and (53) would then give 

the conservation of charge. By (22) we may write T 0 * as ^-^===g < l >ab ) 

and since <f> ab is antisymmetric the identity (53) is easily verified. 

Again, sincef 

= j^j W + y at (ttyfo + 


* ‘ P.R.,* p. 44, equation (20), and p. 42, below equation (8). 
t 4 P.R.,’ p. 44, equation (18), for * «= a, using g ag m 0. 
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equation (57) may be written as 

1 3W_j { a j + 2y = 0, 

V-g dx b 'bc\ 

and since <f> e0 — 0 and <f>^ is the same as Yso> this reduces to 

T"\ b + 2y e ^/TY = 0, 

or, since y°' g“\ to 

?% + 2^T,«eO. 

By the field equations (18), the second term will vanish leaving the result 

T«*.» = 0, (54) 

which shows that the affine tensor T a6 will have a vanishing affine diver¬ 
gence if the four field equations (18) are satisfied. This does not give 
exactly the conservation laws of Born and Infeld in the Galilean case, 
but if we apply the same reasoning to the field equations (32) and (33) 
we obtain conservation laws identical with those of Born and Infeld. 

Summary 

Since, in the determinantal formulation of the Born-Infeld theory, it 
is necessary to assume that the electromagnetic field strengths are the 
curl of a potential vector, and since one must also arbitrarily add to the 
Lagrangian a term containing the Riemannian curvature scalar, a 
generalization of the Lagrangian in terms of the projective theory of 
relativity is discussed. This automatically solves the two difficulties 
above and gives Born’s field for the Galilean case. 

But one may not assume the Galilean case, since the electrostatic field 
itself exerts a gravitational influence. In the absence of a general 
spherically symmetric, static solution of the field equations of the present 
paper, one cannot determine the degree of modification of the electrostatic 
potential by its own gravitational field. 

It is shown that if one adopts Born and lnfeld’s suggestion for including 
gravitation, the electrostatic potential is actually unaltered; and the 
general spherically symmetric, static solution is obtained for this case. 
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Contributions to the Theory of the Specific Heat 

of Crystals 

I—Lattice Theory and Continuum Theory 

By M. Blackman, Beit Scientific Research Fellow, Imperial College, 

South Kensington 

(i Communicated by S. Chapman, F.R.S.—Received July 10, 1934) 

Introduction 

The variation of the specific heat of crystals with temperature received 
a satisfactory general explanation as soon as quantum statistics were 
applied to the motion of the particles of which a crystal is composed. 
The first formula on such a basis, proposed by Einstein,t gave fairly 
satisfactory results, but showed large discrepancies at the lowest tempera¬ 
tures; an empirical formula due to Nernst and LindemannJ gave better 
agreement but lacked a satisfactory physical basis. Two consistent 
theories were advanced practically simultaneously by Debye§ and Born 
and v. Karman.|| 

Debye’s theory is based on the ingenious idea of replacing a crystal 
by a continuum as far as the distribution of the vibrations is concerned, 
cutting off the spectrum at a suitable point. Because of its inherent 
simplicity and because it can be applied to non-crystals as well as to 
crystals, the continuum theory has taken precedence and now is prac¬ 
tically the only one which receives attention. 

The theory of Born and v. K&rm&n has the advantage that it is based 
to a great extent on lattice theory, which is also a disadvantage as it 
cannot be applied to every type of substance; on the other hand, it is 
essentially little more complicated than Debye’s theory. We can put 
the theory briefly as follows: any wave in a crystal can be characterized 
by the integers r, s, t which run from 1 to N, where N is the number of 
particles in the side of the unit cube which we are considering. The 
spectrum of the crystal can now be represented by a cube containing N s 
points, each point corresponding to a definite triplet r, s, t, and each 

t ‘ Ann. Physik,’ vol. 22, pp. 180, 800 (1907); vol. 34, pp. 170, 590 (1911). 

t ‘ Ber. deuts. phys. Ges.,’ p. 494 (1911). 

§ ‘ Ann. Physik,’ vol. 39, p. 789 (1912). 

II' Phys. Z.,’ vol. 13, p. 297 (1913). 
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point being labelled with the value of the frequency corresponding to a 
particular triplet, r, s, t. (There will actually be three such cubes.) 

Born and v. K&rman’s approximation practically assumes a spherical 
symmetry and that the frequency distribution varies along any radius 
as v — v 0 sin nkjN, which is the one-dimensional frequency distribution. 

It is thus seen that the method differs from the Debye treatment only 
so far as it uses the lattice theory to take account of the dispersion of the 
waves in the lattice, and it does this in the simplest way. 

Of course both the above method and the Debye treatment constitute 
an approximation which is to some extent arbitrary to an extremely 
complicated spectrum; only the experimental results can decide which 
is the better approximation for a particular type of spectrum. 

An exact theory of the specific heats in its complete form would involve 
a rigid calculation for every crystal type and for all combinations of 
the forces between particles. Unfortunately, the treatment becomes 
extremely complicated even in the simplest case of the Born-v. Karman 
(loc. cit.) model of a cubical lattice, so that even in this case no exact 
solution has been obtained. Thirringt has developed the theory for 
high temperatures and has calculated with the help of the Bom-v. K&rman 
model the specific heat of crystals at high temperatures with good accuracy, 
but it is at high temperatures that the results are least interesting. Many 
other methods of approximating the specific heat formulaeJ have been 
used with the object of calculating the specific heat at all temperatures 
from elastic and other data, the agreement being, in general, fair. On the 
other hand, it is very difficult to judge the accuracy of any approximation 
when the exact solution is not known. 

It is usual in experimental work to describe the specific heat curve in 
terms of the Debye theory. For a given temperature the specific heat is, 
on the latter theory, a function only of the maximum frequency or of the 
Debye 0 D value (0„ = hv u j K , where v u is the maximum frequency); 
hence we can describe the specific heat over a range of temperature by 
means of a 0 C -T diagram. A perfect Debye curve would mean a constant 
0 D value, i.e., independent of the temperature. A 8 U value rising with 
temperature means that the specific heat falls as compared with a perfect 
Debye curve characterized by the initial 0„ value (i.e., at low tempera¬ 
tures), and vice versa. Such 0 D diagrams are the best means of showing 
the divergence of the specific heat curve from a Debye curve. 

t ‘ Phys. Z.,’ vol. 14, p. 867 (1913); vol. 15, p. 127 (1914). 

t See the account of specific heat work by Schrodinger, ‘ Handbuch der Physik X,* 
and Eucken, ‘ Handb. exper. Physik,’ 8A. Also Bom, “ Atomtheorie des festen 
Zustandes,” Berlin (1923). 
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As an illustration of the above arguments we consider the specific 
heat function due to Einstein (i.e., that for a simple harmonic oscillator; 
the function will be denoted by E(0/T)), and that due to Nemst and 
Lindemann (in the above notation C — £E(0/T)-f-fE(8/2T)) in 
terms of the 0„ description. 

Now the characteristic feature of both these functions is an exponential 
drop at low temperature. This means that the 0 U value is not constant 
at low temperatures; having, however, fixed the 0 D value for, say, 15° K, 
we can consider what happens when the temperature rises. The specific 
heat of our substance will rise exponentially, that of the standard Debye 
“ continuum ” much more slowly (T a law); hence the 0„ value will drop 
very considerably for the Einstein function, the drop for the Nernst- 
Lindemann function being much smaller. At high temperatures, when 
the vibrations are in both cases practically fully excited, we should expect 
a more or less constant 0„ value. Table I shows the actual values in a 
particular case. 

Table I 


Temp. 

[E (200/T)] 

0« 

C v liE (200/T) 4- IE (100/1)] 

0, 

K 





15 

0 0017 

1004 

0-1708 

209 

20 

O'0266 

520 

0-5218 

190 

30 

0-340 

332 

1-441 

190 

40 

1-017 

294 

2-3210 

193 

50 

1-811 

280 

3-062 

196 

60 

2*542 

273 

3*650 

198 

70 

3*140 

270 



80 

3-626 

266 



200 

5-483 

261 




One of the objects of this paper is to discuss some points of difference 
between a Debye continuum (or a Debye crystal as one should perhaps 
term it) and a lattice, with the purpose of showing that the 0 D variations 
can be understood from such differences. In the first part of the paper 
the one-dimensional lattice is compared with the one-dimensional Debye 
continuum, and the general conclusions drawn, §§ 2,3,4, are substantiated 
by the calculation of the specific heat and a numerical comparison (§ 5). 
In the second part the points of difference in the three-dimensional case 
are similarly dealt with, §§ 7, 8, 9 ; the connection of the 0^ value with 
that derived from optical data is discussed, § 9; a rough theory of the 
specific heat of crystals of the NaCl type is given in the special case 
where the masses are very different, § 9, which gives fair agreement with 
experiment. 
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§ 1—We consider a one-dimensional lattice consisting of 2N particles, 
which have alternately the masses M and m ; we assume that only neigh¬ 
bouring particles act on one another, the displacing forces being measured 
by the binding constant a; the displacement of the 2wth particle from its 
equilibrium position is given by u 2n . 

Instead of boundary conditions we substitute, as is usual, the periodicity. 

We adopt the term 0 C instead of 0„ in the discussion of the one¬ 
dimensional theory, in order to distinguish the latter from the three- 
dimensional theory. 

The total energy of the lattice has the form 

H = S J « 2 2 «+i} + j S i( U zn+i ~ «*J 2 + (W 2 ,~i — «2n) 2 }- (1) 


This we can express in normal co-ordinates by means of the transforma¬ 
tion 


1 o rt 

m 2b = —= S " (L cos <f>, + tj, sin <f> t ) 
ym 

U * n+1 = 2 Z* <f>, + r, . cos <£„) 


( 2 ) 


where and ■/)„* ~ ■»)_„ to ensure that u 3n should be real. Here 


tan 2<t>, = 


2y / /nM 
M — m 


„„ 7WC 

C0S N' 


The energy has now the form 


H = S (i I 11* + i I i. I 2 + W 1 ’ 2 U« | a + ico »« | >5, |»}. (3) 

In this expression w, (T) is defined by the relations 


u.' 1 ’ 2 = ( M . + m + \J M 2 + m 2 + 2Mm cos* 

w < (212 = ^ (M -f m - /sj M 2 + m* +. 2Mm cos 2 


(4) 


The maximum value of a is <o 0 (1 > = \/ 2«(- + lV Fig. 1 shows the 

jn M/ 

form of the curves. The splitting up of the frequency curve into the 
“optical” and “acoustical” branches is apparent. This difference 
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disappears with equal masses (under the above assumptions) where the 
corresponding formula is 



0 — 

Fig. I—Frequency curve for a one-dimensional lattice. (l)m/M I, (2) m M - 3 

§ 1 (a)—We consider the distribution of the normal vibrations in the 
above type of lattice. Writing the frequency equation in the form 



(5) 


( 6 ) 
2 B 


VOL. CXLVHI.—A. 
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i.e., a linear relation. Now it is evident that the continuum which is 
equivalent to a lattice must have the same density of vibrations for long 
waves, so that (6) gives the density distribution for a continuum which at 
low temperatures (i.e., where the long waves are important) gives the 
same specific heat as the lattice of maximum frequency v 0 . 

In order to obtain the maximum frequency of this continuum we must 
integrate the density distribution up to such a point in the frequency 
spectrum that the total number of vibrations is 2N. Remembering 
that there are always two vibrations having the same frequency (cf. (4) 

and (5)), we integrate (6) so that dx N. 

Now 



i.e., the maximum point in the spectrum of the continuum is ^ v 0 or 1 • 57 v„. 

This means that the 0,. value for the lowest temperature is at any rate 
57% larger than the G„ value. 

Where the masses are unequal, the relations are slightly different. 
We can write the frequency equation in the form 


V, ~ 


V2 


' l ± 


Mm 


■v \ 


■w 


I- m\ 


sim 


, 7ZK 

N' 


dx 

Tv 


We are interested for the time being only in the acoustical branch (i.e.. 
we consider the lower sign only). 

The density in the general case is 


4N _v 

~ v 0 



4mM 
(M + mf 



For v < v 0 this reduces to 

7rv o 2ymM 


(KT+mF i..727” ,T»V 

4mM 1 ' v 0 2 ' I 

(7) 


By similar reasoning, we now find that the ratio between the maximum 

frequency of the lattice and that of equivalent continuum is - . . M 

2 2 V/nM 

This is always smaller than in the previous case. It reaches the value 
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unity when m/M (or M/m) is ~ 6, and for still larger values of the mass 
ratio drops below unity. 

Having demonstrated how the initial value of 0 r (i.e., for low tempera¬ 
tures) depends on the mass ratio, and also the difference between 0 o 
and 0 O , we shall proceed to consider their relation in more detail. 

It is necessary to emphasize again that the description of the specific 
heats in terms of the 0,. value means that the lattice is compared with 
the continuum as standard. The 0 ( , value shows what maximum 
frequency (and therefore what density of vibrations) is necessary in the 
standard continuum in order to give the same value of the specific heat 
as the lattice, at the particular temperature considered. It is by no means 
surprising that in such circumstances the 0 values are considerably 
different. 

§ 2—The main difference between the linear lattice of equal masses 
and the continuum lies in the heaping up of the vibrations near the 
maximum frequency. Starting at low temperature, where we have the 
same density of vibrations for the lattice and the continuum, we get the 
maximum frequency of the continuum by putting all the vibrations into 
a linear scale. The effect of the heaping is that we have to go up to 
higher frequencies in the linear scale so as to obtain the same number of 
characteristic vibrations. Having fixed the 0,. value in this way, we see 
that as the temperature rises the lattice will give higher values of the 
specific heat than the “ standard ” continuum characterized by 0,., 
because the vibrations heaped up at v 0 are lower in the frequency scale 
than is to be expected from a continuum theory, and hence their con¬ 
tribution (each normal vibration adding an Einstein function to the 
specific heat) will cause the specific heat to be larger. A larger specific 
heat means, for a given temperature, a smaller 0 ( . value; we would, 
therefore, expect the 0 C value for the lattice to become smaller as the 
temperature rises, becoming practically constant when all vibrations are 
nearly fully excited. 

§ 3—When the masses are different the spectrum splits up in such a 
way that the density of the vibrations is, for v < v 0 , larger than for equal 
masses and the same v 0 .f Similarly one is lead to expect a smaller 
value of 6 0 than for equal masses, the difference depending on the value 
of the mass ratio. It is clear that a large value of the mass ratio will 
increase the density for v < v 0 to such an extent that 0, ; falls below 0 O . 
This has also been found by calculation as shown previously. 

A further point arising is that, while the acoustical vibrations are now 

t The fact that we keep v 0 the same means that we must vary the binding force. 


2 B 2 
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denser (as compared with equal masses) and yield a higher value of 
the specific heat, the vibrations in the optical branch lie at higher values 
of the frequency, cf. fig. 1, and yield a smaller value than before. Having 
fixed the 0 r value for low temperatures, which is controlled mainly by 
the high density of the acoustical vibrations, we should expect the specific 
heats to show a falling off at higher temperatures as compared with 
that to be expected from the initial 0, value. This means a rise of the 
0,, value with temperature. Of course there is still the effect of the 
heaping which counteracts this as long as 0, > 0„, so that we have two 
opposing tendencies. In the extreme case of very different masses we 
have a rising 0,. value with temperature, for equal masses a falling 0,. 
value; and there is, of course, a middle region where both effects play a 
part. 

§4—A further point of distinction between the lattice and the con¬ 
tinuum may be mentioned. In the lattice we have N vibrations in the 
upper frequency branch and N in the lower frequency branch. For 
equal or practically equal masses, this point on the frequency scale at 
which the branching occurs is v„,\/2. It is the symmetrical point in the 
k scale, k' = N 2 or 7t«'/2N = n 4. This gives 

v —- v fl sin 7r/c'/2N v 0 sin tc/ 4 = v 0 /y'2. 

Now in the continuum, the point on the frequency scale where the total 
number of vibrations is halved is (as the scale is here linear) 

y = S v o = 0-78 v 0 , 

compared with 0-70 v„ for the lattice. There is little difference here, 
but in the general case of three dimensions the distinction is important. 

§ 5—We have discussed above on general grounds what might be 
expected when we compare the specific heat of a lattice and of the con¬ 
tinuum in the one dimensional case. We now proceed to the quantitative 
calculation. 

Given the density of the vibrations in the form 

d« ~ p (v) dv, 

the total energy is given by 

E = I * ~ r v P 0) dv > 

Jo e*r - l 

and the specific heat by 
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For the lattice and equal masses, we have 



4 ’AV -„2 J. ' ll » 
sin 2 <f> e* 


T- 


(<? ? 


mil 0 


d<f>. 


l) 2 


( 8 ) 


This reduces to C„ = 2N* for /»v 0 sin <f> < kT; and when 2N is Avo- 
gadro’s number, C„ — R. 

For a one-dimensional lattice with different masses we obtain 


where 


4N«i'* t F, w 

« J„ {e J *. (■'" - l ) 2 




4Nk 

7C 


i" F (<ft) 

„ ( e Jv '*> — l) 2 


d<f>. 


VF ± (^) - 


V2k T 


I i 


V 1 


4mM 

(M + mf 


sin 2 ^ i ■ 


(9) 


For the continuum we have linear density (6), and the specific heat has 
the form 


C 


V 


2N* 

■v.; 


■ r l 

0 


. x 2 e x 
(e* — I ) 2 


dx\ 


( 10 ) 


where * — Av/jcT. 

The calculations were always performed by numerical integration, the 
maximum frequency was fixed at 0 o = 200; the mass ratio was varied 
from m /M = 1 to m/M — 13. The specific heat of the continuum was 
also calculated for 0 O 200. The curves are shown in fig. 2. The 
asymptotic value of the specific heat was chosen to be R. 

The difference between the specific heat of the continuum and of the 
lattice with equal masses is apparent. 

The specific heat curve for m/M — 3 shows little difference from that 
of m/M = 1; this is to be expected as the parameter controlling the 

effect of the mass ratio is a / ~~r— which varies slowly as m/M 

v (M + m) 2 

changes from unity. For m/M — 3 this factor has the value 0-866, only 
13% different. The curves show, as was to be expected from § 3, a higher 
value of the specific heats at a definite temperature, the greater the mass 
ratio. A characteristic bend in the curves will be noticed for large 
differences in the masses. 

The second series of curves, fig. 3, shows the 0 C temperature variation 
for different values of the mass ratio. The 0 O values have, of course, 
been determined from a comparison with the results of the calculation 
of (10). A perfect continuum in the sense used here would give a 
straight line with 6 C — 200. 
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The difference between the lattice and the continuum is best illustrated 
by the extremely large variations. The general form of these curves is 
what we would expect from the conclusions of § 3. There is a large 
fall of the 0 r value as the temperature is increased for a lattice with 
ml M = 1; the 0 values range from 314 to 250, and the 0 O values lie, 
of course, well above 0 O ( = 200). The effect of a mass difference is a 



Fig. 2—Specific heat of a one-dimensional lattice. (1) m/M — 1, (2) ml M — 3, 
(3) ml M =r 8, (4) ml M — 13, (5) continuum 

tendency to lower the initial 6 ( . value, and to give a rising 6,, with tempera¬ 
ture, as is best illustrated by the curve for m/M 13, where the 0 t , 
value is already well below 0 o and the 0 ( , values rise from 150 to 250. 
It is interesting that at high temperatures the 0,. value is approximately 
the same for all values of m/M. 

Appendix 

On the determination of the 0 t , value from measurements of the velocity 
of sound in the medium. 
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One of the methods which have been used for the determination of the 
0 ( . value of a crystal is based on the measurement of the velocity of the 
elastic waves in a medium. We can correlate the velocity and the maximum 
frequency in a different manner according to whether we take the dis¬ 
persion of the elastic waves into account or not. 

Griineisen and Goensf have discussed the factor from the point of 
view of the one-dimensional lattice and used the results in the three- 
dimensional case. 



Fic>. 3—0 T diagram for a one-dimensional lattice. (1) ml M 1, (2) m/M 3, 

(3) m/M - - 8, (4) ml M =-• 13, (5) continuum 

The frequency of a linear lattice of equal masses is given by 

hk ■ nb . 

v = V(l sm _ -•= v„ sin y-+ 

where b is the lattice constant and X the wave-length. 

The velocity for very long waves is 

whereas, taking the dispersion into account, 

top == w m j„. — VgXp = v 0 2/t 
f * Z. Physik,’ vol. 26, p. 230 (1924). 

} Cf. Born and Goppert-Mayer, ‘ Handb. der Physik,’ vol. 24 (2nd edition). 
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Now as the velocity of the waves and the maximum frequency are 
proportional to one another the conclusion is that 


v 


n — 



or 



V 


I)* 


where v„ is the frequency calculated by using the value of 

The significance of the above is that one has to apply a correction to 
the value of the maximum frequency obtained from elastic data, in order 
to obtain the maximum frequency of a lattice ( cf. § 1). 

It does not mean—and this is where we disagree with Griineisen and 
Goens—that the value of the maximum frequency derived from elastic 
data and that derived from thermal data are different. They should, as 
a matter of fact, be identical for low temperatures. What has been 
overlooked is that the maximum frequency of the lattice is not identical 
with the v n value calculated from specific heat data. This has been 
fully discussed in the text. 

In the same way we obtain the following relation, by considering the 
case of a linear lattice with unequal masses: 


and this leads to 



V 

V 


4mM 
(M + mf 

4m M 
(M + m) 2 


<*>0 


V 


Here again, this gives the relation between the actual maximum frequency 
of the lattice and that derived from the continuum theory of specific 
heat for low temperatures. The elastic data would yield the value v„. 

In the three-dimensional theory a similar argument holds. Griineisen 
and Goens derived the same “ correction ” for a particular type of wave 
itt the three-dimensional case, but the meaning of the (t correction 99 is 
here again merely that the “ maximum ” frequency of the crystal defined 
by Griineisen and Goens in their use of a dispersion formula, differs 
from that which would be found, on the Debye theory, from the value of 
the mean velocity. The specific heat data should, however, coincide 
with the latter for low temperatures. 
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It is perhaps not superfluous to emphasize this, because the “ cor¬ 
rection ” seems to be accepted, in principle at any rate, in two of the 
authoritative summaries of the subject, by Born| and Schrddinger.J 
We reach here the same conclusion as Eucken§ who is of the opinion 
that if the difference between G Klitatlc and 0 ThPrm . occurs in the long wave 
region where the dispersion is negligible, this cannot be used to find a 
correction in this region. 


Three-Dimensional Theory 


§ 6—We shall consider for the main part a simple cubical lattice, and 
in particular the Born-v. Karman model; the first part of the investiga¬ 
tion will be parallel to that of §§ 2, 3, 4, and will concern certain general 
properties of a cubical lattice. 

§ 7—The first point will be the question of the heaping up of the 
vibrations. Instead of the one maximum frequency of the linear lattice 
there are a number of extreme points, as shown by Born and v. Karm&n 
{loc. cit .). There must, of course, be a maximum of the density of the 
vibrations near the point where the density drops to zero,|| because the 
three-dimensional case must go over into the one-dimensional case when 
we neglect the cross bindings (cf Born-v. Karman’s (loc. cit.) secular 
determinant), and the main difference introduced by cross bindings occurs 
not in the optical but in the acoustical branch. 

The general conclusion reached in § 2 was that a heaping up of the 
vibrations raised the mean 0 O (0 t . — 0 continuum) value above the point 
of maximum density and causes a fall of the 0 ( , value with temperature. 
If we were to assume a v 2 law for the three-dimensional cubical lattice 
of nearly equal masses and a heaping up of the vibrations at the maximum 
frequency, we would, of course, obtain these effects for the 0„ value; 
this is illustrated, for example, in the Oj, variation of the specific heat 
function of Born and v. K&rm&n. We can conclude that the effects will 
be much smaller in the three-dimensional case than in the one-dimensional 
case, as the 0,, value is here proportional N* instead of N. We can also 
show this directly by considering the following: 


C.-iD(»?)+iE(^) i 


200 \ 


t ‘ Handb. der Physik,’ vol. 24, 1927. 
t Ibid., vol. 10, 1927. 

9 ‘Handb. der Exp. Physik,’ vol. 8A, 1929. 

|| We are here considering the region of the largest frequencies. 
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where D is the Debye function and E the Einstein function. This 
means an extremely large heaping up effect. Table II shows, however, 
only a 12% variation in 6„ and an equal shift in 0„. 


Table II 


Temp. 

° K 

i D (200/T) 

*E (200/T) 

C r 

% 

20 

0*2260 

0*0133 

0*2393 

249 

30 

0-640 

0-171 

0-811 

242 

50 

1*098 

0*508 

1*607 

238 

80 

2-225 

1 *816 

4*041 

232 

100 

2-459 

2*156 

4 615 

213 


§ 8—The second general point of difference between a lattice and a 
Debye “ continuum ” which we wish to discuss concerns the distribution 
of the vibrations between the optical and the acoustical branches. In a 
simple cubical lattice of the NaCl type and nearly equal masses, the 
spectrum splits up into optical and acoustical branches at a point on the 
frequency scale which is nearly equal to v 0 /2 ? *,t where v 0 is the optical 
frequency of the lattice. Now it is obvious from considerations of 
symmetry that the number of vibrations in the upper branch and in the 
lower branch must be equal. 

Returning to the Debye theory we can find at what point in the frequency 
spectrum the total number of vibrations is exactly halved. This point 
is v,,/2*, where v,, is the maximum frequency as defined in the Debye 
theory. This shows clearly that the grouping of the vibrations for a 
simple cubical crystal can differ very much from that of a Debye crystal. 
The point which we must still examine is how v„ is related to the optical 
frequency v 0 of the lattice. 

The effect of such a difference between the real and the Debye crystal 
can easily be studied by taking the limiting cases v„ > v 0 and v, ( < v 0 . 
For reasons given in § 7, we can assume that v 0 ~ v M , where v M is the 
point of maximum density in the optical branch. In the former case 
( v i> v m) we shall obtain a 0„ value falling with increase of temperature, 
and in the latter case a rising 0„ value. 

§ 9—-In the preceding sections we have shown that certain differences 
between a real and a Debye crystal can account for a rising or a falling 
8„ value. We can therefore expect both to occur and in § 11 we shall 
illustrate this point. 

t Blackman, ‘ Z. Physik,’ vol. 86, p. 421 (1933). This holds for small values of the 
cross binding forces. 
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In order, however, to obtain something more than general properties, 
we must start with a restriction. We take the specific heat curve of KC1 
as given, being that for a simple cubical crystal with a certain relation of 
the binding forces; this specific heat curvef shows a slight rise in 0„ 
from 218 at T = 12° K to 228 at T = 90° K. Furthermore as 0 o 
(6 0 = /iv 0 /k), which can be calculated from the data of Czerny and Barnes, J 
is 200, we see that the mean 0 r , value lies slightly above 0„. All of these 
results can be understood from the above discussion, but it is preferable 
to assume an empirical start for this purpose. 

We should expect a precisely similar behaviour for all alkali and 
possibly silver halides, so long as the masses are not very different, 
because the relative values of the forces between atoms will then hardly 
be very different. To be quite precise we would expect for NaCl, AgBr, 
KBr that 0„ should be somewhat greater than 0 O , and that 0,, should 
increase somewhat with temperature. The first inference is confirmed 
in Table III. In addition we have given the 0 tt § values which are derived 
from the reflection data; they are striking so far as the agreement with 
0,, is perfect. This agreement does not mean very much, however, 
because 0 J( ||>0 O ~0 M and 0„ > 0 M . It is historically interesting 
because the close agreement was considered to be very important before 
it was realized that the maxima of absorption and reflection do not fall 
together. 

Table III 

9 therm. 0 optical 0 reflection 


KC1 . 222 202 226 

NaCl. 287 234 275 

NaBr . 179 160 172 

AgBr. 118-150 110 123 


Having drawn attention to the fact that 0„ > 0 O for alkali and silver 
halides with nearly equal masses, we can make an important deduction 
from lattice theoretical considerations. We have shown in § 3 that the 
effect of a mass difference is, inter alia, to depress the initial^ 0 ( . value 
as compared with equal masses, in the extreme case to values below 0 O . 

t Private communication from Dr. K. Clusius, to whom I express my thanks. 

t ‘ Z. Physik,’ vol. 72, p. 447 (1931). 

§ Cf. Forsterling, 'Ann. Physik,’ vol. 61, p. 577 (1920); Havelock, ' Proc. Roy. 
Soc.,’ A, vol. 105, p. 488 (1924). 

II Or = Av r /k ; v» is the frequency at which we have a maximum of reflection, corre¬ 
sponding to a maximum of absorption at v 0 . 

If I t., at low temperatures. 
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This effect is due solely to the splitting up of the branches and the conse¬ 
quent heaping together of the vibrations, and we should certainly expect 
the same effect in the three-dimensional case. Having shown that for 
the KC1 type (and nearly equal masses) 0„ is only slightly greater than 
0o, we should certainly expect that for alkali and silver halides with very 
different masses, the 0 r , values should initially (/.<?., for low temperatures) 
drop below 0 O . The restriction here is that the forces should have the 
same relation as in KC1 which is roughly to be expected for KI and AgCl— 
the two examples we consider. The experimental results are shown in 
Table IV. 



Table IV 




0 initial 

0 optical 

0 reflection 

AgCl . 

. J23 

150 

168 

KI . 

. 116* 

140 

153 


* The KI values arc as yet unpublished. I am indebted to Dr. Clusius for sending 
them to me. 

It is interesting to note that the Born-v. Karm&n specific heat theory 
can be extended very naturally to take account of the mass difference, 
the one-dimensional frequency equation for two kinds of particles being 
used instead of that for one type. 

§ 10—There are several points to be noted in connection with the above 
statements. First, that the splitting of the optical and acoustical branches 
can be caused by other effects than by the mass difference; if the forces 
between ions of the same kind (we consider again the NaCl case) are 
different for the two types this will also cause a splitting up of the 
branches. We expect this effect to be small and it has therefore been 
left out in the above considerations. 

Also, as was clearly stated, in our treatment of the properties 
of the alkali halides we have assumed that, were it not for the splitting 
up of the frequency branches, the specific heat curve would be similar 
to that of KC1. This restriction is necessary because we find cubical 
crystals which do not fall under the category dealt with here. This 
apparently holds good for MgOf and CaO+ which show rather a different 
behaviour. 

§ 11—We have limited ourselves here to the consideration of cubical 
crystals of the NaCl type, /.<?., ionic cubical crystals. We have avoided 
adapting our conclusions to metals, although the experimental work 

t Giinther, ‘ Ann. Physik,’ vol. 51, p. 840 (1916). 
t Nemst and Schwers,' Ber. deuts. phys. Ges.,’ p. 355 (1914). 
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showsf that the metals behave like ionic crystals as far as their specific 
heats are concerned. 

This being so, we can expect to find that an analysis of the specific 
heat work on metals should show an influence of the particular crystal 
structure, as this will to some extent control the form of the.distribution 
of the frequencies. We might also expect that the chemical nature of the 
metals within a crystal type should also determine, to some extent, the 



6 

Fig. 4—0 — — 0 diagram for hexagonal crystals: (a) Cadmium; ( b ) Zinc; 
(c) Thallium; (d) Magnesium 

distribution, because this will control the forces between the atoms. 
An analysis of the best available dataj has been made for monatomic 
crystals of all important crystal types. The 0 D value has been plotted 
against 0 O /T, where 0 O is a mean 0 U value. The advantage is that for a 
particular value of 0 O /T all such crystals have roughly the same value 

t Cf. Eucken, ‘ Handb. Exper. Physik,’ vol. 8, p. 218. 
t See Landolt-Bomstein, Tables, 5th ed., Erg&nzungsband II. 
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of the specific heat, independent of G 0 , so that we compare the 6„ variation 
over the same range of specific heats. 

The curves, figs. 4 and 5, illustrate the fact that crystals of a particular 
class very often show the same (),, variation. This is particularly notice* 
able in the face centred cubic crystals (Ca, Al, Ag, Pb, etc.) for all of 
which 0„ rises with temperature. The body centred cubic class (Na, 



r 


Fig. 5—9 -—?-diagram for face-centred cubic crystals: (o) Silver; (b) Gold; 
(c) Platinum; (rf) Aluminium; (e) Lead; (/) Calcium 

K, Mo, etc.) show a practically constant 0 () value, with the exception of 
tungsten. The diamond and hexagonal types show a large G„ variation, 
but the direction of the variation does change in a particular class; the 
data available is still insufficient to decide on a general rule. 

These curves show that a perfect Debye curve is an extremely rare and 
probably accidental occurrence. There is no reason to expect that 
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Debye’s theory should hold accurately for all crystals in view of the 
difference between a lattice and a Debye continuum. Simont in his 
work on Thermal Quantum jumps assumes that the deviation in the 
specific heat of many crystals from a Debye law is due. to a quantum 
jump. Now, although such jumps can occur and certainly do in para¬ 
magnetic salts, the evidence for metals still leaves something to be desired, 
and in particular the assumption of a perfect Debye curve as a starting 
point does not seem to be justified. 

1 am greatly obliged to Professor M. Born for several discussions, and 
to Dr. W. H. McCrea for the interest he has taken in the work. 


Summary 

The specific heat is here studied from the point of view of the difference 
between a lattice and a continuum, and some of the variations of the 
specific heat curves of simple crystals from the Debye curve can be shown 
to be attributed to this cause. 

A linear lattice consisting of particles having the mass alternately m 
and M is fully discussed. First general arguments are used to study the 
effect of certain differences in the vibrational spectrum of a linear lattice 
and a one-dimensional continuum, e.g., the heaping up of the vibrations 
at certain points of the spectrum. The deductions are confirmed by the 
calculation of the specific heat and the interpretation in terms of the one- 
dimensional continuum theory. The general results of the influence of 
the mass ratio ml M on the specific heat can be shown to hold also in the 
three-dimensional case, with a certain restriction; this allows an explana¬ 
tion to be given of the behaviour of crystals of the AgCI type where the 
masses of the ions are very different. 


t' Ergebn. cxakt. Naturw.,’ vol. 9, p. 253 (1930). 
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Contributions to the Theory of the Specific Heat 

of Crystals 

II—On the Vibrational Spectrum of Cubical Lattices and 
its application to the Specific Heat of Crystals 

By M. Blackman, Beit Scientific Research Fellow, Imperial College, 

South Kensington 

{Communicated by S. Chapman , F.R.S.—-Received July 10, 1934) 

§ 1—An investigation of the features of the vibrational spectrum of a 
cubical crystal has been made by means of a geometrical method described 
below; the two-dimensional case has been treated in detail, the three- 
dimensional case in outline. The main result has been the discovery of 
a number of maxima of the density of the vibrations. The significance 
of the results is discussed especially in relation to the Debye Theory of 
specific heats. 

§ 2—Onf-Dimensional Theory 

The density of the vibrations for a linear lattice containing two types 
of particles has been worked out in Part I. The density curves are shown 
in fig. 1, the mass difference causing the appearance of two additional 
maxima; it is as well to emphasize here that it is really the number of 
vibrations in the immediate neighbourhood of the maximum—what 
one might term the “ weight ” of the maximum—which is important, 
rather than the fact that the density becomes infinite. For instance, one 
obtains the first two maxima for very small mass differences, where one 
can hardly expect a perceptible difference in any physical property as 
compared with the case of equal masses. 

§ 3—Two-Dimensional Theory 

We consider a two-dimensional cubical lattice containing particles 
of one kind only; the model used is that of Born and v. Karmdn. Elastic 
binding forces (« and y respectively) act between neighbouring particles 
and those at a distance aVl where a is the lattice constant. The p an icl es 
are numbered by the letters /, m, in the two directions, the amplitudes in 
these directions being u t , m , v,, m respectively. The letters l , m, can vary 
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from 1 to 2N. The motion of the particle (/, m) is determined by the 
following two equations: 

m = — «(«(,„, «(+ 1 , m + «(, m ~ U|-l.n) 

Y {W/, tn 4“ V;, m M(+ l,m+l ty+1, m+1 

+ «t,m + V,. m — M/_i ) m _i — 

+ Mj, m — V;, m «( + !,„,_! -|- 

+ t*I, m V,, M M/-1, m + i + V;_! •(!) 



Fio. |—The density of the vibrations of a one-dimensional lattice, a. iw/M = 1 • 
b . ml M = 3 


2 C 
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M ^/ ( (h Ot (V/ t m '**'*’ + wt ^/“1> w) 

— Y {Wi, m + V/ t m W; + 1 , m +1 Kr+1,m + l 

“H m 4" V/, w - 1 , m - 1 v / - 1 , m -1 H* ty. » w 

l "f" + —1 

+ Ml w — V*. w —• M/_i, m + l + V/._j i OT+ i}. 


where M is the mass of a particle. 

We substitute a periodic solution of the form 


where 


Ui, m 


U*(? + »!$*) 




(1A) 


a, and a 2 being integers ranging from —N to +N. 

In this way we fulfil the conditions for a periodic lattice and obtain 
the correct number of normal vibrations. 

The substitution of (1a) in (1) leads to the following equation for the 
frequency: 


where 


A(^ x ; <£a) — 47t 2 Mv 2 , *(fafa) =( 

&(fafa)> A (</>„; </>,) — 4rt 2 Mv 2 

A (0,; <£ 2 ) — 2a (1 — cos <M + 4y (1 — cos fa cos <f> t ) 
B {fa fa) — 4y sin fa sin 4>i- 


( 2 ) 


By writing the energy expression for the above case and transforming 
it suitably, the expression for the frequency can easily be shown to be 
identical with that obtained by the above method. This has, however, 
the advantage of simplicity and has therefore been used. It will be noted 
that there are two wave surfaces determined by each equation for v* 
As Ox and a 2 vary independently from —N to -f N we have altogether 
8N* vibrations, which is to be expected as we have 4N* particles. 

We have therefore for every point (fa, <f> g) in the <f> space, a definite 
value of the frequency. 

Hence if we can determine the number of points in the <f> space which 
lie between two values of the frequency we have automatically obtained 
the number of vibrations, and hence the mean density of the vibrations 
between the two frequencies. 
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The equation (2) shows that we have a three-dimensional problem, 
the frequency being given as a function of the two variables fa, We 
have two independent surfaces in the v, fa, <f> t space, which correspond 
in a loose way to the longitudinal and transverse waves in an isotropic 
continuum; this description is by no means exact for even a cubical 
lattice behaves in general like an aeolotropic, not an isotropic, con¬ 
tinuum. 

We can consider each surface separately, and will proceed to show how 
the density of vibrations can be calculated. If we take a definite'value 
Vj for the frequency and solve the equation for one surface, we obtain a 
curve in the <f> space. Each pair (fa, <f> 2 ) represents a point in the <f> 
space, which is covered uniformly with these points. The number of 
points lying on one of the curves represents the number of vibrations 
corresponding to that frequency. If we take two values v l5 v a lying 
close to one another, the number of points enclosed between the curves 
in the <f> space is the number of vibrations having a value of the frequency 
between vj and v 2 ; since the points are distributed uniformly in the <f> 
space we can take the area between two of these curves as being a measure 
of the number of points between them. 

The axes, of course, form the boundary to the area. The method we 
adopt here is to draw a series of curves for values of the frequency 
varying between v — 0 and v — v max ., these being taken at equal intervals. 
In this way we obtain a series of “ contour ” lines, since the curves of 
v = const, obviously represent sections through the frequency surface in 
the v, fa, <f> 2 space, cf. fig. 2. 

We draw these curves in the fa, <f> 2 (or fa space, and measure the area 
between two values of the frequency. From this we can obtain the mean 
density of the vibrations. This method is, of course, approximate, but 
a fair accuracy can be' obtained when a large number of contour lines 
are taken. If we divide the <f> space into four parts by means of the 
lines fa — 0, </> a = 0, it can be seen from the symmetry of the determinant 
(2) that each quadrant gives an identical picture for the contour lines; 
we therefore need consider only the range where fa and <f> a vary from 
0 to TC. 

One case has been treated numerically to show the form of the contour 
lines and the spectrum. The value of y/a was taken to be 0 05 and the 
units were chosen so as to give a convenient scale. The two frequency 
branches were dealt with separately and are shown in the diagrams, 
fig. 2. Finally the smoothed curve fdr the density of the vibrations is 
given in fig. 3, the contribution of each frequency branch being shown 
separately. 
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The most striking features of the density curves are the m axim a which 
represent a hitherto unknown feature of the spectrum of the crystal. 



Fio. 2 (a)—Contour Jines for the upper frequency branch of a two-dimensional 
crystal 





Hence 
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Hv 8 - 2vAJ - sin fa [Biv® + CJ, (4a) 



Fio. 2 (6)—Contour lines for the lower frequency branch of a two-dimensional 
crystal 

and similarly for fa, where 


Al 47t*M 


47t*M 


B 

C 


4rc* \M ^ M 

1 " f d«M 8 ^ 2 * ^ ” 008 W + 4y (1 - cos fa cos 4y cos fa 

+ (2«+4ycos ^j)(2*(l—cos ^*)+4y(1 — cos fa cos fa)) 

— 32y* cos fa sin* 


• (4b) 
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It is easy to see that 3v/0^ x and 9v/3<£ 8 are both zero whenever sin fa =*■- 0 
and sin <f> t — 0, if we exclude the point (0, 0) where v = 0. 

This leaves us with the three possibilities : 

$1 $2 

0 n 

7T 0 

TC 7t 



If we return to the frequency surface in the v, <f> l9 <f> 2 space, the fact 
that the differentials in both directions are zero means that the surface 
runs parallel to the <f ></> 2 plane at these points. The density of vibrations 
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will here become infinite, because it will be possible to find some vibra¬ 
tions in the neighbourhood of this point however small we make Av. 
It is obvious that the importance of a maximum lies in the number of 
vibrations associated with it (/.<?., the integral over the maximum between 
points on each side of it), rather than in the fact that the density is infinite 
at a particular point. When we use a method where the mean density 
over a range of frequencies is taken, the maxima will not appear unless 
they are associated with a sufficient number of vibrations. 

We should expect two maxima in each frequency branch at the points 
given by ( <f> lt <j> a ) (0, 7 t) and (w, 7t). For the lower branch these 
frequencies are 


( 12 ) 


ll 

2tt ' M 


8y\* 


For the upper branch 


12 ) 


J_ /’l«y 

2w\M/ ' 


y o» 


in. 


1 / 4a + 8y\ J 
2n \ M / ’ 


a) 


i /4«y 

2ic\M/‘ 


(5) 



Fio. 4—Maxima of the density of vibrations in the spectrum of a two-dimensional 
cubical crystal 


The («, w) maximum is therefore double. In the calculated density it 
will be noticed that v 0 , ( »> and v„ (1) appear as strong maxima, but v„ (1) 
and disappear in the averaging and must be classed as weak maxima 
There are in general three maxima to be expected in the two-dimensional 
case, as illustrated in fig. 4. The largest of these frequencies is v a > 
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which is also the end point of the spectrum. The distance between v H > 
and v„ (1> in the example chosen as an illustration is rather small because 
of the small value of yjx. 

Where we have a crystal resembling the NaCl type, i.e., two ^different 
masses, the spectrum will be split up into two parts at v w . for each 
surface; there will be a gap between and ; the density will be 
infinite at each of these points. The resemblance to the one-dimensional 
case is obvious. 

§4—The behaviour of the frequency surface in the region where 
y/oc is small is of particular interest because the problem becomes one¬ 
dimensional when y becomes zero. This can best be seen from equation 
(2), for there we have the solutions 

4tcV = (1 — cos <j>i) for all values of <f>t 

M 

4*2 v 2 = ~ (1 — cos <t>i) for all values of <f> l 
M 

Since the total number of vibrations cannot depend on the values of 
the binding forces, the number cannot be altered when y tends to zero, 
and it is instructive to see how the frequency surfaces behave for this 
limiting case. 

We shall start by considering the surfaces in the continuum region. 
Here and <f> 2 are both small and the equation for the frequency can be 
put in a convenient form by introducing polar co-ordinates in the 
<f> g) plane. This gives 

^ [i sin 2 26 + il 2 cos 2 20 + 2ll ) 

4 L a 2 a J 

. (7) 

R 2 47r*Mv 2 /. j_ 4y\ L 167r 4 M 2 v 4 n 
2 2oc v + 4 $ U ) 

The form of these curves for v = const, varies very much as we change 
the y/* ratio. The curves are circles for yja. = 0-25. For small values 
of y /* they have the form shown in fig. 5b. If we were to neglect terms 
in y ! we would obtain, for the curves, the two ellipses indicated by the 
dotted lines. This is not justified, of course, but it is worthy of note 
that the area can be approximated quite closely in the above case, by 
using the area of the ellipses. When we make y /* very small and keep v 
fixed, we have to return to the exact equation, because the continuum' 
region is then shifted to small frequencies. In the limiting case the 




Theory of the Specific Heat of Crystals 393 

intercepts on the axes are w in the units we have chosen, and the final 
form of the curve is shown in fig. 5c. This is exactly what is to be expected 
from the quasi-one-dimensional case (6), only then we consider the 
curves in a slightly different way, fig. 5 d. An interesting property of 
the curves is that the representation of the area enclosed by the curves 
by means of (9a) holds quite well even when y/« is so large that the 



Fio. 5— Contour lines for different values of y/a. a, y/« — 0-25; b, y/« = 0-05; 
c, y/oc = 0; d, yl* «= 0 

curves are circles. This can best be shown by returning to (7) where 
we have for y/« = 0-25, 

R* n ,* R% 47t*Mv* , 167t 4 M*v < _ A 

7'°' 75 “ T 2 ■ ~— + -“ 0> 

i.e., 

Ri* = 2-000 

1 a 

R,» = 0'667 4 ^ -— 8 . 

* a 
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A = ~(Rx 2 +R,*) 


= 0-667* 


4* 2 M v ? 


Taking the area of the ellipses we have 

A 7t V 8 / 2 

a ‘“ 2— Vrr 


0-583 it. 


« + 2y 
4* 2 Mv 2 


(1 = 0-25). 


(c/. formula (9a) below) 

The error is therefore only 13% in this extreme case. The reason for 
this behaviour is that although as we increase y/a the curves bulge out so 
as to include a larger area, the intercepts on the axes are now smaller, 

e.g., for y/a = 0-05 the intercepts on the axes are R a = 0-953 


Rx - 3-162 


4~ a M v 2 


as compared with R s — 0-816 


471*MV 2 


a 2\yf 2 

Rx -- 1 -414 for the case considered above. The diagrams, fig. 5, 

demonstrate this to some extent, but it must be remembered that these 
figures are intended merely as an illustration, and are not drawn to 
scale. 

§ 5—An important application of the above relationships can be made 
to the theory of specific heat. Once we have obtained the spectrum, the 
specific heat is easily obtained by means of the relation 


where p (v) dv is the density of the vibrations, and E(v/T) the Einstein 
function, which represents the specific heat of a single oscillator of 
frequency v. In practice one would divide the spectrum into a number 
of parts and weight each part with the number of vibrations contained 
in it, putting in a mean value of the frequency in the Einstein function. 

In the integration the maxima of the density are of course smoothed 
out, and the specific heat curve will in general not be very different* 
from that of the continuum. It must be noted that the maxima in the 
density will not give maxima in the specific heat, since the sum of a 

* For the significance of the maxima see also § 7. 
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number of Einstein functions will lead to a specific heat which always 
increases with the temperature up to its asymptotic value. 

What we wish to show is how to calculate the Debye 6j> value in the 
two-dimensional theory. We choose a value v = v lt which lies inside 
the continuum region. We can now draw the frequency curve as outlined 
in § 3 and measure the area, which is proportional to the total number of 
vibrations between v = 0 and v — vj. On the scale which we have 
been using the area corresponding to the total number of vibrations for 
the whole crystal is 2 tc 2 . 

We have, therefore, 

A = C f v(/v = ~ Vj*. 

J n 2 

2n 2 = C j* D vtfv = y v„ 8 . 

Jo 2 

Hence 

v i» 2 - ~ V- ( g ) 


Now assuming y/a* to be small we could estimate the area from the 
fact that the curves can be replaced by ellipses.! This is obtained from 
(6) by neglecting the non-diagonal terms. Then we have two equations 
of the form 

4it 2 Mv a — &<f> j® + 2y (+ <j>f) 

= (* + 2y) W + 2y <f>,\ 


1 _ n 

1 

i r 2 

«+ 2y 

2y 

The area of each ellipse is then 


(4n*M v 2 

4rc a M v 2 l 1 

*l« + 2y 

‘ 2y / 


and the area we wish to find is a quarter of this. Since there are two 
similar ellipses the factor is one-half. Hence 


A - 


It /4tC 2 M V 2 4rt*M V 2 ! 
2 \* + 2y ' 2y ) 


(9a) 


* If we choose constant, the value of <tu (and <ji,) increases as y/a decreases; the 
value of y/a may not be taken to be so small that is larger than the maximum value 

for which the expansion cos <f>j — 1 — y holds. 

f We can estimate the area graphically for any value of y/a. 
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47T 2 V|® 

7C '^MVi 2 

J_ 

7tM 


( 2 t (« + 2 Y ))‘ 


[2y (* + 2 y)]*. 


( 10 ) 


This equation has been checked in the example chosen for illustration, 
and has been found to be in good agreement with the value obtained by 
using the areas. 

The main point is that when yja. is very small, the upper part of the 
spectrum is controlled only by the parameter a, and the density here 
varies little from the one-dimensional. On the other hand, the density 
of the vibrations for small values of the frequency is controlled to a large 
extent by the factor y, as well as a. 



In other words, different parameters control the density of vibrations 
for small values of the frequencies, and for high values of the frequency; 
since the specific heat in turn is controlled by the density it is clear that 
different parameters control the specific heat for low and for high tempera* 
tures. In the language of the Debye theory, then, the 0 D value at low 
temperatures is controlled by a parameter different from and independent 
of the 0 D value at high temperatures. 

In order to investigate the variation of the Debye frequency with y/*» 
a number of curves were drawn for different values of y/« and their 
area was measured. Here «/M is kept constant. 

From these areas we can, of course, calculate the value as shown above, 
and a graph of v D as a function of yja. is obtained, fig. 6. There are 
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several interesting points to notice. Firstly, the curve is not very steep 
in the region where y/a is between 0-05 and 0-30. It is only for very 
small values that a sharp drop in the value sets in. The values have 
been plotted in arbitrary units, the v n value for y/a = 0-05, corresponding 
to the Debye maximum frequency in the case chosen for illustration, fig. 2. 
In this case it has been found that v B and v opt)( . a ,* are only about 5% 
different. For higher values of y/a this will still remain more or less 
true as the v B value changes rather slowly. In addition it is likely that 
the v B value at high temperatures is of the same order as from general 
considerations; then the v 1} value will be roughly independent of the 
temperature.f An increase in y/a will slightly increase the v D value at 
high temperatures, because the end-point of the spectrum is given by 

v = \/1 -)- so that, in the case considered here, the v,, value 

a 

will probably remain fairly independent of the temperature for a large 
range of y/a.t It will also be noted that this range is roughly that 
which will occur in practical cases. 

This fact indicates why the Debye theory is successful, although a 
one-parameter theory could hardly be expected to be so. There seems 
no reason why the v D values should be nearly equal in the required range 
of y/a, so that this is probably accidental. It would be interesting to 
see whether this property holds in other types of crystals. 

§ 6—Three-Dimensional Theory 

We consider here a cubical lattice and use the Born- v. Karmtin model. 
This is the three-dimensional analogue to the two-dimensional case which 
has been discussed above. We use exactly the same system of binding 
forces; and a similar treatment of the equations of motion leads to the 
following equation for the frequency.}: 

A(^0 + B(^ x ; <f> 3 <f> s ) — 47t*Mv 2 C(Ms) C(^ 8 ) 

C(<Mi) A(^ a ) + B(*,; <f>, <£ x ) - =0, 

C(^aW C(^ 8 ^) A + B(^ S ; <f>i <l>t) — 4ir*Mv 2 

where A (x) — 2a (1 — cos x) 'j 

B ( x ; yz) — 4y (2 — cos x cos y — cos x cos z) > . ( 11 ) 

C (xy) — 4y sin x sin y J 

* The optical frequency is v„. 

t There is still another condition to be fulfilled; this will be discussed fully in g 7. 
t Bom and v. Kdrm&n, ‘Phys. Z.,’ vol. 13, p. 297 (1912). 
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Instead of the co-ordinates <j> x , <f> a , we have here the three co-ordinates 
</>!, <f > a , <f> 3 , corresponding to the three directions of motion of a particle. 
The equation has three solutions v — /( <j> u <f> 2 , </> 3 ) which give three wave 
surfaces. 

The same analysis as was used in the two-dimensional case can be 
repeated to show that the density dKldv becomes infinite at all points 
where ( <f><f><f> a ) has the values 

0 0 7C 0 7t 7t 

0 7t 0 7t 0 7C 7T 71 7C 

71 0 0 71 71 0 

The point (0, 0, 0) is excluded as before. At the point (7t, n, n) all 
three surfaces meet. We have a maximum of the density for each surface, 
so that we should again expect a strong maximum at this point. The 
frequency is given by 

v = 1 


This is also the optical frequency, usually termed v 0 . 

For the (tc 0 0), (n n 0) points we obtain for each set three solutions 
and, since the determinant is symmetrical in ( <f> u 4> 2 , we need consider 
only one of each set. We have therefore 


and 



V t> ir 0 
ir 0 0 

i> 0 * 


1 


2n \M/ 


__ 1 /4a + 16y\* 

3 2n \ M / ’ 


Vo nn 

ir 0 f 
ir ir 0 


2« \ M / 


v o = 


-L / 4g + ii Y 

2tc V M / 


1 /4a + 8 y, 4 
2n\ M )' 


( 12 ) 


Assuming y/a to be fairly small the spectrum can be divided into two 
parts; for small frequencies we have two maxima instead of one, but 
one of these (v x ) is really double. At high frequencies we have three 
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maxima lying fairly close together, the maximum at being in all 
probability the strongest. 

It will be noticed that the two-dimensional analysis gives a good idea 
of the features of the spectrum, and the maxima found there could be 
used to give a good approximation for specific heat purposes outside 
of the continuum region. 

It must be remembered that the model used here is only an approxi¬ 
mation to the exact case, hence the values of the frequencies given are 
not to be taken as being more than an approximation. For this reason 
the investigation will confine itself mainly to the continuum region. 



Fig. 7—Maxima of the density of vibration in the spectrum of a cubical crystal 

Here the methods developed in the two-dimensional case can be used 
to calculate the 0„ value for a cubical crystal, because the equation used 
is exact as far as the continuum region is concerned, the forces introduced 
in the model being only another designation for the elastic constants. 
If we consider a fixed frequency v = v c we have a relation between <f> l9 
<f> 2 , and <f > 8 , i.e., three surfaces in <j> space. 

By reasoning similar to that used in § 3 it can be shown that the total 
number of vibrations lying between v = 0 and v = v c is proportional 
to the volume enclosed by these surfaces. 

Now it has been proved generally' 1 ' that the v 2 law for the density of 
the vibrations holds in what we term the continuum region, so that 
here there is a definite meaning attached to the definition of a 0j> value; 
this can be obtained from the following relation, 



* Bom • Atomtheorie des festen Zustandes, Berlin,’ 1923. 


( 13 ) 
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where 

Vi = total number of vibrations; 

V, = number of vibrations between v = 0 and v = v c . 


The total number of vibrations is proportional to the total volume of 
the <f> space used, and is 3rc s if we consider only the range 0 <! <f> a , 

<f> 3 < n. In such units <f> it </> 3 are expressed in radians. The volume 
which the surfaces of constant frequency cut out of the unit cube can 
be determined either by a graphical method or by calculation; both 
methods are laborious. All other solutions of the problem which have 
been proposed are, however, laborious and this method is probably not 
more complicated than that due to Hopf and Lechner* and to Forster- 
ling.t It has the advantage that it is simple in principle and it is not 
confined essentially to the continuum region. 

In the particular case of small values of y/a a simple estimation of the 
6„ value can be made. It was shown in § 3 that the area to be deter¬ 
mined in the two-dimensional case could be estimated fairly accurately 
from the area of two ellipses. In the three-dimensional case a similar 
calculation shows that one obtains ellipsoids when terms in y 2 /a a are 
neglected. These take the form 



w 

47T*hl V 8 


+ 




= 1. 


a + 4y 2y 2y 


and two similar equations obtained by cyclic permutation of <f> lt <f> 2> 
and <f > 3 . 

We have therefore three ellipsoids lying along the three axes. We are 
only concerned with that part of the volume which includes positive 
values of <f>i> ^ 2 , </> a . Hence the total volume that we want, is 


Hence 



( 14 ) 


* ‘ Verb, deuts. phys. Ges.,’ vol. 16, p. 643 (1914). 
t ‘ Z. Physik,’ vol. 3, p. 9 (1920), 
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This approximation which is valid for small values of y/« can be applied 
to the case of KC1, where, using the elastic data due to Fdrsterling,* 
we find 

I » . £il±£m - = 0-128. 

a 4 (f'n — c 18 — c 44 ) 

Cji, c ia , and c u are the elastic constants. We refer to Born and v. Kdrmdn 
(loc. cit.) for the derivation of the above relation. 

The value of 0 1( which we obtain by calculation! is 224, while the 
experimental value for K.C1 is 219 in the region of low temperatures. 
The agreement is as good as can be expected. 

When y/oc is comparatively large, the surfaces can no longer be repre¬ 
sented by ellipsoids. The best way to form a picture of the actual 
surface is to construct the ellipsoids, mark out the lines where these cut 
one another and separate the surfaces at the points of contact, in the 
same way as the curves are separated at the point where the ellipses 
cross each other in the two-dimensional case. 

The wave surface can be shown to become spherical when y/a — 0-5,1 
so that in this case it is again easy to calculate the Oj, value. 

The way the wave surfaces change when we make y/a tend to zero can 
be seen if the two-dimensional case has been studied, as the changes are 
of the same kind. The maxima in the density which depend on y 
disappear and the vibrations associated with these maxima fill up the 
region where the density was proportional to v 2 . 

§ 7 —We have shown in the preceding section that the density of the 
vibrations in the continuum region is controlled by the y/a ratio. For a 
very small ratio the 0„ value will tend to zero. On the other hand, the 
spectrum, outside the continuum region and the maxima which depend 
on y, may be represented quite well by a one-dimensional density dis¬ 
tribution and depends, therefore, mainly on the factor a (if. also § 9). It 
is clear that there are two different parameters here controlling the 
specific heat as well as the density, for while the 0 D value at low tempera¬ 
tures can be made as small as we please, that for high temperatures will 
always remain of the order of 0 O , where 0 O — h^ol K and v 0 is the optical 
frequency of the lattice. 

• ‘ Z. Physik,’ vol. 2, p. 172 (1920). 

t The results using the ellipsoids will always be higher than the exact value of 6 D , 
as the volumes will always be too small. The justification of the formula for 
y/a "=0-13 (and smaller values) is furnished by a comparison with the more exact 
calculations of Hopf and Lechner; the results obtained here are only about 2% higher. 

t Bom and v. Kdrmdn, 4 Phys. Z.,* vol. 14, p. 15 (1913). 
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The Debye theory is, however, one in which it is assumed that one 
parameter only controls the specific heat. We should expect the theory 
to have a meaning at low temperatures, but at high temperatures, 
outside of the T 3 region, we should expect a 6,, value varying with 
temperature. 

We do, however, find that frequently the 0,, value remains more or 
less constant, and the value of 0 r , found at low temperature is of the 
same order, usually within 10% of the optical frequency in the case of 
the alkali halides. 

It can be shown that the Debye theory will give at high temperatures 

a Oj, value not very appreciably different 
from 0 O . For instance, if we were to take 
the Einstein function as a specific heat 
curve, we should obtain a fairly constant 
0,, value at high temperatures about 20% 
greater than 0 O (cf. Part I, § 1). 

The first condition, therefore, for the 
existence of a 0j, value which is more or 
less independent of the temperature is 
that the 0„ value at low temperatures 
{i.e., in the T 3 region) should differ little 
from 6 0 . 

We have, therefore, to investigate the 
variation of the 0„ value at low temper¬ 
atures with the y/« ratio. In all practical 
cases, this ratio must have an appreciable 
value, otherwise the crystal would not be 
stable. We have seen in § 6 that when 
2y/* is about a tenth the 0„ value is 
practically the same as 0 O . 

An investigation of the variation of the 0,, values with y/a can be made 
in the same way as in the two-dimensional case. For y/a = 0*13 we 
can use the ellipsoids to estimate the volume; this is confirmed by the 
KC1 case. For smaller values of y/a this approximation will hold a 
fortiori. Higher values of y/a would require a rather laborious investi¬ 
gation, so we confine ourselves to y/a = 0 5 where the surfaces are 
spherical. The curve between these points will certainly be smooth, 
as was found in the two-dimensional case, fig. 8. 

The parameter a/M was chosen so as to represent the case of KC1, for 
y/a = 0 -13. This corresponds to a v D value of 1 -36 in the scale chosen. 
We know in this case that 0 D and 0 O are nearly the same. As the curve 





Fig. 8—The Debye maximum fre 
quency as a function of y/a 
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rises rather steeply, it is highly probable that for substances where y/a 
is larger than 0-13 the 0,, value will be greater than 0 o . This conclusion 
is confirmed for NaCl where y/a = 0-30, Oj, — 292, and 0 O = 235; it 
must be remembered, however, that this conclusion applies only when 
the masses of the particles are not very different. 

The condition which must be fulfilled in order that Q„ ~ 0 O is for 
monatomic or quasi-monatomic cubical crystals that y/a should be 
about 0 10. 

We have shown that the conditions for the existence of a 0 D value, 
which is practically the same at very low and very high temperatures, are 
fulfilled for some cubical crystals; it is highly probable that this property 
holds for many cubical crystals. 

We have still to consider the region of temperature between the two 
extremes. Here the lower maxima are extremely important. In order 
to consider their effect we may approximate the spectrum by using only 
the two peaks with equal weights, and write the specific heat in the form 


C r -}E(£) + *E(^|, 


where is the frequency of the lower maximum and v 2 that of the higher 
maximum. 


200 , 


Tables 1, 11, and 111 show the 0„ 

variation for various cases: 

(I) C„ — $E l 

(?) + 

/200\ 

\t r 

(II) c. - 


*e e 

\ 


Table I 



Table II 


Temp 



Temp 



0 K 

Cv 

K 

U K 

Cv 

% 

6 

0*0133 

190 

15 

0*064 

289 

8 

0 0925 

137 

20 

0*2808 

236 

10 

0-268 

120 

25 

0*638 

221 

20 

1*476 

124 

30 

1*074 

216 

30 

2*325 

145 

40 

1*986 

212 

40 

2-986 

161 

50 

2*787 

212 

60 

4*0105 

111 

80 

4*293 

212 

80 

4*656 

185 

100 

4*796 

215 

200 

5*702 

198 





2 D 2 
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c„ = 

±e(M) + 



Table III 


Temp 



0 K 

Cv 

0„ 

15 

0*1708 

209 

20 

0*5218 

190 

30 

1*441 

190 

40 

2*321 

193 

50 

3*062 

196 

60 

3*651 

196 

200 

5*658 

204 


It will be noticed that a practically constant 0„ value is obtained when 
Vj = vj/2 (case III), down to value of 6,,/T of about 14. 

Where Vj < v a /'2 and > v a /2 we obtain 0„ values respectively rising 
and falling with the temperature. The minimum value in the former 
condition is to be expected because the 0 D value must become very large 
at sufficiently low temperatures (cf. Part I, § 1). 

The second condition which the spectrum has to fulfil in order that the 
6 r , representation should be good is therefore that the mean frequency 
of the lower maxima of the density should be about v 0 /2, where v„ is 
the mean frequency of the higher maxima. 

§ 8—The various theories of the specific heat of a lattice can all be 
considered in the light of the approximation made to the actual spectrum. 

The theory due to Einstein* replaces the spectrum by just one maximum 
in the neighbourhood of the highest frequency; this maximum is in all 
probability the strongest maximum in the spectrum, so that the approxi¬ 
mation is by no means bad, as far as it goes. Because most of the 
vibrations have a very much smaller frequency, the theory will give wrong 
values at low temperatures. 

An extension of Einstein’s theory due to Nernst and Lindemannt 
approximates the spectrum by two peaks, one located at the frequency 
v„ and the other at v 0 /2. There was at that time nothing to indicate the 
nature of the hypothetical second frequency, and although the formula 
was remarkably successful in reproducing the specific heat curve of many 
substances outside the continuum region with v 0 values which agreed 

* ’ Ann. Physik,’ vol. 22, pp. 180, 800 (1907). 
t ‘ Ber. deuts. phys. Ges.,’ p. 494 (1911). 
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quite well with the optical frequency,* * * § the success of the formula was 
generally assumed to be accidental. 

Indeed Debye (loc. cit.) showed later that the Nemst-Lindemann 
function agreed very well with the Debye function for the specific heat 
at all except the lowest temperatures. This means the specific heat 
curve given by the theory of Nernst and Lindemann yields a constant 
0„ value when interpreted on the Debye theory (c/. Table III) and con¬ 
versely a Debye curve would also be represented by a constant 0 O value 
in the Nernst-Lindemann theory. Debye attributed the success of the 
Nemst-Lindemann formula to the former fact. 

The results of this investigation show, however, that the Nemst- 
Lindemann theory has a definite theoretical justification. If we identify 
the frequency v 0 with the strong maximum to be expected in the neigh¬ 
bourhood of the optical frequency, then there are maxima to be expected 
at lower frequencies which are probably in the neighbourhood of v 0 /2 
in many practical cases. 

The success of the Nernst-Lindemann theory is therefore not astonish¬ 
ing. One is rather inclined to reverse Debye’s reasoning and conclude 
that the constant 0 r , value obtained for the specific heat of many crystals 
for temperatures above the T 3 region, is due rather to the fact that the 
Debye function gives a good approximation to the Nernst-Lindemann 
specific heat function (cf. § 7). 

§ 9—The spectrum, as was seen in § 7, can extend beyond the optical 
frequency,t a fact which is important if we wish to explain a rather 
interesting feature of the specific heat curve of AgCl.J It is here found 
that the value is, for high temperatures, very much larger than the 0 O 
value. This fact would be difficult to explain if the spectrum stopped 
at v ~ v 0 , as it can be shown that the 0 r , value should not here exceed 
the 0 O value by any appreciable amount (cf. Tables I, II, III). The 
conclusion that the spectrum extends well beyond the optical frequency 
might be tested if the Raman spectrum were measured. 

MgO§ provides an interesting application of the results of § 7. There 
it was indicated (Table I) that, if the lower maxima are situated at 
sufficiently low frequencies, the value reach very low values at low 
temperatures before rising to a value practically equal to 0 O . This 
would mean that the 0 D value in an actual example, which is constant 
at very low temperatures, could first drop to very much lower values 

* As far as these could be determined. 

t Vim is usually referred to as v„. 

$ Ousius and Harteck, ‘ Z. phys. Chem.,’ vol. 134, p. 243 (1928). 

§ Gunther, ‘ Ann. Physik,’ vol. 51, p. 840 (1916). 
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before starting to rise. In MgO we have such an example. The 0*, 
value drops from 1160 at T = 23° K to 780 at T = 80° K; there appears 
to be no data at high temperatures. 

I should like to thank Professor M. Born for his interest and advice; 
1 am also indebted to Dr. W. H. McCrea for the interest he has shown 
in this work. 


Summary 

An investigation has here been made into the vibrational spectrum of 
a cubical crystal. 

A two-dimensional cubical crystal is first considered, the Born- 
v. Kdrmiin model being used. A geometrical method is described which 
allows the form of the spectrum to be determined. 

The main result has been the discovery of a number of maxima of the 
density of the vibrations, which are of importance for the interpretation 
of many of the properties of crystals. 

It is also shown by mathematical analysis that the density of the 
vibrations becomes infinite at certain points of the spectrum of the three- 
dimensional as well as the two-dimensional lattice. 

In the three-dimensional lattice only the general form of the spectrum 
is considered, not the details; the investigation is confined mainly to the 
region of small frequencies, where a new method of determining the 
Debye maximum frequency is described. With the help of this it can be 
shown that different parameters control the density of the vibrations in 
the region of small and of large frequencies. This fact is used in a 
discussion of the theory of specific heat due to Debye, and of the con¬ 
ditions which must be fulfilled in order that a cubical crystal should 
give a fairly good Debye curve. The conditions found also allow one to 
understand some of the deviations of the specific heat curve from a perfect 
Debye curve. 

A discussion of the different theories of the specific heat of crystals 
is given from the point of view of the approximation made to the spectrum. 
In particular the theoretical justification of the Nemst-Lindemann theory, 
which represents the spectrum by two peaks, is established, as the 
spectrum of a crystal will show maxima of the density of the vibrations 
at small as well as high frequencies. 
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Raman Effect and Temperature 

I—Ammonium Chloride, Bromide, Iodide 

By A. C. Menzibs and H. R. Mills,* Physical Laboratory, University 

College, Southampton 

(Communicated by Professor R. Whiddington , F.R.S.—Received October 

2, 1934) 

This work was begun by one of us at University College, Leicester, 
three years ago (when preliminary results were obtained for solid nitrogen 
peroxide at about —80° C using CO a snow from gas-cylinders)t but 
owing to the great difficulty in obtaining refrigerants there, had to be 
abandoned, and the work was recommenced at Southampton last year. 

In the meantime, Sutherland^ using improved apparatus of a similar 
type, has investigated the same substance, and finds a richer spectrum 
at -190° C, than we found at • 80 ,: C. In addition he gives the results 
of observations on ozone, ice, methane, ammonia, and carbon tetra¬ 
chloride. 

In the earlier work and in Sutherland’s case the light was brought in 
through the walls of a Dewar flask of refrigerant in which a tube of the 
material was immersed, and the light scattered at right angles along the 
tube was examined through one end. This form of apparatus requires 
several cubic centimetres of material, and has the disadvantage that the 
refrigerant and the walls of the flask act as light filters, so that light is 
lost by absorption as well as by reflection. This is particularly trouble¬ 
some where observations in the ultra-violet may be required. It is 
advantageous, where the material has great transparency, but for trans¬ 
lucent material such as a crystal powder, no advantage is possessed by 
right angle scattering—the forward scattered light has the same quality 
and aligning the apparatus is easier. 


Experimental Method 

For the work now presented a new form of apparatus has been devised, 
which uses small quantities of material, is easy to align, and gives no 

* On leave from Christian College, Madras, 
t Menzies and Pringle, ‘ Nature,’ vol. 127, p. 707 (1931). 

X * Proc. Roy. Soc.,* A, vol. 141, p. 535 (1933). 
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particular difficulty in the ultra-violet region. It can be used with any 
refrigerant, and even when charged with liquid oxygen can be left un¬ 
attended for 30 hours. 

The principle of the method is to pass light through the scattering 
substance compressed in a small cylindrical tunnel drilled through one 
end of a solid metal bar, which can be cooled by immersion in a suitable 
refrigerant. For a substance liquid at ordinary temperatures, the bar is 
first cooled below the freezing point of the material, which is then poured 
in. During the work various forms of apparatus were used, all based on 
this principle; one only will be discussed. 

Light from a mercury-vapour lamp (on most occasions a Kromayer 
water-cooled lamp) was led in by a glass or quartz applicator rod A, 




Flo. 1—Final form of apparatus, (a) “ Ghost ” view showing head H partly un¬ 
screwed from its sealing; ( b ) vertical cross-section, on a smaller scale than (a) 


fig, 1 b, to the crystals packed in the tunnel in the detachable head H. 
The scattered light is led by a second rod to the slit of the spectrograph. 
The copper bar B dips into a 3-litre Dewar flask, and is supported by 
the flange turned in the bar resting on an ebonite plate P through which 
the bar passes. The exposed portion of the bar is covered by an ebonite 
cap C through which pass the two applicators and the thermocouple 
whereby the temperature of the head may be determined. The whole is 
well lagged with cotton-wool. The head is detachable from the rest of 
the bar by unscrewing it. The purpose of this is two-fold. Firstly, 
when it is desired to change the crystals in the tunnel, the head may be 
removed without the necessity of removing the whole bar from the 
refrigerant, which is thereby conserved. Secondly, the temperature of 
the head may be maintained conveniently at temperatures less than that 
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of the refrigerant by the insertion between the head and the rest of the 
bar of washers of materials having suitable thermal conductivities. For 
a given refrigerant the bottom of the bar will have the same temperature 
whatever the washer introduced, but the head will attain different fixed 
temperatures. 

On occasions when ice tended to cloud the spectrograph end of the 
applicator near to it, a couple of turns of resistance wire were wound 
loosely round the end and a fraction of an ampere *8601 through as a 
heating current. The other applicator never gave trouble in this way, 
as the window of the lamp, maintained at tap temperature by the water 
flow, pressed against it. 

(High temperatures can be attained by replacing the Dewar flask by a 
small wire-wound furnace, which encircles the bar. The whole is enclosed 
in an asbestos-lined box, through which the applicators protrude. With 
the particular furnace employed, temperatures up to 300° C have been 
obtained and it is clear that temperatures considerably higher can easily 
be obtained.) 

Description of Spectrographs Used 

Two spectrographs specially designed and constructed in this laboratory 
were used for the major part of the experimental work. In addition, 
two Hilger instruments were used from time to time (1) a Hilger constant 
deviation spectrograph, (2) a Hilger quartz spectrograph E.37* for use 
in the ultra-violet region; these being standard instruments they will not 
be discussed. 

A, Small Spectrograph —In this spectrograph two large 60° prisms are 
used for dispersion, and a cinematograph projector lens f/1 -9 is used 
as the camera lens, so that the main feature of this instrument is its 
exceptionally high light-gathering power. Its dispersion is only 130 A. 
per mm at 4600 A., but it gives photographs of Raman spectra in times 
of the order of a few minutes. This instrument is used in the following 
way. 

(1) It is used to find out if the conditions of any particular 
experiment are such as to justify a long exposure on an instrument 
capable of taking accurately measurable photographs of a more highly 
dispersed spectrum. Thus, provided Raman lines clearly appear on 
plates taken with the f/1 '9 instrument, the experimental arrangement is 
considered satisfactory. It is found that a 10-minute exposure on this 
spectrograph is equivalent to an exposure of 18 hours on the Hilger 


* Kindly lent by Adam Hilger, Ltd. 
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constant deviation spectrograph. A great many wasteful exposures of 
the order of 24 hours can in this way be eliminated. 

(2) It can be used in conjunction with very drastic filters that remove 
completely certain mercury excitation lines, and therefore it can be 
determined in a few minutes whether, for example, a particular Raman 
line originates from the mercury line X 4358 or X 4047. 

(3) Its use allows rapid tests on various scattering substances at various 
temperatures. For example, in low temperature work intensities may 
change, or lines may disappear that appear at normal temperatures, 
and the short exposures necessary with this spectrograph make it possible 
to vary a number of conditions—thickness of block filters, exposure 
times, and excitation sources—with a great saving of time. The instru¬ 
ment is useless, however, for photographing close doublets, or lines of 
very short shifts, as the halation from the exciting line occupies a wide 
region on the plate. 

B, Large Spectrograph —This is an instrument assembled in the 
laboratory, having a dispersion at X4600 of approximately 17 A. per 
mm, and camera and collimator apertures of f/12, both lenses having a 
diameter of 2 inches. The dispersing system consists of two 60° prisms 
of extra dense glass. All parts are bedded down on to a thick slab of 
slate, providing a very rigid construction. Light reflected off the first 
face of the second prism is collected by a telescope whose objective is a 
cinematograph projection lens of aperture f/3, thus forming a subsidiary 
spectroscope of relatively high light gathering power. There are two 
main uses for this telescope. 

(1) For examining visually the spectra from a scattering substance 
while an exposure is actually in progress. In low temperature work 
there is often a risk of the apparatus being disturbed from its true align¬ 
ment while the refrigerant is being added, and it is clearly an advantage 
to be able to check this, and if necessary realign without having to restart 
the exposure. 

(2) For securing the best conditions for recording the reference 
spectrum on a plate. 

With the aid of the telescope the operations of alignment of the arc, 
and the shortening of the slit, usually done by means of a rough estima¬ 
tion, can be performed rapidly, and with precision. 

Procedure 

A liner of thin aluminium foil is introduced into the tunnel, to preclude 
chemical action between the substance and the copper of the bar. (A 
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stainless steel head was tried, but scrapped on account of its poor con¬ 
ductivity. It is used in the high temperature apparatus.) 

If solid at ordinary temperatures, the material is first crushed until it is 
in the form of grains of about 1 mm across, though the best size of grain 
depends upon the material. It is then sandwiched between plungers 
which fit into the tunnel, and the whole is compressed in a vice, so that 
the powdered material forms a tablet across the middle of the tunnel. 
The best thickness varies with the material, the more transparent it is, 
the thicker must be the tablet. An average size would be about 5 mm 
thick, corresponding to a little more than 1 /3 cc of material. 

If liquid at ordinary temperatures, one plunger is put in the tunnel, 
and the whole bar cooled down well below the melting-point of the 
material. The liquid is then poured in and solidifies as it enters. The 
temperature chosen for this process affects the opacity of the final block, 
since slowly frozen liquids produce coarse crystals. 

The applicators are then inserted and the bar returned to its refrigerant, 
and the whole is lined up. 

Temperature Measurement 

This was made, with C0 2 cooling, by inserting a thermometer in a hole 
drilled in the block, very near to the crystals; when liquid air was used, 
the temperature was measured by inserting a thermocouple in a fine hole 
drilled in the bar. In later experiments the thermocouple was used 
exclusively. 

It was suspected that the temperature of the block of scattering sub¬ 
stance might not be actually at the temperature of the surrounding 
copper. This point was tested by inserting one junction of a thermo¬ 
couple in the copper, and embedding the other junction in the scattering 
.substance. The temperature difference at about —100" was less than 
1° C. When the exact temperature of a transition is required, it is 
clear that the best method of observing it would be to embed the couple 
in the substance itself, rather than make a correction to the bar tempera¬ 
ture. In the present series of experiments, the aim was to find the change 
in spectrum, rather than the exact temperature of the change, so that the 
temperature of the crystals was taken as equal to that of the head, within 
a degree. 


Results 

Halides of Ammonium (chloride, bromide, iodide)—The spectra of 
these substances showed the greatest temperature-change of any investi- 
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gated in the course of the present work. The particular interest attaching 
to the ammonium salts is that the ammonium ion NH 4 + is thought to be 
capable of rotation in the solid at ordinary temperatures, but that this 
rotation settles down at temperatures of the order of —35° C (chloride 
-30° C; bromide -38° C; iodide -43° C).* 

It was thought that some evidence of this might be found in the Raman 
spectra of salts containing this ion. The most suitable would clearly 
be the halides, since the anion is monatomic, and so incapable of giving 
rise to internal vibrations. Thus any lines obtained with the chloride 
would be due to the NH 4 + group, or to NH 4 C1, while if the sulphate, for 
example, were used the SO" 4 internal vibrations might render the inter¬ 
pretation more difficult. 

Ammonium Chloride —Spectra were photographed at room temperature, 
-24° C, -28° C, —32° C, -65“ C, and -150° C. Some of the results 
obtained are given in Table I, in the odd columns. The even columns 


Table I—Raman and Infra-red Frequencies of Ammonium Halides 
NH 4 C1 NH 4 Br NH.l 


Room temp. 

150°C 

80° C 

Room temp. 

— 150 u C 

1 

oc 

O 

o 

o 

— 50° C 

R.E. 

I.R. 

R.E. 

I.R. 

R.E. 

I JR. 

R.E. 

I.R. 

R.E. 

— 

185 

183 s 

— 

— 

160 

— 

— 

— 

(1400) 

1424 

1403 

1409 

(1380) 

1408 

(1456) 

1416 

— 


1411 

1464 

— 

(1420) 


— 

1443 

— 

1712 

1776 

1712 

1801 

1689 

1727 

1694 

1738 

1662 

1758 

— 

(1770) 

— 

— 

— 

— 

— 

— 

— 

— 

(2870) 

2857 

— 

— 

— 

— 

— 

(3040) 

3059 

3043 s 

3081 

(3032) 

3052 

3035 s 

3059 

3021 s 

(3163) 

3163 

3)23 

3148 

(3140) 

3160 

3118 

3144 

— 


(Numbers in brackets are doubtful, cither from faintness or from diffuseness. 
Here and in the text all numbers without units are in cm' 1 . “ s ” indicates a par¬ 
ticularly strong line.) 


contain the nearest comparable figures obtained by Pohlmannf using 
infra-red absorption, with the exception of the first figure in the second 
and sixth columns, taken from the residual-ray observations of Rubens 
and von Wartenberg.J 

* Pauling, ‘ Phys. Rev.,’ vol. 36, p. 430 (1930). 

t ‘ Z. Physik,’ vol. 79, p. 394 (1932). 

+ ‘ Ber. deuts. chem. Ges.,’ p. 69 (1914). 
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Raman lines found by previous workers* for ammoni u m chloride 
at room temperature only are given in Table II; they are to be compared 
with the first column of figures in Table I. 


Table II 


Schaefer, Matossi 

Holmes 

Rao and Rao 

and Aderhold 

1700 


3035 

3035 

3113 

3155 

3155 

3169 

— 

— 

3229 


While the values obtained in the present investigation are in agreement 
with the first two sets of observations—having regard to the diffuse 
nature of the bands at room temperature—the disagreement with the 
last-named workers is outside experimental error. It may be due to the 
fact that they measured the positions of their lines from microphoto¬ 
meter curves. It is further evidence that the numbers obtained in the 
present work are correct that such near agreement is got between the 
positions of lines measured on the plates obtained at high and at low 
temperatures, for in the latter case the sharpness of the lines makes them 
much easier to measure. 

The general nature of the change undergone by the spectrum as the 
temperature is progressively lowered is best described by stating the 
successive appearances of the lines in the region to the red side of A 4358. 

At room temperature there are two diffuse bands of almost equal, 
intensity, corresponding to the 3000 line from A 4047, and the super¬ 
position of 3100 from A 4047 on 1400 from A 4358, and two sharp lines 
at about 1700, the shorter being the more intense. As the temperature 
is lowered, a change appears at a temperature just below —30" C. The 
3000 band sharpens and is intensified considerably, so that it is many 
times more intense than its near neighbour. At the same time a diffuse 
line appears at 183. As the temperature is still further lowered the lines 
get sharper, but the relative intensities do not appear to alter. The 
progressive sharpening allows the different lines to be more easily dis¬ 
tinguished from one another. 

Owing to the long exposures required with the large spectrograph, 
the temperature of transition was narrowed down by using the f/1 -9 

* Schaefer, Matossi, and Aderhold, ' Z. Physik,’ vol. 65, p. 289 (1930); Holmes, 

‘ Phys. Rev.,’ vol. 41, p. 389 (1932); 1. R. Rao and C. S. Rao, *Z. Physik,’ vol. 88, 
p. 127 (1934). 



414 


A. C. Menzies and H. R. Mills 


instrument, taking exposures at —26° C, —28° C, —32° C, —34° C. 
The first two were simiiiar, and also the last two, but the two pairs were 
dissimilar, showing that the transition occurred between —28° C and 
-32° C. 

Ammonium Bromide —The results were in the main similar to those for 
the chloride, except that no line was observed comparable with 183 in 
the chloride. Owing to the presence of a mercury line, which was at 
first taken for the line expected, the spectrograph was re-focussed for the 
immediate neighbourhood of X 4047, but without result. 

Ammonium Iodide —With this salt, difficulties of two kinds were 
experienced. The yellow colour due to free iodine was troublesome as 
it weakened the exciting light; this was dealt with by repeated washing 
with acetone just before use, and, after drying in a darkened room, 
freezing quickly. Even so, during the course of the exposure iodine was 
found to be liberated. A second difficulty was that the material appeared 
to become much more opaque as the temperature was lowered, so that 
suitable block thickness was difficult to judge. 

On account of the first difficulty, lines due to X 4047 were extremely 
weak compared with those due to x 4358. However, it was possible to 
observe their positions approximately. 

In Table I only the results at —50 C are given, as at room temperatures 
ammonium iodide is already in the “ high ” rocksalt form and so is not 
comparable with the other two halides, still in the “ low ” caesium chloride 
.form. 

Discussion of Ammonium Halide Frequencies 

An interesting observation in connection with the long shifts in these 
three halides is that they decrease as the atomic weight of the anion 
increases, the values for the bromide being intermediate between those 
for the chloride and iodide. As the vibrations concerned are primarily 
internal vibrations of the ammonium group, it appears that we are 
concerned here with a similar cause at work as in the nitrates, for example, 
where the internal vibrations of the N0' 3 group become less rapid as the 
atomic radius of the cation increases. If we regard the crystal as con¬ 
structed from contiguous spheres, then the increased space allowable 
to the ammonium group allows weaker binding forces and so lessened 
frequencies. This assumes that the types of symmetry of the substances 
are all the same or not greatly different. 

More striking is the appearance in the chloride of a low frequency of 
183 cm. It is reasonable to conclude that this is a lattice frequency. 
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finding its origin in the vibration of ammonium against chlorine atoms. 
A corresponding frequency has not been observed, however, in the 
bromide or iodide. This does not mean that they do not exist—the 
evidence is entirely negative, for they might be too weak to appear with 
the exposure given. 

Lastly the actual frequencies of vibration of the ammonium group 
may be considered. These appear to be approximately 1400 (weak), 
1700 (strong), 3050 (strong), and 3150 (weak). The character of diffuse- 
ness groups them into 1400 and 3150, diffuse, and 1700 and 3050, sharp. 
The very great intensity of 3050 suggests that it is to be taken as the 
“ breathing ” frequency, due to simultaneous motion of the hydrogens 
towards and away from the nitrogen; 1700 may be attributed to motion of 
the hydrogens tangentially to the sphere described round the tetrahedron, 
the nitrogen being at rest. The remaining two will then be due to triply 
degenerate vibrations involving motion of all five particles. 

The frequencies may be compared with those of methane*:— 


Table III 



Single 

Doubly 

degenerate 

Triply degenerate 


Vl 




Methane . 

. 2915 

1520 

3022 

1304 

Ammonium . 

. 3043 

1712 

3123 

1403 


Higher frequencies are to be expected for the ammonium, since the 
valence force between the central atom and the hydrogen will be greater, 
judging by the vibration frequencies of NH and CH as shown by their 
band spectra. We have here considered the ammonium tetrahedron as 
if free; clearly it is not so, and the effect of the lack of freedom will be 
to tend to remove degeneracies. 

Bearing of Present Results on the Internal Rotation 

Problem 

The great strength with which the lattice frequency appears in the 
chloride, and the non-appearance in the other two halides, suggests that 
there is an asymmetry present in the chloride which is absent or nearly 
so in the others. The only likely source of such an asymmetry lies in 
the shape of the tetrahedron formed by the ammonium group. Ammonium 
chloride and bromide at room temperatures are known from X-ray work 

* Dennison, ‘ Rev. mod. Phys.,* vol. 3, p. 280 (1931); Mecke, “ Structure of Mole¬ 
cules," ed. Debye, p. 52 (1932). 
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to possess the csesium chloride structure, i.e., each ammonium tetra¬ 
hedron is surrounded by eight halogens in a cubic structure. Hie most 
reasonable arrangement is to put the ammonium tetrahedron within the 
cube of halogen atoms as in fig. 2, where it will be seen that four halogens 
are near to corners of the tetrahedron, four to faces. We can now form 
a lattice by a simple translation so that the tetrahedra in all the cubes 
are similarly situated. It will now be found that any halogen is not 
symmetrically placed; a corner of a tetrahedron will be on one side, a face. 



Fig. 2—Cube of eight chlorine atoms with NH« + tetrahedon at centre, face towards, 
observer 

of another tetrahedron on the other side. If now the lattice vibrates, 
there will be an asymmetric restoring force, and the corresponding 
frequency might be expected to appear in the Raman effect. This, 
then, may provide a rough picture of the arrangement in ammonium 
chloride below —30° C. 

On the other hand, we may recommence with the same cube of fig. 2 
and form another kind of lattice by a rotation and a translation, so that 
neighbouring tetrahedra are arranged anti-symmetrically, and a group 
of eight would possess complete cubic symmetry. In this new arrange¬ 
ment, it will be clear that each halogen or tetrahedron is under sym¬ 
metrical restoring forces when a small lattice vibration occurs. There 
will now be no corresponding Raman line to be expected. This may 
correspond roughly to the type of structure possessed by the bromide 
and iodide. 

Now in either type of lattice let a torsional oscillation of the tetra¬ 
hedra set in, above a certain temperature. The amplitude will not have. 


Raman Effect and Temperature 417 

to be great for ambiguity to arise whether a particular halogen is near 
to a corner or a face of a tetrahedron, i.e.. the asymmetry due to the tetra¬ 
hedron will vanish, and neither form will be expected to give a Raman 
line. It is not necessary for this particular purpose that a complete 
rotation should arise; a torsional oscillation is sufficient. 


Deductions from the above Hypothesis 

A comparison of the “ parallel ” and “ anti-parallel ” arrangements 
shows that in the first case any two neighbouring tetrahedra will be 
placed so that the edge of one is perpendicular to the nearest edge of 
the other, while in the anti-parallel case the pair of adjacent edges are 
parallel. Now the corners are occupied by hydrogen atoms linked to 
the nitrogen atom, and between the hydrogen atoms of one tetrahedron 
and those of another there will be a repulsion. It is not hard to see 
that from the geometry of the arrangement there will probably be a 
greater repulsion between the hydrogen atoms of one tetrahedron and 
those of another in the second case than in the first (e.g., taking for 
simplicity an inverse square repulsion between the hydrogen atoms, the 
repulsions of adjacent tetrahedra in the two cases will be in the ratio 
5:4 approximately). If this is so, there will be, on this account, a 
greater force distending the lattice in the cold bromide than in the cold 
chloride. If torsional oscillation sets in, then the tetrahedron repulsions 
in the bromide will be lessened, while the reverse will be true for the 
chloride. We would expect, therefore, that when rotation begins a 
contraction will take place in the bromide and an expansion in the 
chloride. The contraction per molecule of the one should be of the 
same order as the expansion per molecule of the other. Further, some 
energy will be forthcoming in the bromide from the reduction of the 
repulsion, when rotation begins, so that we may anticipate that a greater 
amount of energy must be supplied from without to engender rotation 
in the chloride than in the bromide, i.e., the heat of transition should be 
greater per molecule for the chloride than for the bromide. 

The character of the lines is interesting; under all conditions the line 
at about 1700 appears sharp, while in the warm condition the breathing 
frequency line is very diffuse. It may be that this is connected with 
the fact that the 1700 line is due to a tangential motion of the hydrogens 
at the corners of the tetrahedron, while the breathing frequency involves 
their motion radially, and the rotation of the tetrahedron as a whole also 
involves tangential motion of the hydrogens. If the explanation lies 

2 E 
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in this direction, it is additional evidence that it is a rotation which sets 
in at the transition temperature. 

Other Properties of the Ammonium Salts 

I, Infra-red Spectra — (a) Reinkober* examined the infra-red spectrum 
of ammonium chloride by absorption and by reflection. His absorption 
values were 1414, 1767, 3077, and the reflection values 1414, 1709, 3125. 
The absorption figures should give the vibration frequencies of the ion; 
it is surprising that the reflection figures (which are subject to a cor¬ 
rection to give the true vibration frequencies) should be in better agree¬ 
ment with the Raman values. 

(b) Hettner and Simonf examined the infra-red absorption spectra 
of ammonium chloride and ammonium sulphate. They found that the 
line at 1770 in the warm chloride sharpened considerably and moved to 
1800, and that the temperature of transition was —30° C. 

(c) Pohlmann (loc. cit.) has investigated the infra-red absorption 
spectrum of thin layers of ammonium chloride, bromide, nitrate, and 
sulphate at room temperature and at —80° C; her results for the two 
first-named have already been given in Table I. It is clear from them 
that there is an influence of the anion on the frequencies just as in the 
Raman effect; moreover, in the case of the 1400 line something occurs in 
the chloride which occurs in the bromide in the opposite direction when 
the transition temperature is passed. While the chloride 1400 line is 
single when cold, the bromide line is single when warm, and the frequency 
shift is in the opposite direction in the two cases. 

II, Specific Heat —SimonJ and his co-workers have investigated the 
specific heat-temperature variations of the ammonium salts. They find 
a sudden rise in the specific heat for ammonium chloride at —30-4° C 
and a sudden drop again to nearly its original value. Similar anomalies 
are found for other ammonium salts. The heat of transition for the 
chloride is 200 cals per gram-ion of ammonium and for the bromide 
80 cals. 

Simon§ has shown that this specific heat anomaly can be accounted 
for if the substance possesses two energy levels differing in energy by a 

* ‘ Z. Physik,’ vol. 3, p. 1 (1920); vol. 5, p. 192 (1921). 

t ‘ Z. phys. Chem.,’ B, vol. 1, p. 293 (1928). 

{ ‘Ann. Physik,’ vol. 68, pp. 241, 263 (1922); Ruhcmann, ‘Z. phys. Chem,’ 
vol. 129, p. 339 (1927); Crenshaw and Ritter, ‘Z. phys. Chem.,’ B, vol. 16, p. 143 
(1932). 

§ ‘ Ber. deuts. chem. Gcs.,' vol. 33, p. 477 (1926). 



Raman Effect and Temperature 419 

fixed amount and transitions may take place from one to the other. 
This will give rise to a modification of the specific heat curve, such as is 
found for grey tin. To account for such catastrophic changes in the 
curve as occur with ammonium chloride, the additional hypothesis is 
advanced that there is an interaction between the molecules in the upper 
level and those in the lower level, which encourages those in the lower 
level to migrate to the upper one as soon as there are any in the upper 
level. This will cause the bulk to pass over quickly, so that the anomaly 
occupies only a few degrees in the specific heat-temperature curve. 
Simon’s theory does not prescribe the particular way in which the two 
levels shall differ in energy. 

III, Coefficient of Expansion —Simon and Bergmann* have found the 
coefficient of expansion for ammonium chloride and bromide. Their 
observations show a catastrophic change of length at the temperatures 
to be expected, but while the chloride expands, the bromide contracts. 
Further, they measured the expansion along and across the needle 
direction of the crystal, and found that the expansion on passing through 
the transition temperature was not the same for both directions. From 
this they conclude that the crystal cannot have complete cubic symmetry 
in both conditions. 

Smits and MacGillavryt find a hysteresis in the expansion of the 
chloride, the transition temperature not being the same by a few degrees 
when heating or when cooling. 

Weigl6,J using an X-ray method especially adapted to the purpose, 
has examined the coefficient of expansion of ammonium chloride and 
bromide and finds the same result as Simon. Further he finds that the 
two phases in the chloride coexist over a range of 5° C, the relative 
proportion of the two phases changing. 

IV, Electrical Properties —Hettich§ has measured the piezo-electric 
response in crystals of the chloride and bromide, and finds no effect 
except in the cold chloride, from which he deduces that there is no centre 
of symmetry in the cold chloride, while there will be one in the warm 
chloride and in the bromide under both conditions. This leads Hettich 
to suggest the possibility of the tetrahedra being similarly situated in 

• ‘ Z. phys. Chem.,’ B, vol. 8, p. 255 (1930). 

t ‘ Z. phys. Chem.,* A, vol. 166, p. 97 (1933). 

i Private communication. 

8 Hettich and Schleede, ‘Z. Physik,’ vol. 50, p. 249 (1928); Hettich, ‘Z, phys. 
Chem.,’ A, vol. 168, p. 353 (1934). 


2 E 2 



420 


A. C. Menzies and H. R. Mills 


the cold chloride, and anti-symmetrically placed in the cold-bromide. 
Thus Hettich has been led independently to frame the same hypothesis. 

Weigte (loc. cit.) finds that the dielectric constant increases, and the 
absorption increases greatly, as the temperature of the chloride rises 
through the transition-point. 

V, Optical Properties —Hettich (loc. cit.) finds that the cold bromide 
alone shows double refraction, indicating a departure from cubic sym¬ 
metry. 

VI, X-Ray Structure —Smits and MacGillavry* have recently examined 
the structure of the chloride above and below —30° C, and find no evidence 
of a change in structure. 

After the greater part of this paper was written, Ketelaarf published 
his investigation of the structure of the chloride, bromide, and iodide. 
He confirms the conclusion of Smits and MacGillavry with regard to 
there being no observable difference in the structure of the chloride, 
but finds a definite change in the other two salts as the transition tempera¬ 
ture is gone through. He finds that the bromide at room temperature 
has a body-centred cubic cell like CsCl, containing eight molecules, 
while the cold bromide has a tetragonal elementary cell containing two 
molecules, with space-group D.,,/. The nitrogens have co-ordinates 
(00*, Hi) and the bromines (0*w, -£0 it) with u 0 030 ± 0-005. 

This structure can clearly be looked upon as a caesium chloride structure 
in which a very slight distortion has entered, since the value of u is so 
small, with the tetrahedra arranged anti-symmetrically. It is interesting 
that is the space-group of phosphonium iodide, also with a small 
value of u, and also of the tetramcthyl ammonium halides, with a larger 
u. In the tetramethyl ammonium chloride it has been possible to show 
that the tetrahedra are anti-symmetrically arranged, owing to the greater 
scattering of the carbon atoms. 


Conclusion 

A qualitatively satisfactory picture of the transitions in ammonium 
chloride, bromide, and iodide can be formed in the following way. 
Starting with a caesium chloride-like elementary cell, at low temperatures 
in the chloride the ammonium tetrahedron is arranged as in fig. 2, and 


* Cited in t, otherwise unpublished, 
t ‘ Nature,’ vol. 134, p. 250 (1934). 
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in all the other cells the tetrahedra are to be thought of as similarly 
situated. The asymmetry in this arrangement allows of the appearance 
of the lattice frequency in the Raman effect, and of the piezo-electric 
effect. At or just below —30° C let a torsional oscillation leading to 
rotation set in. This removes the asymmetry, and the lattice frequency 
line in the Raman effect and the piezo-electricity disappear. At the 
same time the hydrogen atoms of neighbouring tetrahedra will on the 
average be closer together, so that the forces distending the lattice grow, 
and an expansion occurs. Energy will be required for the new motion, 
and so a rise in the heat capacity will occur. 

With the bromide (and probably also with the iodide) we may start 
similarly with fig. 2, and then arrange the tetrahedra anti-symmetrically. 
If at the same time slight displacements of the bromines occur, tetragonal 
symmetry may be obtained, and double refraction appear. As the dis¬ 
tortion is very small, the asymmetry occasioned may easily be too little 
to allow of the appearance of a lattice frequency line in the Raman effect 
with sufficient intensity with ordinary exposures. Now as the tempera¬ 
ture is raised, events will proceed as in the chloride, except that when the 
rotation sets in, the hydrogen atoms of neighbouring tetrahedra will on 
the average get more distant, so that the repulsive force will drop and a 
contraction occur. 

It is a pleasure to record that some help was obtained in the preliminary 
work from Mr. C. O. Pringle, M.Sc., employed under a grant from the 
Department of Scientific and Industrial Research. 

We record also our grateful thanks to the Research Committee of 
University College, Southampton, who made us a grant to cover the 
cost of chemicals and photographic materials. 

Summary 

A description is given of a simple form of apparatus for obtaining 
Raman spectra of small quantities of crystal powders or frozen liquids 
over a large temperature range. 

It has been used to investigate the change with temperature of the 
Raman spectra of the chloride, bromide, and iodide of ammonium. The 
most striking feature is the appearance of a lattice frequency line in the 
chloride when the temperature is lowered below about —30° C. 

It is concluded that the ammonium tetrahedra are similarly situated 
in the cold chloride lattice and arranged anti-symmetrically in the bromide 
lattice below their respective transition temperatures, an arrangement 
also arrived at by Hettich on the grounds of piezo-electric behaviour. 
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At the transition temperatures an instability sets in, such as the com¬ 
mencement of a rotation, which removes the asymmetry occasioned by 
the orientation of the tetrahedra, and so leads to a pseudo-symmetry. 

The assumption that the hydrogen atoms of neighbouring tetrahedra 
repel one another with a force which lessens as the distance between 
them increases, leads to the conclusion that the chloride should expand 
catastrophically and the bromide similarly contract as the rotation sets 
in, thus resolving this hitherto unexplained paradox. 


Methods for Investigating Thermal Changes Occurring 
During Transformations in a Solid Solution 

By C. Sykes, Ph.D., M.Sc. 

(Communicated by W. L. Bragg, F.R.S.—Received August 29, 1934) 

When an alloy or metal undergoes a change in structure or allotropic 
modification during cooling, heat is evolved and by this means the 
temperature at which the change takes place can be obtained by well- 
known experimental methods. These methods are based on the fact 
that, when an alloy is cooled through a transition point, there is a change 
in the rate of cooling at that temperature. 

There are certain distinct types of transformations occurring in solid 
alloys and they may be classed in the following way : (a) transformations 
occurring at a definite temperature, such as, for example, a phase-change; 
(6) transformations occurring over a range in temperature, such as those 
due to the deposition of an additional phase from those already existing. 
During recent years another type of transformation has been shown to 
exist in pure binary alloys which at all temperatures below their melting 
points consist of a single homogeneous phase. *t This type of trans¬ 
formation consists merely of rearrangement of the atoms inside the solid 
solutionJ§. A considerable amount of evidence exists to show that 

* Haughton and Payne, • J. Inst. Met.,’ vol. 46, p. 457 (1931). 
t Sykes and Evans, ‘ Proc. Roy. Soc.,’ A, vol. 145, p. 529 (1934). 
t Graf, ‘ Z. Metall.’ vol. 10, p. 248 (1932). 

§ Bradley and Jay, ‘ Proc. Roy. Soc.,’ A, vol. 136 p. 210 (1932). 
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such rearrangement of atoms takes place over a considerable range of 
temperature irrespective of the cooling rate.*t- 

Bragg and Williams,J on the basis of certain assumptions regarding 
the processes involved in this “ ordering ” of the atoms, have worked 
out theoretically the amount of energy which should be released and 
its effect on the cooling curve. They have shown that at the temperature 
at which rearrangement takes place on cooling the specific heat should 
increase and then decrease gradually with temperature as the degree of 
order, i.e., the extent of rearrangement, becomes more and more perfect. 

There are three standard methods in use for the determination of 
transition points, the direct cooling curve, the inverse rate curve, and 
the differential curve method.§ Such methods give the commencement 
of a transition of the type (a) quite definitely and satisfactorily, but they 
give little certain information regarding a transformation occurring over 
a range of temperature, indeed, unless they are considered very carefully 
they tend to give misleading results in certain cases. 

It is the purpose of this paper to describe two simple methods which 
enable the range of temperature over which a transformation occurs to 
be observed even though this range of temperature extends over a hundred 
degrees or so. Such methods are particularly applicable to the trans¬ 
formations investigated theoretically by Bragg and Williams and occurring 
in such alloys as Cu 3 Au, CuZn and Fe 3 Al. 

The Principle of Cooling Curve Methods 

In both the direct cooling curve method and the inverse rate method 
the specimen is heated to a temperature above the transformation and 
then allowed to cool slowly. The rate of cooling should be of the order 
of 1° C per minute so that the temperature gradient across the specimen 
is small (i.e., of the order of 0-1° C). 

In these circumstances, using a cylindrical specimen of about 200 
grams weight, whose diameter is of the same order as its length, the 
temperature difference between the furnace enclosure and the specimen 
is a few degrees Centigrade. (This represents the usual conditions in 
practice.) We can say therefore that under steady conditions of cooling 

M 1 5 1 ^-K 1 / 1 (T 1 )(T 1 -T 3 ), (1) 

* Sykes and Evans, ‘ Proc. Roy. Soc.,’ A, vol. 145, p. 529 (1934). 
t Tammann and Heusler, ‘ Z. Anorg. Chem.,’ p. 349 (1926). 
i ‘ Proc. Roy. Soc.,’ A, vol. 145, p. 699 (1934). 

§ Desch, “ Metallography,” p. 94 et seq. 
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Mi being the mass of the specimen, s x the specific heat, and a constant 
involving the area and emissivity of the specimen, T t the temperature 
of the specimen assumed to be the same throughout, and T 8 the tem¬ 
perature of the enclosure. 

If the specimen undergoes a transformation at constant temperature, 
/.£>., if there is definite latent heat at a particular temperature, say T c , 
then this has the same effect as if s x becomes infinite for a certain time 
interval depending on the amount of latent heat released. Consequently 

when Tj — T c 
at 

and whether T x is plotted against t in the direct cooling curve or dtldT x 
against t, as in the inverse rate curve, both curves show a definite dis¬ 



continuity. In the first place Tj will be constant over a finite time 
interval, in the second place dtjdT x will become infinite during the same 
time interval. Once all the latent heat has been released the specimen 
will cool more rapidly than it did before, since (Tx—T s ) is now larger 
owing to the fact that T 3 continued to decrease, whilst T x remained 
constant. Finally, (T x — T„) gets small again until a steady state of cooling 
exists. Fig. 1 a gives a direct cooling curve taken on a binary silver-zinc 
alloy containing 37-3% Zn by weight. Fig. 2 a is the corresponding 
inverse rate curve. The transformation observed is the eutectoid change 
when the (3-phase breaks down into a + 8. There is a slight amount of 
undercooling. 
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The fact that T 3 continues to decrease almost independently of T x 
under all practical conditions is due of course to the large thermal 
capacity of the furnace compared with that of the specimen. This is 
of no great importance as long as either of the above two methods is 
applied to a transformation which occurs at a definite temperature and 
in which there is considerable latent heat. On the other hand if the 
transformation to be observed be one which takes place over a range 
of temperature then such methods give a false impression. 



Suppose, for example, we consider a transition starting at temperature 
T c and that this increases the specific heat to jx j?j, i.e., [x times its value 
above the critical temperature, and then decreases only gradually with 
temperature. Above the critical temperature under steady cooling 
conditions, the rate of cooling of the specimen dTJdt will be very nearly 
the same as the rate of cooling of the furnace dT 3 jdT, and (T 1 — T s ) will 
change very slowly as a result of the gradual change in cooling rate of 
the furnace and in the factor K t /i (T x ), as the temperature decreases. 
When the specimen passes through the critical temperature T c and Si 
changes to |x s u it follows from (1) that :— 

(dTt) Ti) 

\ dt ' T, =•(!> —!T,) f 1 ' dt T, = (Tr+JT,) 


(2) 
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Since the extra heat released is so small as to have no appreciable effect 
on the cooling rate of the furnace, dT 3 jdt remains unaltered, and con¬ 
sequently (T x — T a ) must increase. This increase in (Tx — T*) will continue 
until dTi/dl approaches once more the value dT 3 /dt even though the 
specific heat is still high; in this part of the cooling curve it is (Tx-~T 3 ) 
which is a measure of the specific heat and not dT 1 jdt. Consequently 
we should expect the direct cooling curve method and the inverse rate 
curve method to indicate that the transformation takes place over a 
much shorter temperature range than is really the case, because no 
account is taken in either of these methods of changes in temperature 
difference between specimen and furnace enclosure. Fig. 1 b is the 
direct cooling curve and fig. 2 b an inverse rate curve foj a (3-brass con¬ 
taining 48 -2% Zn by weight. 


The Differential Cooling Curve 

In this method the specimen and another standard specimen of a material 
which undergoes no transformations in the temperature range under 
consideration are allowed to cool down together. Both specimens are 
the same size and are insulated from each other so that no heat transfer 
takes place between them. The differential cooling curve is obtained by 
plotting the temperature difference between the specimen and the standard 
sample (Tj — T 2 ) against the temperature of the specimen T v 
Using a similar notation to that given for (1) we can write:— 

Mx^x = Kx/x (Tx) (Tx — T 8 ) for the specimen, and (3) 

M 2 j a a -j~ = K a / 2 (Tj) (T, - T S ) for the standard sample. (4) 

In the usual expositions of this method the ideal case is considered, viz., 
(a) when the emissivities of the two samples are the same at all tem¬ 
peratures, and ( b ) when the thermal capacities are the same except 
throughout the range of the transformation. 

For a specimen undergoing a transformation of the type (a) T x — T a 
will be zero until the critical temperature is reached, then, when latent 

heat is evolved, (Tx — T a ) becomes infinite. Fig. 3 a is a differential 

cooling curve of the silver-zinc alloy. 

Considering now a transformation of the Bragg-Williams type, 
again, in the ideal case, T x — T a will be zero until the critical tem- 
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perature is reached. At the commencement of the transformation we 
have:— 

£<T,-T.)-!-$/$-I-, (5) 

~ ^ since Sl = s * and (Tl ~ = ~ T =>) for 

T, = T c + 0T X 

Thereafter — (T x — T 2 ) will decrease and (T x — T a ) increase until dTyjdt 

has attained a value once more equal to that of the cooling rate of the 
furnace. 



In actual practice (T x — T s ) is at the best only zero at certain particular 
temperatures; usually it is finite and changes gradually owing to the 
fact that the effect of temperature on the specific heat and emissivity of 
the two samples is different. This tends to mask the commencement 
of a transformation of the Bragg-Williams type. 

Fig. 3 b is a differential cooling curve of the brass alloy, the maximum 
slope occurs at the point marked A and is equal to — 0-625; according 
to (5) therefore the value of ja is 1 -625. This figure, as will be seen later, 
is a lower limit to the change of specific heat at the critical temperature. 

Up to the present a type of transformation in which the specific heat 
rises suddenly at the critical temperature and then decreases slowly has 
been considered. It will appear later that in transformations of the 
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(3-brass type the actual effect is not so simple, the specific heat rises over 
a finite temperature interval (about 10-20° C), to a maximum and then 
decreases at a reasonable rate over a large temperature range, see fig. 6. 
A modification of the above cooling curve methods is essential to follow 
adequately such a transformation. 

On the basis of the above considerations we were led to develop the 
following method, called the double differential cooling curve method. 
This takes into account the temperature of the enclosure throughout 
the cooling period and it will be shown how much more information 
can be obtained by means of this method. 

Double Differential Cooling Curve Method 

Experimental Apparatus .—The apparatus is shown in section in fig. 4, 
which is half scale, A is an outer cylindrical container of copper machined 
from a solid bar. This has two tight fitting lids B. The specimens C 
in the form of short lengths of tube machined from a solid ingot are 
1 -375 in. O.D., 0-75 in. l.D. and 1 -625 in. long. They are mounted inside 
the copper block on small heat insulated supports E. D is a tube of 
identical size to C made in copper and used as a standard. The tem¬ 
perature difference between each specimen and the outer container can 
be measured by means of differential thermocouples X and Y. Z is a 
thermocouple used to measure the temperature of the copper block. 
Z' is an additional couple used to make the apparatus symmetrical and 
also for automatic temperature regulation when desired. 

All parts of the thermocouple wires are insulated from the container 
and the specimens, except at the actual junction. 

Experimental Procedure —The above arrangement after assembly is 
placed inside a nichrome-wound furnace suitably wound to produce a 
uniform temperature over the length of the copper block. The tem¬ 
perature of the furnace is raised to a value above that at which the trans¬ 
formation occurs and maintained constant until the temperature difference 
between the specimens and the outer container vanishes. The furnace 
is then allowed to cool. 

Measurements of Tj — T a , T 2 — T a , T a are taken against time. (See 
fig. 4). T a is measured every 10 minutes, (T 2 — T a ) every 8 minutes, 
and (T a — T a ) every 8 minutes, until T! approaches the critical tem¬ 
perature T„, when readings of T t — T a are taken every minute. 

The e.m.f. of the thermocouple registering T a is determined by the 
usual potentiometric methods. The e.m.fs. corresponding to (T x — T s ) 
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and (T a — T s ) are very small and readings are required every minute 
or so, consequently potentiometric methods are not suitable. A con¬ 
venient way of measuring (T x — T 3 ) and (T 2 — T 3 ) is by using a portable 
mirror galvanometer with a very small period. Nickel nichrome elements 
having an e.m.f. of 40 x 10 6 volts per °C are used as difference couples. 

Copper is chosen as a standard material for the following reasons; 
it has no change points from room temperature to 600° C, and its specific 
heat changes only slowly with temperature. 

Care must be taken in the choice and use of the difference thermo¬ 
couples. The junctions of the two couples forming the difference 
couple were made from ends of wire which were adjacent in the reel. 
After welding, the couples were never used above 600° C or subject to 

Purnaae 


■VWWWWW 



any mechanical strain. Calibration curves on couples treated in this 
way were taken inside a large copper block, weighing about 15 lb. the 
junctions being held inside the block and maintained within 2 mm of 
each other. It was assumed that the true temperature difference between 
the junctions was zero in such circumstances. These curves showed 
that the e.m.fs. of the couples were different by as much as 3 parts in 
5000; on the other hand the difference in the e.m.fs. did not change 
by more than 30% over the course of six experiments. By using calibra¬ 
tion curves it is thus possible to measure a temperature difference of 
5° C to about 1%. 

Experimental Results. —Figs. 5 a and 5 b show the temperature difference 
curves plotted against time for the silver-zinc alloy and for the brass 
alloy. These curves together with the cooling curve for the copper 
block were used to derive the curves already discussed as figs. 1, 2 and 3. 




Time in Mtot/fes 

{ a ) Alloy (*-brass, 48*2% Zn 



(b) Alloy silver-zinc (Ag. Zn) 

Fig. 5— Double differential method cooling curve 


For an alloy exhibiting latent heat at T x = T 0 the slope of the 
temperature difference curve becomes equal, but opposite to the slope 
of the cooling curve of the copper block; cf. fig. 5 a where the dotted 
line is the curve of - T a against 
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In the brass sample, cf. fig. 5 b, the specimen never stops cooling, the 
minimum cooling rate obtained being about 60% of the cooling rate of 
the outer container. This corresponds to the maximum change obtained 
from the inverse-rate curve, cf. fig. 2 b. Using (2) the inverse-rate 
curve gives a relative increase of about 60% in the specific heat. 


Determination of the Approximate Specific Heat Curves 


Under steady cooling conditions we assume that (3) and (4) hold, 
for the specimen: 

MiSi ^ - K, f x (Tj) (T, - T s ), (3) 

for the copper sample: 

= K(T.) (Tj. - T 3 ), (4) 

Tj, T 2 and T a in these equations are really the average temperatures of 
the bodies concerned, so that, for the above equations to be used, the 
temperature gradients across the samples must be small. Assuming that 
we have a specific heat of 0 -2, a cooling rate of 1° C per minute, and a 
conductivity of 0-25 cals/cm/degree/sec then the temperature difference 
in the specimen will be less than 01° C. The cross-section of the outer 
copper block is made large to deal with any slight temperature difference 
from end to end and the position of the difference couples is also chosen to 
minimize this effect. 

If the emissivities of the samples are equal 

K*/i (T) - K 2 U (T). 

The change in / (T) over the temperature interval of a few degrees 
Centigrade corresponding to the difference (T t — T 2 ) will be quite small, 
so that 

Kj/i (T x ) - K,/ a (T 2 ) 


In terms of the quantities actually measured this becomes 


Mi^i _ T x 

KTaSji T7 


(T 2 -T 8 ) + ^-3 
<T, - t 3 ) + 
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T _x 

Now —i-is given directly by djd a the ratio of the deflections of 

T» 1 3 

the galvanometer. The expression inside the brackets is unity except 
in the immediate vicinity of the critical temperature. Apart from the 
simplification in the arithmetic brought about by this fact, it also means 
that the resistance of the thermocouple and leads need only be known with 
any degree of accuracy in the neighbourhood of the critical temperature. 
(Galvanometers of the required sensitivity and period have a fairly low 
resistance, say 40 ohms.) 

Limitations of the Method —Whilst passing through the critical tem¬ 
perature, continuous readings of T a cannot be taken even if such a direct 
reading of T 3 would give dTfdt accurately. It is assumed that T 3 
changes with t along a smooth curve, which is only true if the heat 
evolved does not affect dT a dt appreciably. The copper sample enables 
this point to be checked as any change in dT a jdt affects (T* — T s ), e.g., 
for the silver-zinc alloy there is a minimum in (T 2 — T s ) at the critical 
temperature, see fig. 5 a. For transformations of the Bragg-Williams 
type, however, the experimental arrangement described is free from this 
effect, since the extra heat evolved is relatively so small. 

We have discovered no method of ensuring that the specimen and 
copper sample have the same emissivity at all temperatures. Coating 
with special materials such as lamp black or alundum is not sufficient. 
Possibly if the two samples were nickel plated and the whole experiment 
carried out in vacuo this difficulty would be eliminated. We have, 
however, developed an absolute method for measuring specific heat, to 
be discussed later in this publication, which shows considerable promise 
and is free from the difficulties connected with emissivity. Consequently 
the above method is recommended as an alternative cooling curve 
method and not as a method for determining absolutely the specific heat. 
Over small temperature intervals the relative change in specific heat is 
given with reasonable accuracy and consequently the method is of 
considerable use in determining the change in specific heat around the 
critical temperature. 

Heating curves can be taken using the same apparatus, e.g., fig. 7. 
Care must be taken to keep the heating rate constant, otherwise changes, 
in the difference temperature brought about by changes in heating rate 
mask the changes due to transformations. When the transformation 
evolves a relatively large amount of heat, as for example in (3-brass, 
and the specimen has a relatively high thermal conductivity, the change 
in (Tx — T s ) brought about by a change in dl^jdt is rapidly compensated 
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by a corresponding change in (T a — T 3 ). For very weak transformations 
similar to the magnetic ones in iron-aluminium alloys—mentioned later 
—heating curves are not very informative. 

Results — Brass —Values for the ratio M 1 5 1 /M 2 j !! calculated as 
described from fig. 5 b and the cooling curve of the container are given 
in fig. 6. This ratio rises slowly to about 470° C, rises very rapidly to 
a maximum at 462° C, decreases rapidly to 400° C, and then continues 
to decrease slowly right down to 300° C. There can be no doubt that 
the transformation continues down to this temperature. A comparison 
of fig. 6 with fig. 2 b shows that the inverse-rate curve gives definitely 
misleading information regarding the extent of the transformation. 
Fig. 3 b, the differential curve, gives a result which is not so sharp as 


• 5 ) 


/ 

6*0 600 *00 300 

-- Temperature ‘C 

Fig. 6—Transformation in brass alloy 

the actual one and it does not give any precise value for the temperature 
at which the transformation is a maximum. Figs. 1 b, 2 b, 3 b and 6 
are obtained by calculation from the experimental curves shown in fig. 5 b 
together with the cooling curves of the copper block, i.e., they are all 
different ways of depicting the same identical experiment In the 
ordinary course figs. 1 b, 2 b and 3 b would have been obtained directly. 
The incorporation of the cooling curve of the copper block in the manner 
described enables fig. 6 to be obtained which gives a much more repre¬ 
sentative description of the transformation than any of the curves figs. 1 b, 
2 b or 3 b. It should be mentioned that fig. 6 must represent an account 
of the transformation which is not so sharp as the actual transformation 
due to the presence of a small temperature gradient in the specimen. 

Fig. 7 shows two specific heat curves for the alloy containing 48-2% 
Zn, one taken on heating, and one on cooling; they are corrected for 
temperature error in the difference couples, and for the change in specific 
heat of copper. The general similarity of the heating curves and cooling 
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curves is very striking and shows that the specific heat-temperature curve 
is practically reversible at the rates of heating and cooling employed. 
We have determined the approximate specific heat curves from six heating 
curves and six cooling curves on the brass sample and the maximum 
in the specific heat curve always occurs at the same temperature, viz., 
461° C to within ± 2° C. 



300 400 600 

TOmporaturo 'C 



Fig. 7—Alloy, 48-2% Zn; («) Specific heat ; heating rate, 1 -5° C/min. 
heat; cooling rate, 1 3° C/min 


(6) Specific 


The experiments were carried out at different heating and cooling 
rates. If the usual differential curve is plotted for each of these twelve 
experiments an interesting fact arises; the six curves for heating show 
the maximum temperature difference at 461 ± 2° C, irrespective of the 
heating rate which varied from 4° C/min to 1 -6° C min. For the curves 
obtained from the cooling experiments the temperature at which the 
maximum temperature difference occurs depends on the cooling rate 
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and varies from 448° C at a cooling rate of 1-2° C min to 456° C at 
0-5° C/min. This difference between heating and cooling curves is not 
due to any peculiar change in the character of the transformation, but 
is produced by the experimental method used in obtaining the curves 
and arises owing to the fact that the specific heat-temperature curve is 
not symmetrical about the temperature of maximum specific heat. 

One pertinent question arises : What shall be defined as the critical 
temperature for this transformation, the temperature at which the specific 
heat begins to rise—which is fairly indefinite say 470-480° C -or the 
temperature at which the specific heat is a maximum, say 462° C ? 



Fia. 8—Temperature difference curves for aluminium-iron alloy containing I5 -4%AI; 
0 03% .Si, 0 03% C 


Haughton and Griffiths* have investigated the change in resistivity 
with temperature for various brass alloys in the fi-range and, on the 
experimental data obtained, they give the commencement of the trans¬ 
formation as 462° C for an alloy containing 48% zinc. This corresponds 
to the temperature at which the specific heat is a maximum. 

Iron-Aluminium Alloys —Fig. 8 shows the experimental curves and 
the approximate specific heat curve obtained by the double differential 
* ‘ J. Inst. Met.,’ vol. 34, p. 235 (1925). 


2 F 2 
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method derived for an alloy containing 15-4% A1 in iron. One trans¬ 
formation takes place at a maximum at 545° C. This is believed to be 
a transformation similar to that occurring in [3-brass. We would, 
however, draw attention to the point marked A. The copper difference 
curve is devoid of any such excrescence. Further work has proved 
conclusively that this is the Curie point of this particular alloy. 

Refer now to fig. 9, a similar set of curves obtained on an alloy con¬ 
taining 13-4% Al, and consider the temperature difference curve. This 
can be divided roughly into 7 parts, A-B where the alloy gets into a 
more or less steady cooling condition, B-C where the specific heat is 



obviously increasing, from C-D it decreases, D-E the specific heat rises 
again, to maximum at E, E-F where it decreases again, a rise from F-G 
and then a gradual fall from G to lower temperatures, cf. the specific 
heat curve marked SS CU , which is calculated from the temperature difference 
curves. The copper difference curve shows nothing peculiar and we 
were able to repeat the results exactly. Further investigation, see fig. 9, 
shows that at B the alloy becomes magnetic on cooling, at C it begins 
to lose its magnetism, at F it again becomes magnetic. We have reason 
to believe also that a transition due to the ordering of the solid solution 
takes place in the range from D onwards and its maximum effect on the 
specific heat occurs about E. This alloy, which consists of a single 







Thermal Changes in a Solid Solution 437 

solid solution (a) from the melting point to room temperature, is unique 
since it possesses two Curie points: one corresponds to the change from 
the paramagnetic to the ferromagnetic state for the disordered alloy, 
and occurs at the higher temperature from 600° C-570° C, and the other, 
starting at 490° C, corresponds to the same change for the partially ordered 
alloy (cf. fig. 10). It appears that the beginning of the ordering process 
disturbs the chains of iron atoms forming the molecular magnets in the 
disordered alloy sufficiently to make it non-magnetic again. 



Fio. 10—Permeability-temperature curve for iron alloy containing 13 -4% aluminium 

If the magnitude of these transformations be compared with the 
transformation in (3-brass, it will become clear that the method is 
particularly sensitive and reliable for this type of work. 

Method for the Determination of Specific Heat 

The preceding experimental work had yielded a simple experimental 
arrangement capable of differentiating between different types of trans¬ 
formation, and which can be used to get a general idea of the type and 
trend of any transformation. The next step was to develop a simple 
method for the determination of specific heat. For the type of investiga¬ 
tion in mind any method involving quenching was barred, as many of 
the interesting transformations are partially or entirely prevented by 
quenching. It was also desirable that the specific heat could be measured 
a$ the temperature was continuously varied. 
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Such a set of experimental desiderata obviously involve some method 
which eliminates difficulties due to change in emissivity. 

Principle of Method —Suppose we have a specimen A completely enclosed 
inside a copper block B, see fig. 11 a , and that we heat B at a uniform rate 
by means of a furnace. Let us assume further that the dimensions of 
B are such that at the heating rates employed the temperature difference 
in B is small compared with 1° C. Let the temperature of B be T a at 


ll' 



(a) Specific heat apparatus 

Fig. 11 

time t. The specimen A, mass M x specific heat s u will heat due to 
radiation and convection from B, and will follow some curve Tjf, see 
fig. 11 b. Suppose that at time t x we supply to A a quantity of heat Q 
by means of a coil C, 

Q 

then its rate of rise in temperature cTIfdt will be greater than dT 2 /dt 
and the curve T x t will cut the curve T 2 *. When T x is greater than T a 
we may make 

Q < Mi s x , 

and T x will then become less than T a . In short, by suitable manipulation 
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of 0 we can make the curves 1\t and l z t cross and recross at a very 
small angle. 

When T\ = T a there is no transfer of heat and emissivity corrections 
vanish. 

Apparatus —Fig. 11 a shows the experimental arrangement including 
the main dimensions. The heat is supplied by means of a coil C, which 
consists of nichrome wire 0 020 in. in diameter, with a developed length 
of about 30 cm. The coil is brazed into two thicker (0-035 in. diameter) 
copper leads, LL', which are insulated from the lid of the specimen and 
the copper container by means of a small twin bore refractory tube, 
R. This tube is cemented into the lid of the crucible at O, using the 
countersunk hole in the lid to hold the cement. The copper leads have 
a very small resistance per cm compared with the resistance of the coil. 
Consequently, the error in measuring the voltage outside the copper 
container by voltmeter leads, VV', instead of actually at the brazed joint, 
is very small, i.e., \%. This error can be estimated accurately so that 
any final error is negligible. The fixing of the voltmeter leads in this 
particular place reduces conduction losses and the size of the refractory 
tube. The lid, D, and top of the crucible which together form the 
specimen are ground flat using fine abrasive so that a good “ thermal ” 
joint, J, is made when the two are screwed together. The specimen 
is supported inside the outer copper container by means of three small 
heat insulating supports of silica, SS'. 

Experimental Method —The whole arrangement shown in fig. 11 is 
assembled in a well lagged furnace and heated at a uniform rate of about 
1 • 5° C per minute. During the preliminary stages, whilst the furnace 
conditions are becoming steady, the power input to the coil is varied 
at frequent intervals so that the temperature difference between specimen 
and container is quite small, of the order of I ° C. Once steady heating 
conditions for the container have been reached the power input is adjusted 
so that the rate of change of temperature difference between specimen and 

container ~ (T x — T.) is about 0-1° C per minute. If T x is less thanT a , 
at 

£(Tj — T a ) is made positive; if T x is greater than T a , (T x — T a ) is 
made negative. 

T x — T a is observed against time over the range fromT x — T a = 0 • 5° C 
to T x - T a = - 0 -5° C and ^ (T x - T a ) is obtained for T x = T a . A 
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differential thermocouple is used for this in conjunction with a mirror 
galvanometer. 

Also readings of T 2 against time are taken every five minutes, using 
a nickel nichrome thermocouple and a potentiometer. The power input 
is measured using a calibrated ammeter and voltmeter. 

If Tj — T 2 at t = tp, 

then from measurements of the difference e.m.f. 

j^(Ti - T 2 ),_,„ is known. 

From the curve T 2 against t () can be obtained, and 

' at /tszt. 

_ 0-24 V. xA. 

s i — . — .“J* 

J 

Measurement of specific heat is made when ^ (T, — T a ) is negative 

at 

and positive alternately. Errors due to heat transfer are in opposite 
directions in the two cases. 

The temperature of the specimen is always held within 0-5° C of the 
temperature of the container even when readings are not being taken. 
This minimizes temperature gradients in the specimen and reduces heat 
transfer along the refractory supports, thermocouple leads, etc. 

A complete specific heat determination takes from 10 to 20 minutes 
so that values can be obtained at intervals of from 15-30° C. These 
represent the conditions we have used; they can obviously be modified 
by suitable choice of dT t /dt, i.e., the smaller dl^dt the larger the number 
of possible determinations. In order to get the specific heat at the 
critical temperature (T 2 — T*) is arranged to be positive just below the 
critical temperature, and the power input necessary to cause T 2 to increase 
to a value greater than T 2 is left on. The increase in specific heat causes 

Jr (T x — Tj) to become negative. In this way difficulties due to thermal 

lag in the coil are eliminated (see later). A little practice enables the 
specific heat to be measured to within 1° C of the critical temperature, 
at any rate for the brass transformation. 

Results —Fig. 12a shows the experimental points (crosses) in the 
determination of the specific heat of copper. The line drawn on the 
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figure xs that given by Wiist* for copper. He carried out his deter¬ 
minations using a vacuum calorimeter, a combination of a vacuum 
furnace and a Bunsen’s ice calorimeter. In this method, which we 
understand is standard apparatus for this type of work, and which was 
•developed by Oberhoffer, the total heat content is measured. We 
reproduce Wiist's results in Table I. 


Table I— Specific Heat of Copper—Wust 

Heat Content Specific Heat 


Temp °C 


Cal/gm 

Mean 

True 


Obs 

Calc 

Calc 

Calc 

100 

10-00 

10-11 

0-1011 

0*1014 

200 

20-20 

20-28 

0-1014 

0*1020 

300 

30 45 

30-51 

0*1017 

0*1026 

400 

41 05 

40-80 

0-1020 

0*1032 

500 

52*62 

51 • 16 

0-1023 

0*1038 

600 

62-57 

61 #57 

0-1026 

0*1045 

700 

70-97 

72-05 

0*1029 

0*1051 



Fio. 1 2a —Specific heat-temperature curve. Copper (electrolytic). ©, Wust observed, 
x, Sykes observed 


In the second vertical column the figures refer to the heat content in 
•calories per gram, released between the temperature given in the first 
column and 0° C. We assume that the values in the third column are 
obtained from a curve of heat content against temperature, plotted from 
the experimental results. Wust has assumed that the specific heat 
changes linearly with temperature, cf. vertical columns 3, 4 and 5, and 
drawn the best curve through the experimental points. The values given 
for specific heat, in column 4, the mean specific heat, and in column 5, 
the true specific heat, must therefore be in good agreement as the experi¬ 
mental error is smoothed out before the specific heat is calculated. 

We may, however, determine the true specific heat in the following 
way from the observed data of Wiist. Assume that the specific heat 


♦ ‘ Int. Crit. Tables,’ vol. 5, p. 93. 
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varies linearly with temperature between determinations of heat content,* 

T IT 

then the true specific heat at —- is given by 

the heat content at T 2 — heat content at T x . 

T — T - 

In this way we have obtained Table II of true specific heat against 
temperature. 

Table II 

Temperature n C .... 50 150 250 350 450 550 650 

Specificheat . 0 100 0 102 0 1025 0 106 0 1157 0 0995 0 0840 

These results, in our opinion, give an idea of the true accuracy of 
the above method and should be compared with the results in Table III, 
which are by the method described in this paper. Wiist’s experimental 
points are shown in fig. 12 a. 


Table III 

Temperature ° C. 96 159 185 235 246 269 301 323 350 

Specificheat .0 0995 O'100 0 101 0 100 0 101 0 101 0 102 0 103 0 103- 

Temperature °C .... 375 407 451 476 507 525 546 561 

Specificheat . 0 102 0 102 0 103 0 105 0 104 0 106 0 105 0 10S 


It seems reasonable to claim that the accuracy of this method is at 
any rate as good as that of the method used by Wiist. In the deter¬ 
mination by the ice calorimeter method of specific heat-temperature 
curves similar to that given in fig. 12 b, a large number of heat-content 
measurements over a small temperature range are necessary and the 
possible error in specific heat becomes larger. In such cases the method 
described offers obvious advantages. 

In fig. 12 b are shown two sets of results obtained on a sample of 
brass containing 49-05% Zn. The variation from the curve is about 
2 %. 

The shape of the curve in fig. 12 b agrees very well with the shape of 
that obtained by the first method except at the critical temperature. 
The change in specific heat at the critical temperature in fig. 12 b is much 
greater than that obtained by the double differential cooling curve 
method; part of this is due to the fact that the samples had not the 
same zinc content; i.e., the amount of order possible in a 49-05% Zn 
alldy is greater than that possible in a 48 -2% Zn alloy. The temperature 

* WUst makes this assumption (c/. columns 3 and 5 in Table I). 
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gradient in the specimen in the double-differential cooling curve method 
is much larger than in the second method. This will affect the sharpness 
of the maxima around the critical point. 

The general shape of the specific heat-temperature curve suggests 
that the contribution made to the specific heat by the atomic rearrange¬ 
ment continues down to quite low temperatures, probably as low as 
160° C. Theoretically this contribution would be expected to stop 
only when the temperature is so low that no movement of the atoms is 
possible, /.f\, when the alloy is frozen. 



Temperature *C. 

Fig. Mb— Specific heat of £}-brass, 49 06% Zn 


Discussion 

There are several reasons why the simple method described gives 
results comparable in accuracy with the ice calorimeter method. It 
has already been pointed out that errors due to emissivity and heat 
transfer losses must be very small purely as a result of the experimental 
method and arrangement. The question naturally arises as to the time 
required for the coil to get into a steady state after the power input is 
changed. We have found it difficult to calculate exactly the time constant 
of the coil, since the temperature of the surroundings is changing, i.e., 
it increases at 1-5 0 C per minute. However, the following argument 
shows that any error involved in assuming that the time constant is 
negligible must be small. Assume that the temperature of the specimen 
does not change but remains at, say, 600° K. Then, with an input o 
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6 watts to the coil, the final temperature, assuming that the heat loss 
is entirely due to radiation, would be 948° K. Calculation shows that 
after 23 seconds the temperature of the coil is within 0 -1° C of this final 
value and the heat radiated is 99-97% of the heat input. The time 
constant at this stage is 2-67 seconds. In the experiment the power 

input is changed by about one watt only to get the change in (T x — T^. 

Since about 5-10 minutes elapse before the two temperatures cross after 
a change in power input, it is clear that any error due to the difference 
in the rates of heating of the coil and the specimen is negligible. More¬ 
over, this error decreases with the temperature. 

We merely have to make a correction for the thermal capacity of the 
coil and the refractory tube; where the specific heat changes rapidly it 
will be necessary to make a separate correction for each determination 
corresponding to a definite temperature. With copper, where the 
specific heat is practically constant, the correction for the thermal 
capacity of coil and tube is about 1-3%, the weight being 0*8% the 
weight of the specimen. 

The two chief experimental errors are likely to occur in the deter¬ 
mination of 

a " d ~W' 

The chief difficulty, mentioned already in this paper, is to know when 
Tj = T a . We have used a differential thermocouple which had been 
calibrated previously, and any error due to lack of knowledge of the 
true zero will be less than 0 -1° C. The temperature difference between 
specimen and container corresponding to a heating or cooling rate of 
1 *5° C per minute decreases with increasing temperature to about 7° C 
at 600° C (when the specific heat of the specimen is 0-1 approximately), 
so that a possible error of about 1 • 5% might arise here. This error could 
be reduced if the apparatus were evacuated. This is an absolute error 

and is in the same direction whether (T x — T 8 ) is negative or positive. 

It is possible that rare metal couples might give a higher absolute 
accuracy than the nickel nichrome couples. 

In the experimental arrangement described it is not easy in practice 
to keep dljdt absolutely constant due to supply variations, etc. This 
would be much easier if the control of dT 2 /dt were made on a thermo¬ 
couple near to the furnace coil with several radiation screens between 
specimen and furnace tube, as any variation would be smoothed out 
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before reaching the specimen. The effect of variation in dT 2 ldt on the 
specific heat is difficult to assess. 

It may be necessary to use smaller heating rates with substances of 
poor thermal conductivity. 

The method appears to offer sufficient promise to warrant these further 
modifications. 

I gratefully acknowledge the able assistance of Mr. H. Evans, in 
connection with the experimental work described in this paper. 

To Mr. A. P. M. Fleming, C.B.E., Director-Manager, Research and 
Education Departments of the Metropolitan-Vickers Electrical Co., Ltd., 
my thanks are due for his kindness in making available the necessary 
facilities for the experimental work and also for permission to publish 
this paper. 

Finally, I am much indebted to Professor W. L. Bragg, F.R.S., of the 
University of Manchester, for his kindly interest throughout the 
investigation. 


Appendix 

Preparation of Alloys —The brass alloys used in these experiments 
were made from electrolytic copper and distilled zinc. The latter metal 
had the following impurities :— 

Iron . 0-003% 

Lead . 0-002% 

Cadmium . 0-001% 

The alloys were melted in graphite crucibles under hydrogen, cast 
into small ingots, soaked at 800° C for one hour and quenched in iced 
brine. They were then sealed into evacuated pyrex glass containers 
and annealed for 500 hours at 500° C. After this treatment they were 
machined and analysed. Microscopic investigation revealed no traces 
of a-solid solution. 

The iron aluminium alloys were prepared from Swedish iron and a 
specially pure aluminium containing 99 -9% aluminium. 

The raw materials were melted in 20 lb lots in a high frequency vacuum 
furnace in vacuo. When the alloy was molten the pressure was less 
than 5 x 10~* mm as measured by a Pirani Gauge. It was then cast 
into a water-cooled steel mould in vacuo. The ingots so produced were 
soaked for six hours at 1200° C, formed to l£ in. round and again soaked 
for six hours. Specimens were machined from the forged bars, and given 
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a final heat treatment consisting of six hours at 1050° C and cooling to 
room temperature over 50 hours. 

Summary 

A consideration of the standard cooling curve methods shows that 
such methods are likely to give unreliable results when applied to trans¬ 
formations consisting of atomic rearrangement in a homogeneous solid 
solution. A modified cooling curve method is described which is more 
reliable than the usual methods. 

In order to determine quantitatively the heat involved in such trans¬ 
formations a specific heat-temperature curve is required, and a new 
experimental method for obtaining such curves is described. 

These two methods have been used to investigate the transformations 
occurring in fi-brass and iron-aluminium alloys, with interesting results. 


Application of the Wilson Chamber to the Study of 

Spark Discharge 

By U. Nakaya, D.Sc., Professor of Experimental Physics, and F. 
Yamasaki, Lecturer in Physics, Faculty of Science, Hokkaido 
Imperial University, Sapporo, Japan 

(Communicated by C. T. R. Wilson, F.R.S.—Received October 1, 1934) 

[Plates 13 16] 

1 Introduction 

The usual methods of investigating the problems related to the 
phenomenon of spark discharge may be classified into two kinds. The 
first is to measure the potential and current or their variations with 
respect to time, which may be called “ electrical.” By this means 
we know only the signals transmitted from the spark. The second 
method is optical, to which belong the photographic and spectrographic 
investigations as well as the method using a Kerr cell. These methods 
give us information on the spark itself, but they are confined to the 
problems accompanied with the emission of light. For observing a 
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process of d ischarge that does not accompany any luminous phenomenon, 
the use of Professor Wilson’s cloud chamber seems to be the only method 
suitable for the purpose at our present stage of knowledge. As a matter 
of fact, already in 1899 Wilson,* * * § using an expansion chamber of the 
earlier type, had investigated the formation of ion clouds by the positive 
and negative point discharges. Since then no communication seems to 
have been published on the formation of ion clouds by an electrical 
break-down process until recently, when the present authorsf and Snoddy 
and Bradley^ published independently the reports of their experiments 
on this subject. 

Several years ago one of the present authors, under the direction of 
Professor T. Terada, engaged in a study concerning the form and structure 
of long electric sparks. He then succeeded, using a quartz-fluorite 
lens, in taking a photograph of the brush discharges immediately pre¬ 
ceding the main spark.§ This preceding discharge is rich in ultra¬ 
violet light, and more complicated and extended in its form than the 
succeeding main spark, appearing as appendages to the luminous spark 
track. This result led him to look for the other form of discharge which 
cannot be photographed even with the quartz-fluorite lens. Then, on 
the suggestion of Professor T. Terada, he tried to take a Wilson photo¬ 
graph of ions produced by a spark, but did not succeed in obtaining a 
satisfactory one. Later on, in the course of conversation with Professor 
Wilson at Cambridge he was given a great deal of advice on this problem 
and decided to take up this subject again. 

2- First Series of Experiments 

As the first series of experiments, we tried to study the formation and 
distribution of ions produced at the initial stages of spark formation 
in a gap of heterogeneous field intensity. It is important to keep the 
ions in the position where they were produced, avoiding a disturbance 
from electric wind. For this purpose we applied a voltage impulse of 
very short duration to the gap electrodes. A surge was sent from an 
ordinary impulse generator to the electrodes enclosed in the chamber, 
and the connection of the circuit was chosen so that its front was cut 
down by a spark discharge through a secondary gap / inserted parallel 

* ‘ Phil. Trans.,’ A, vol. 192, p. 439 (1899). 

t ‘ Kwagaku, Tokyo,’ vol. 4, p. 2 (1934). A preliminary report in Japanese. 

t ‘ Phys. Rev.,’ vol. 45, p. 432 (1934). 

§ Terada, Nakaya, and Yamamoto, ‘ Sci. Pap. Inst. phys. chem. Res., Tokyo,’ 
vol. 8 (1928); vol. 16(1931). 
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to the electrodes. The electrical system is shown in fig. 1, which is; 
similar to that used by Torok* and others for taking a photograph of a 
suppressed spark. As the high voltage source a Wommelsdorf’s influence 
machine was used. By varying / we could see the successive stages of 
formation of ions in the preliminary stage of a spark. In order to avoid 
a long time lag at gap /, the electrode surface was polished with dean 
emery paper of the finest quality every time just before sending the surge- 
This series of experiments was carried out with nickel electrodes 1-7 mm 
in diameter and rounded to hemispherical shape at the ends, gap distance 
being kept at 2 0 cm. The chamber was 15 cm in diameter and 6 cm 
in depth, into which the electrodes above mentioned were inserted through 
two quartz tubes for the purpose of insulation. For the expansion the 



Fig. 1 

original vacuum method was used. The voltage impulse was sent just 
after the expansion of the chamber was completed, and an illuminating 
spark was passed a few hundredths of a second after the impulse was. 
applied, the synchronization being done by a pendulum. This pendulum 
is made of a bakelite rod 120 cm in length, and it works so that it first 
operates a magnet to start the expansion chamber, opens the switch S t , 
cuts off the potential applied to the ceiling of the chamber, short circuits 
the gap switch L x for sending the impulse, and, lastly, short circuits 
another gap switch L s for illumination, fig. 1. 

The gap consists of two brass spheres 3 cm in diameter. Two brass 
balls of the same diameter as the gap sphere are attached to the pendulum 
and the positions of the gaps relative to the pendulum are adjusted so 
that these balls pass just through the middle of the gap. All switches 
and gaps were mounted on a bench and their relative positions were 
adjusted by trial to give the best result. The time interval between the 
application of the impulse and the illumination was determined by taking 

* ‘ Trans. Quart. Amer. Inst. Elect. Engrs.,’ vol. 47, p. 349 (1928). 
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a photograph of the sparks at L x and L 2 on a rotating film. As the 
illumination source an explosive discharge through mercury vapour 
was used. Photographs thus obtained are shown in figs. 2-7, Plate 13. 

When the gap distance / is short ho ion cloud is observed in the gap 
space, but after increasing / to 0-3 cm, an ion cloud begins to appear 
from the negative electrode. It is spindle-shaped and appears to be 
extended from a sharp point on the electrode surface. Usually it is 
uniform in appearance, showing no marked structure or texture. After 
further increasing / to 0-5 cm, still no cloud is observed near the positive 
electrode and the negative ion cloud remains almost the same in form 
and magnitude as when / -- 0-3 cm. The negative ion cloud for / 0■ 5 

cm is shown in fig. 2, Plate 13. The positive ion cloud begins to extend 
from the electrode with higher voltage, say / 0-7 cm. It consists of 

a bundle of streamers, which are lengthened with increasing voltage. 
These streamers are usually non-branched when they are short, but begin 
to take a branched form when they grow longer, in form resembling a 
positive Licfttenberg’s figure. Well-developed states of these ion clouds 
are shown in figs. 3 and 4, Plate 13, which correspond to / — 1 0 cm and 
1-2 cm respectively. When the discharge develops to these states, 
brushes of bluish violet colour are observed in darkness by the naked 
eye, but they are too weak in luminosity to be photographed. In this 
series of experiments all these clouds looked as if they had been blown 
aside in a direction perpendicular to the gap line. In some this effect 
is very marked; a typical example is shown in fig. 5, Plate 13. This effect 
was found to be due to the potential difference between the wall of the 
chamber and the electrodes after the impulse was applied. When using 
an influence machine without connecting one side to the earth, the potential 
distribution of the two electrodes is not symmetrical and the surge circuit 
can be at a higher or lower potential than the surrounding earth just 
after the discharge. The distribution of the lines of force due to this 
potential difference is shown qualitatively in fig. 8. Ions produced by 
the impulsive discharge are drifted along this line of force before the 
illuminating spark is passed. Comparing figs. 5 and 8, we can see clearly 
the correspondence of form. Adjusting the time interval between the 
impulse and illumination to a very short period, say one-thousandth of 
a second, we could avoid this disturbance to a tolerable extent; it could 
be almost completely avoided by connecting the surge circuit to earth 
through a water resistance. Two examples of the photographs obtained 
in this condition are reproduced in figs. 6 and 7, Plate 13, which show that 
they are free from this disturbing effect. In fig. 7 we can see the typical 
positive streamers of a well-branched form. It is a matter of interest 
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that some of these streamers appear to start not from the electrode 
surface but from points in the gap space. These detached streamers are 
not rare, being noticed in small numbers in almost any photograph for 
larger /. 

3—Second Series of Experiments 

The second series of experiments was carried out with a gap of a 
needle electrode and an earthed plate, in order to see clearly the difference 
between the positive and negative clouds. The electrodes consisted of 
a pointed nickel wire 1 -7 mm in diameter and a nickel plate 2-0 x 3-0 
cm 2 in dimensions, the sharp edge of which was ground round in order 



to lessen the brush discharge from the plate. The gap distance was kept 
at 1-5 cm throughout the experiment. The electrical connection for 
sending the voltage impulse was altered to that shown in fig. 9. In this 
figure, R 4 was not normally used but was introduced when we wanted to 
flatten the surge front. Some improvements were attempted in the 
mechanism of expanding the chamber; a sudden connection of the base 
of chamber to vacuum was made by a system of trigger and springs,* 
which is similar to that often used in recent researches on cosmic rays by 
the cloud chamber, instead of using a falling ball as the original 
vacuum method. Thus we could make the time interval between 
switching in and completion of the expansion shorter and more definite, 
as the residual effect of the relay magnets played a not important role in 

* We are indebted to Professor Nishina for the construction of this mechanism, 
to whom our thanks are due. 
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this mechanism. Typical photographs of the negative and positive 
clouds are reproduced in figs. 10 a-c and 11 a-c. 

Figs. 10 a-c, Plate 14, show the negative ion clouds for / = 5-7 and 
9 mm respectively ; that is, the three stages of development of the dis¬ 
charge from the negative electrode. The negative cloud is usually of a 
diffuse character and forms a thick spindle as seen in b, but is sometimes 
divided into a few thin spindles still diffuse in character, fig. 10 a. It is 
not always that a thick spindle appears for larger I and a bundle of thin 
spindles for smaller /, and the conditions for determining these different 
types of clouds are not yet clarified. The sharp tracks appearing on the 
surface of the needle electrode wire seem to be positive tracks resulting 
from an electrical oscillation of the circuit excited by a spark at the 
gap l 

The characteristics of the positive cloud are seen clearly in figs. 11 a-c, 
Plate 15, which show the stages of development of the streamers on 
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increasing the applied voltage of the impulse. The streamer or canal 
of ionization is of fair width, but the boundary is very sharply defined, 
terminating in a pointed end. Most of these streamers are branched 
and show the characteristics of the positive figure obtained on a photo¬ 
graphic plate. In the last stage when 1 = 9 mm, brushes of faint 
luminosity are observed by the naked eye, but the potential is not yet 
sufficient for sparking over. Increasing / still further, a bright spark 
passes the gap in the chamber and a dense fog appears. 

The form of these clouds is not always reproducible. Sometimes the 
streamers become very thin and sharply defined, when they tend to be 
more sinuous in form; at other times a dense fog of irregular form 
appears. The conditions determining these irregular effects seem to be 
chiefly of an electrical nature, something like a local oscillation of very 
high frequency or a form of the surge front. In order to get some idea of 
the nature of the surge, a box for recording a Lichtenberg’s figure was 
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inserted parallel to the chamber electrodes, as shown by dotted lines in 
fig. 9. These figures showed some electrical oscillations of the circuit, 
being sometimes very marked for both the cases of the positive and nega¬ 
tive discharges. Two examples of these irregular clouds are reproduced 
in figs. 12 a, b, Plate 16. In a a diffuse spindle, which was previously 
specified to be of the nature of the negative cloud, appears in the 
positive discharge, and in b well-branched streamers extend from the 
negative electrode. Lichtenberg's figures corresponding to these photo¬ 
graphs show a marked oscillation of the circuit. There is, however, no 
reason to conclude that these anomalous phenomena are entirely due to 
the oscillation of the circuit. As yvas shown by the experiment of 
Schonland and Allibone,* brushes from a negative electrode can be of 
a branched form in some electrical conditions. It must also be noticed 
that branched streamers sometimes extend from a point near the end 
of the diffuse spindle, as seen in fig. 12 a. Detailed discussions on these 
points will be reserved to a later communication. 

The effect of flattening the surge front was examined by introducing a 
small water resistance R 4 , fig. 9. The ion clouds are deformed to a 
considerable extent, as shown in figs. 13 a , h, Plate 16. It is also an 
interesting phenomenon that very few tracks are seen on the needle 
electrode wire compared with the active cloud in the gap space. 

Experiments are now being continued by using a larger expansion 
chamber and improving the connection of the electrical circuit in order 
to get more definite results, 

In conclusion, the authors wish to express their sincere thanks to Pro¬ 
fessor T. Terada for suggesting this investigation, and to Professor C. T. R. 
Wilson for his kind encouragement and advice. 

Summary 

The authors studied the formation and distribution of ions produced 
at the initial stages of spark formation by the use of the Wilson chamber. 
For keeping the ions in the position where they were produced, a surge 
was sent from an ordinary impulse generator to the electrodes enclosed 
in the chamber, and its front was cut down by a spark discharge through 
a secondary gap / inserted parallel to the electrodes. By varying / we 
could see the successive stages of formation of ions in the preliminary 
stage of a spark. The voltage impulse was sent just after the expansion 
of the chamber was completed and an illuminating spark was passed 

* ‘ Nature,’ vol. 128, p. 794 (1931). 
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a few hundredths of a second after the impulse was applied, the synchro¬ 
nization having been done by a pendulum. The tracks of the ions were 
photographed by this method, and it was found that the ion cloud from 
the negative electrode was spindle shaped and of a diffuse character, 
while that from the positive electrode was composed of thin streamers 
of well defined form. Photographs of ion clouds for various conditions 
were reproduced. 


On the Electromagnetic Fields due to Variable Electric 
Charges and the Intensities of Spectrum Lines according 

to Quantum Theory 

By Colin E. Easthope, M.Sc., University College of Wales, 

Aberystwyth 

(Communicated by G. A. Schott, F.R.S.—Received October 6, 1934) 

1. During 1933 two papers with the above title, the one by Schott* 
and the other by Fock,f were published. 

Schott in his paper criticizes the usual procedure adopted in the 
Quantum Theory for the estimation of the intensities of a spectrum line 
according to the classical formula of Hertz, viz., 2p*/3c 3 , where p is the 
electric moment of the distribution producing the spectrum line, which 
necessarily assumes that the distribution can be concentrated in a dipole 
of the same moment p. In view of this criticism he develops a more 
rigorous method for calculating the electromagnetic fields due to variable 
electric charges. His method is based upon Maxwell’s theory, as repre¬ 
sented by his electromagnetic equations and their solutions in terms of 
the classical retarded potential integrals and no initial assumptions are 
made respecting the spatial extent or the rate of variation of the electric 
distributions considered. 

Schott illustrates his method by considering the special case of the 
radiation emitted by a fixed hydrogen atom with a simple Schrddinger 
distribution, namely, one in which a centrosymmetrical distribution with 
principal quantum number / co-exists with an axiosymmetrical distribution 


* ‘ Proc. Roy. Soc.,’ A, vol. 139, p. 37 (1933). 
t Ibid., vol. 141, p. 550 (1933). 
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with principal quantum number k and azimuthal quantum number 2. 
This case is also the one considered by Fock. 

In this paper 1 intend to consider the dipole radiation emitted by a fixed 
hydrogen-like atom with any axiosymmetrical Schrbdinger distribution, 
completing the proofs given by Schott and Fock respectively, by rigorous 
analysis for the most general distribution of this type in the case of optical 
line spectra. I shall also extend the investigation to the next higher 
approximation which will prove to be of importance for X-ray spectra. 

At a later date I hope to consider these investigations along relativistic 
lines using the relativistic form of the wave equation and Dirac’s treat¬ 
ment of an electron in a central field of force and thus extend them so as 
to include y-radiation. 


2. The wave function corresponding to the coexistence of two axio¬ 
symmetrical distributions in a hydrogen-like atom is of the form 

^ =~ A f (s) P„e ; <-'-v 1 s h> -f Bg (s) P n e i( - ,r v f V, • (1) 

where 

/(.v) e e ’s m W", (2 Is), g ( ?) = e •VLft + 1 (2v)a), (2) 


and l, y] are to be put equal to Z^ak, Z 2 /al respectively later, whilst a 
is the radius of the innermost orbit of Bohr’s hydrogen atom, and Z t 
and Z 2 are the effective nuclear charges for the two distributions and 
differ from the actual nuclear charge Z by the corresponding screening 
constants. These expressions contain an s-factor, .v m or s n , and thus 
differ from the similar expressions used by Fock. 

For dipole radiation we have m — n — ± 1, but for the present it is 
unnecessary to introduce this limitation. 

The variable part of the electric density at time t and at the point 
(^, 6„ 4> f ) is given by 


where 


P == = 2eAB cos (2^t + z)fg P m P B , 


a = l + *1, 


v = v - v - 

8 * h* 


(3) 

(4) 


M being written for the mass of the electron to avoid confusion with the 
serial number m. 

The corresponding electric moment in the direction of the axis of 
symmetry is gi ven by 

'" UI ^ cos 0„ sin 6,40, d<j>, ds 
= 4wAB cos (2ttvf + e) ("j/gr 3 ^ d\i, ds, 


(5) 
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where 

;x„ - cos 6,. 

Let us now calculate the intensities, as far as they are needed for this 
problem, according to each of the two methods—Schott’s method and 
the method of Quantum Theory. 


3—Intensity of Radiation according to Schott’s Method 
This is given by the formula 

R - ~ | j [rdf dco„ (6) 

where 

d<o r - sin 0„ dO r d</> r . (7) 

In order to calculate [rdj we shall need the value of the current C at 
time ? at the element of volume els do, whose radius vector is s. It is 
given by the usual formula 

C grad $ - f grad 4} 

sin (2*vf + e) j (fg‘ - f'g ) F,„P tlSl 

_ fg f p p dP ,„ » • q | /o, 

where si and Sg are unit vectors in the direction of increasing .v and 0 a 
respectively, and a dash denotes differentiation with respect to s. 

Omitting the irrelevant term pri in Schott's expression for d we get 
on substituting for C* 


rd= - 


-— n [ I e iM(l ~ r - r) \/(x sin (2tcvt + e) </t d\x 

4tt v / (2rt) M 

X 2 ft +1 (2 q + l)jjjj, il ((xs)P e (cos y) \{fg' -f'g) P,„P fl Si 


If we denote the unit vectors along our axes of reference fixed in space 
by i, J, k then 

g : = i cos 0, + j sin 0, cos <f> t + k sin 0, sin <f>, ) 

and (10) 

~ ~ i sin 6, 4- J cos 0, cos <f>, + k cos 0, sin <j>, ) 


* Schott, ‘ Proc. Roy. Soc.,’ A, vol. 139, p. 42 (1933), equation (9). 
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P a (COS r) = P,(fO P,(|i r ) + 2 £ P/ (u r ) P/ ((X.) COS pit r - *,) * 

(ID 

In our case q is a real integer, the series is finite and p takes the values 
1 to q. 

On substituting the results of (10) and (11) in equation (9) and integrating 
with respect to <j>„ we obtain 

- heA B r f® ., . , , , 


2V27tM 


j" j e > 7* It- r r) s j n ( 27 TVT -f e) i/(i. 

OD 


X £ > ' (2</ + 1) f J 4 + J ( (JLS) 4*/* 

J“l Jo 


J ji ak'-/'g)P m P„cosO„ 


+7 ( p - SjJ ~ p » ff") si " 2 «.] p , M p « <iO 


+ j lfr'-/'*)PJ\sinO. 


■?( P - ~ P "7^ sin (j « cos 


+ k ifg' - f'g) P m P„ sin 6, 

~ ■? l p ‘ “ p - si " *■ “• "■ 


+ 1 ) 




so that 


*i = i cos 6 f + j Sin 0 r cos <fi r + k sin 0 r sin </> r 


, „ AeAB f* (® _ 

[rd] 2MV2^ J _ J ~ T_r) ^p sin ( 27rVT + «) dx d V- 

x £ 1 (2<sr + 1) [ i t j ([aj )ds f {j sin <f> t ~ kcos <f> r ) 

0 Jo J^L f 

x {(/#' ~f'g) P,„P„ sin 0 r cos 0„ P a ((x r ) P a ((xj 

— cos 0 sin 0 — g i^ ~ ° 1 

fg dP dP r ’ q(9 + 1) 1 

+ s ' P ”‘ lf e ~~ P "17iv) l P< ' p « (P») sin ® °«sin °r 

+ cos 0 r sin 0, cos 0, La^Pr) P V-P>)jj. d^,. (14) 
* Hobson, “ Spherical and Ellipsoidal Harmonics,” p. 43, equation (28). 
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This expression can be considerably shortened by employing the usual 
recurrence formula for Legendre functions. We have 

(2 q + 1) {sin 0 r cos 6, P tt (tv> P a (n,) - cos 0 r sin 0 S 
= sin 0 r I P a (|x r ) [(<7 + 1) P,; , ((xj + <?P„ i ((x,)] 

+ !x r ^ ((x r ) [P, v , , (!x„) - P„ i (fx 8 )] J 

= sin 0 r {^-2 ([x r ) P„. t (tx s ) - ^-i((x r )P,_,((x { )}. (15) 

Also 

(2 q + 1) | P„ (ix r ) P 9 (jx,) sin 0 r sin 3 0, — cos 0, sin 0, cos 0„ 

- sin 6, sin" 0. jp„(i» r ) 


+ \l r 


d P 


1 dPq t 1 2 dP ) 


d[i r \-q+ 1 d[i s </|A, 

0 r sin 2 0, | * + . (16) 

\q + 1 d\i r d\j.„ q dy. r dy., / 

These results when substituted in equation (14) give 


sin 


he AB roo j-® 

[ill] = — — J= - e i»(t-T -r) y/ ^ s j n (27CVT + t) dr d[L 

‘ 2rc J - X J - 00 


2M V2n. 

x s ?+* r^i^ds 

0-0 Jo 

X {(fg'-f'g) j 1 i P m (tx a ) P„ Ox.) P 9+1 (txj rf|x, 

~ , P ’" (l ° P " (|X>) P *" 1 (fA<) rf(X *] 

+f [,-Tl £,( p - - p - (l °© sin ' B * rft ** 

+ ^ 1 ', ( P - W 3 & - p * 

x (j sin 0 r sin <f> r — k sin 0 r cos <f> r ). (17) 


The coefficients of the (fg 1 — fg) term in the bracket expression are 
merely the integrals of the product of three Legendre functions and present 
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no difficulties. Those of the “fg” term are more complicated, but they 
can be simplified by integrating by parts. This gives 



P«(t*,) 


d\h • d[L, 


(1 — fA„ 2 ) d[X, 


==[«(«+ 1) - rn (in + 1)] j p„, ( (a 8 ) p„ ((a„) p, ((A.) d\L,. (18) 

Then 

hp AB r°° r*- —. 

[rd] = — ——— ginU-T-r) y (X s j n (2 uvt ~|~ e) dr d\i 
2M yin 

x £ i q1 1 J #+ , ( (as) s 312 ds 
J ii 

X \(fg' ~ fg) | j' t P„, ((A.) P„ ((A,) P ffhl ((A,) rf(A. 

-^j' P^lA,) P ti ( (Aj) P ® , ( (A a ) 4(A, | 

j‘ i P w ((A, ) P tt (|A,)P g+l(! A.)rf 1 A, 

+ f t p ™ (p«) p « (fO P« 1 (lO d\i s ] 

x (j sin 0 r sin <f> r ~ k sin 0 r cos <f> r ). (19) 

Let 

j 1 P m ( (A,) P„ ((A,) P a ( (A„) d[L, = o m> 4 , (20 i) 

where 

a __2_ 1 3 ... (m + n — q_— 1) 1 -3 ... (m — n + q_-\- 1) 

(m + n + q + 1) 2-9..! (m + n-q) 2-4... (in — n + qj 

x — '• (~ w + » + <7 — 1)2-9 ... (m + n + q) onJn 

2-9... (— m -f n + q) 1 -3 ... (am -j- n + q 1) ’ ^ 

and q has to satisfy the condition 


I m — n j < q < m + n. 
In equation (19) we have two sets of integrals, 


j t P m (tO P n ((A,) P^+i ((A,) d[ A, 

and 

[ P m ( H-i) P*i ( P'l) Pj-1 (t^i) d (A,. 
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Therefore, if in those integrals which contain {q + 1) we replace q by 
(q — 1) and in those that contain (q — 1) we replace q by (q + 1), then 
the limits for q will be the same in both cases and we get on collecting 
together terms involving d’?„ldy r 


[rd] = (k cos <f> r — j sin <f> T ) sin 0 r 
he AB f" r 


f oo fa 

| e'> ( ' 

aOv 1 cc 


\/a sin (2ttvt + e) d~ dy 


2M V2n 

S’" Fa„, j (fg' .A) [J 9 - J ( qs) + 

+ , UA [w + i), (|U) _, J>+i( ^)]} *»<*. 


q(q + 1)5 


( 21 ) 


By means of the recurrence formulae for the Bessel functions we obtain 
after some straightforward analysis 

[rd] = (k cos <f> T — j sin <f> r ) sin 0 r 

he AB 


2M y/2n 


r r 

/ 00 j • X 


x 'Lis 


n sin (2ttvt + e) n ' 1 rfr dy 

dr, r 1 / 


i Q ( 2 q + J ' | (fg' -fg) 

|ro -„)( m + „+l) )| j ((*.,),' ds 

q(q 4- 1) ’ 

— (k cos <£ r — j sin <f> r ) sin 0 f E F (A-, /, m, n, q, t — r ) ^ , 

(22) 

where 

F (k, l, m, n, q, t — r) 

= f ^ . f}) a m . n , 9 r f* r ,sin (2irvr + t) p-* dxdy 

x ('{«*'-/'*)+ (ft'+fg)\ J.„ ((jus)s*<&. 

(23) 

From equations (7), (22), and (23) the radiation is thus given by 

R « ffi?** 8 * 2 {F(Jfc, /, m, n, <M - r)} 1 f (—«)*(! - (x r V(x f ,(24) 
2M* 
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which becomes on integration by parts 


where 


R = 


ch*e* A 2 B 2 
M 2 


£ 


qM + j) 

2q + 1 


{F (A:, /, w, n,q,t~ r)}\ 


| n — m | <</<w + m. 


(25) 


4 —Evaluation of F (A, I, m, n, q, t — r) 

Returning to equation (23) we shall first of all perform the double 
integration with respect to t and p. After rearrangement the expression 
for F (A, /, m, n, q, t — r ) becomes 

F (A, /, m, n ,q,t-r)i= i" a„„ B . e j" {(/«' -f'g) 


X 



4 (/*• +/'g)j ^ * 

’ n sin (2nvT + e) jxJ, +l (tw) </(*. (26) 


I will integrate the double integral by the method which Schott in his 
paper* suggests might be used tentatively in those cases where a more 
rigorous method is lacking. On integrating we get 



jt e b(t-T-r) s j n (2 tcvt + e) J, +l ((jus) dx d\L 

= 2TtJ ^i-( 27rv5) sin [2jtv (t - r) + e + fcit], 
V27tv 


(27) 


and hence from equation (26) 


F (A, l, m, n, q, t - r) = i(2^ + l)^,*.,, v 1 sin [2ttv (/ — r) + e + ^qn) 

x j* _ A) + +/•*>) 

x J 9+l (2itvi) j* <fe. (28) 

5. Returning to equation (2) for f(s) and g (s) we get by means of 
Schrbdinger’s equation (112)f 


£ 


£ 


yk~ m -1 

(A + m )! 

ijk m~ 1 


As) 


s m 


(1 - (i.) 2m + 2 


-lllSl (, 
e u-u> * 




1 


(A + m)! J vv (1 - a) 2 "-*' 2 c 1 “ (j 


Uf (, /J 4- u r 
e i-* 1 | 

u 


m 


(i) 

) (ii) ) 


(29) 


with similar series for g (j) and g’ (s). 


* * Proc. Roy. Soc.,’ A, vol. 139, p. 49 (1933). 
t ‘ Ann. Physik,’ vol. 80, p. 485 (1926). 
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From these series and equation (28) for F (k, l, m, n, q, t — r) we get 


4tJc —m 

F (k, /, m, n, q, t - r) 


(2 q + 1) „. a sin [2tcv (t - r) + t + jqn\ . 

2 (1 — W )2« t 2 (1 — 

x | (27tv5) e~ a ‘ {bs m+n+ - — c^ m + n ~S} ds. 


where 

Y = 


* jl u ? j. i 

1 - li T 1 

(1 + t>) 


( 1 + ») g , (m — /?) (m + n + I ) 

(1 w) q(q + I) 


(1 -f) ' 

(w — w) (/>/ 4- n — </) (/» + w + q + 1 ) 
<7(<7 + 1) 


(0 

(H) 

(Hi) 


(30) 


(31) 


The left-hand side of equation (30) consists of a double series involving 
F integrals of the type F ( k , /, m, «, q, t - r) and the right-hand side of 
two Lipschitz-Hankel integrals.* 

Integrating we obtain the following equation 


£S 


m— 1 jtjl— «—1 

(A + m )! (/ + n) ! 


F (A, /, m, n,q,t — r ) 


(m -f n + q + 1)! a„„ „ (2 tcv) ,? sin [2 tcv (/ — r) + e + ^7t] 
1-3 ... (2<? — I ) y *"+»+«+ 2(1 _ „)*»+!! (1 _ V ) 2 «+* 

w l id +v) „ (1 + u) s , Y (m - ri) (m + n + 1) | 
x 11(1 — v) ^ ~~ (1 u) q(q+\) I 

..’ C im + n + q + 2 m + n + q + 3 „ , ., 47tV\ 

x n \ 2 ’ 2 ’ 9 +j, —) 


y(m — rt)(m + n — q) p t m + n + q+\ 

q(q + 1) 2 i 2 


m + n -f q + 2 


q + §, 


47T 2 V*, 


(32) 


The evaluation of F (k, l, m, n,q,t~- r) occurring above involves some 
very long calculations. In this paper, however, we are not concerned 

• Watson, “ Theory of Bessel Functions,” 13.2, equation (3), with t = s, a — y> 
b = (i, v => q ■+■ -J. 
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with the actual values of the intensities but only with the comparison of 
their values with those given by the classical expression. Consequently, 
as we shall see later, we need not evaluate it. Instead we can proceed to 
the evaluation of the radiation as given by the classical expression 
2/i*/3c® or in our units § cp l , and attempt to obtain it in a form comparable 
with that given by equations (25) and (32). 

6—Calculation of p (t — r) 

After differentiating twice with respect to t equation (5) for the electric 
moment becomes 

p =- — 16Tr i v*cAB cos (2irvt -f s) I j fgs 3 P m P„ \id\ids. (33) 

J Jo 

But by equation (20) 

. ! r 1 

| i P„ P„ [J- dp = j ^ P„P„P, dii = a,„, ,. 

p ■— — lh-V-VABr/,,, ri , cos (2^v/ -} s)j fgs* ds. (34) 

Jo 

To obtain the necessary expression for p we shall transform the 
^-integral in this equation into a more complicated integral by a method 
similar to that used by Fock in his paper.* 

Schrddinger’s differential equation gives for f{s) 



r + f ■;=-/{ 

m (m + 1) 

4 5* - 

2Zj| 

as J 

(35) 

Similarly 

g" + & - g 

in(n 4 1) 

1 n 

4 *) a - 

2Zg( _ 

(36) 

Now 

s 

l .V® 


as I 

J s {?{f'g-gf))~ 

3 s*(f’g~ 

g'f) + s*(f"g~-g"f). 

(37) 

But from 

i equations (35) and (36) 




(f"8- 

g"f)+hfg-g'f) 

~/ g \nt!n 

' + 1) “ 
.V® 

n(n 4 1) 



4 ~ Zl) 4 ? - A , (38) 

as 1 

so that 

j s {^{f'g- g'f)} - s*(f'g - g'f) + fgs j(m -n)(m + n+l) 

4 2 s + (5* - tf) A . (39) 

a J 

* ‘ Proc. Roy. Soc.,’ A, vol. 141, p. 550 (1933). 
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Integrating and replacing — rf by its value 8 tc*vM jh as given by 
equation (4) together with the well-known value a — A*/4n*Me*, we get 

J fgs* ds — — g-A- p j .y s (f'g - g'f) -f fgs (m — ri)(m + n + 1) 

+ 2 — ~ Z l ,/gs 2 j <fc. (40) 
a I 

Hence by equation (34) 

p(t-r ) - cos(2,», + «) r- , ^ 

Ml J i) ' 

-I 2 J^~lfg -j-fgs (m -«)(/» + »+ l)j (41) 

The .v-integral can be evaluated in precisely the same way as F (k , /, w, », 
q, t — r) by means of equations (29) and similar equations. They give 


V V 


hr 


i »-i 


t P ( k, /, m,n, t — r) 


(k + m) ! (V + n )! 

^ 2nvheAB cos [2rcvr + e] a mnl f» g 

J 0 


M (1 - m)* w+2 (1 -- vf n+z 

4 + 2 


1 + v 

1 — V 


(1 + w ) ? _j_ o Za--Zi 




s + (m — n) (m + n + 2)j ds. (42) 


(1 - m) a 

Integrating the right-hand side we obtain the following equation for p 


SS 




(k + m )! (/ + n )! 


p (k, l, m, n, t — r) 


_ AeAB (m + n + 2)! a m .„,i 2 tcv cos [2?tvr + s] | (1 + v) 

- Mf+»+) (1 _ U )2m+2(1 _ v )2«+2 1(1 — v) 

5 ^ + Y(w - »)} 

(1 — u) a J 


(43) 


This series for p (k, l, m, n, t — r ) is identical with that of equation 
(32) for (AeAB/M) F (k, l, m, n, q, t — r) for all values of m and n such 
that m — n ± 1 or q = 1, provided that Z t — Z s and (2 kv/y)* and 
higher powers of (27 cv/y) are neglected, and consequently the hyper- 
geometric series can be replaced by unity. Therefore in this particular 
case 

W « {F (it, /, m, », 1, r - r)} 2 . (44) 
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7. This result, obtained by comparing the intensity of radiation as 
given by Hertz’ formula with that given by the more rigorous method 
due to Schott, proves quite definitely that, in the case of a fixed hydrogen 
atom with a general axiosymmetrical Schrodinger distribution, the 
usual method of calculating the intensities of spectrum lines gives the 
correct results, provided the frequency of the radiation is such that 
(2tcv/y) 2 can be neglected. This condition is certainly true for optical 
line spectra. 

To investigate this result for more complicated modes of generation 
corresponding to the more general Schrodinger distributions seems almost 
impossible as the analysis is so intricate as to make the investigation 
along these lines almost impracticable. Nevertheless 1 do not think it 
unreasonable to assume that the above result holds for all distributions. 

For higher frequency radiation, such as X-ray radiation, it seems 
probable that (27 tv/y) 2 is too large to be neglected, if this is so, then 
the classical formula will not give the correct value for the intensity of 
radiation. Below 1 will investigate the error which is thus introduced and 
attempt to deduce a result for X-ray radiation. 


8 Investigation for X-ray Radiation 

We must now take both Z x and Z 2 into account, but for elements of 
high atomic number Z we can neglect Z 2 — Z x , the difference between 
the screening constants, without causing any great error. We shall 
retain (2nv/y) 2 , but neglect its higher powers. Thus retaining the first 
two terms of equation (25) given by q ~ 1 and q ~ 3, we have 

r U2,,2\Zm 

R = {jf [F (*, /, m, n, 1, / - r)] 2 + »/ [F (k, I, m, n,3,t~ /•)]»}. (45) 

From equation (32) it is clear that F (k, l, m, n,3,t — r) is of the order 
(2ttv/y) 2 relative to F (k, l, m, n, 1, t - r), so that its square is of the 
relative order (2tcv/y) 4 . Consequently in the second approximation 
the terms arising from F (k, /, m, n, 3, t - r) in equation (45) can be 
neglected, and the equation for R becomes 

R ==— 3M 2 ( F (*> 4 m, r)}\ (46) 

As before the actual value of R is not necessary. All we require is 
a comparison of its value with that given by the classical expression 
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£ cp 1 (k, 1, m, n, t — r). Thus all we have to obtain is the value of the 
expression 

/(*, I, m, *, 1, t — r) = I '■ S "■ L»~ ') ) . (47) 

y v ' l M p(k,l,m,n,t-r) / v ’ 

We shall consider the case for w = « + 1. 


9— Calculation of F (k, l, n + 1, n, 1 , t — r) 

In equation (32) put m — rt + 1, q = 1, expand the hypergeometric 
series as far as (2rv v /y) a and use (31, i); also write 


T - ( r-u)(i“io’ 

where 

w — £ (1 -f- w) (1 — t>) + Y) (1 — u) (1 + v) 

= (S + T'l) (1 — w) + ($ - - v) (48 ii) 

Then we obtain in succession 


yl n 1 


F ( k , /, n + 1, n, 1, t — r) 


(/: + »+ 1) ! (/ + «)! ’ 

= (2m + 3)! a n + i,„,i 27rv cos [2tiv (t — r) + e] (1 — i;) 2 

x (riji±^-5jJl" + (i»+l)Y’F(» + 2,»i + i,t, 

l. 1 — v 1 — u ' 


-MyF (« + 2, n -f f, I, 


4ttV \ 


= 2 (2m + 3)! a„ + i,„,i 2 nv cos [27iv (t — r ) + s] 

w (1 — vf f _ 1 + v ’ (n + 2) (2m + 5) 4* a v 2 f^l+v r I -F u, 
x Pi _ v 10y a \ 1 — 1 > M-V 


(n + 2) (4m + 5) 4rf J v a l 

lOy I 

2 (2n + 3) ! fl» + i,n,i 2rtv cos [2ttv (t — r) + e] 

/ 1 — v a _ (n + 2) (3 n ± 5) 4tcV (1 - u) (1 - vf 


, e (n + 2) (An -I- S) 4*V (1 - u a )(l - v)* \ 

_r 5ty*>+« J • 


VOL. CXLVIIL— A. 
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Expanding the right-hand side in a double series of ascending powers of 
u and v by Maclaurin’s Theorem and equating coefficients on the two 
sides we obtain 


F (fc, /, n + 1, », 1, t_ — r) 

(fc -f- n -f- 1)! (/ -I - /?)! 

2 (2/j -f 3)! a„ , , 2rcv cos [2tcv (f — r) + e] 

= (fc: —- n 2) ! (/ — *f — 1) ! 


x 




f 0^4/ 2, n 

Wi~ l *dv’ tt ~~ 1 


1 — r 2 

! 4 o.o 


(n + 2) (3/7 -f 5) 4tt 2 v 2 
5 


0fc 4- 1 '--2n -3 
0yB "■ 2 b ■ ■* I 


(1 - II) (1 - ») 3 I 

0.0 


|(n + 2) (2n + 5) 4tcV (1 - u 2 ) (1 - tp 4 I } 

5 c)u k 11 2 ..lo.o .1 

(50) 


where the double zero suffix means that both u and v are to be put equal 
to zero after the differentiations have been performed. 

In the same way we obtain from (43) 




\jk — n —2 n~ I 


(fc + n + 1)! (/ + n)! 


p (fc, /, n + 1, n, t — r) 


he AB 2 (2 n j- 3)! q„;, , n , 2 tev cos [2?cv (t — r) + e] (1 — y 2 ) t j 
M w 2n 14 

whence 


p (fc, /, n + 1, n, l — r) 

(fc + n + 1)! (/ + «)! 

_ he AB 2 (2« -f- 3)! a„ , , „ i 2nv cos [2rtv (/ — r) + e] rj 
M (fc — « — 2)! (/ — «—!)! 

x a ^-»- 3 l-tgi (51) 

^du k n 2 dv l " 1 M> an+ *-Jo.o 

The expressions (50) and (51) are very difficult to work with owing to 
the presence of high order differential coefficients in the general case, 
but in order to get some idea of the relative magnitudes of the principal 
and correction terms we shall content ourselves with the consideration 
of the special case n — l — 1 . Then the calculations are particularly 
simple because the differentiations with respect to v disappear so that 
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this variable may be put equal to zero at once. We find from (50) and 
(51) 

F (k , l, l, l — 1, 1, t — r) 2 (21 -f* 1)! Qu i, > 2rcv cos [2itv (t — r) + e] 
(& + /)! (21 - !)! = (k — l — 1)! 


B* ' 1 ] - 

(/ + 1) (3/ + 2) 4rcV 


£ u k -l- l w 21 I 2 

5 

L du k 1 1 


I J, 


e (/ 4 1) (21 + 3 ) 4 tc 2 v 2 B* 
^ 5 ?u k 


1 - M a 


and 

pQcJ, l,l-\,t-r) 

(k + l)\ (21 - 1 )! 

he AB 2 (21 + 1)! au i.i 2-rcv cos [2-rcv (j — r) -f e] 


( 52 ) 


M 


where by (48) we have 


(k — l — 1)! 


x 


I d k ' 1 1 - 

w ,2! I 2 


Hence we obtain 

-jk-i-i i 

du k ~ 11 h , z ' +!! _ 


H’ = 5 + *) + (5 ~ V)) W. 


(53) 

(54) 


(2/ + 2)... (Ar + 0 


(•/j - g)*— 1 


du k ~ l ~ l w 2i + 3 


(rj + £)*+'+ l 

-(a+3)...(* + /+i)^^;' 

0 ( 2 / + 3 )... (* + 

- 2 [(/■+ 1 ) V- * 5 ] ( 2 / + 3 )... (* + /) {; ■ ~ 

(/+l)i)-*5 ra*-'- 1 1 I 

(7 + 1) (r 2 - £*) Law*-'- 1 

1_ " s ' 0 + 0 - <* +'+ 2 >^f§rm' 




(k - /-- \)(k -l~2)(2l+4) ...(k+1) 




(>i + 5)* + ' +1 

= 2 {/r(2/-I-3) (r)*-5 a )-[A: 2 +(7+l) (7+2)] 2ij5} (2/+4)... 

f/r i n ^-W 1 ” 3 
" ,l + ; (ii + 5)*+‘+a 

fe (2/ + 3) (tf + $ 2 ) - [A: 2 + (l + 1) (/ + 2)] 2r& 

(/ + 1)(2/ + 3)(tj*- W? 

v ri!^! JL j 

I. du k ' l ~ l w 2t+ * lo ’ 


2 h 2 
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Substituting in (52) and (53) and dividing out we find 

AeABF (A, /,/,/— 1, 1, f — r) __ |_ $(31 4- 2) (l 4- 1 _ k~\ 

Up (A, /,/,/- 1, t - r) l l J \ V 

Ik (21 + 3) (tj 2 + 5 2 ) - [A 2 + (/ + 1) (/ + 2)] 2^ 4nV 

J 5 (t) 2 £*) * 

(55) 

Bearing in mind that a — h 2 4~' 2 Me 2 and the fine structure constant 
a = 2ne 2 jch we find from (4) that with the present unit of time 

2tcv = \m (S; 2 — 7) 2 ). 

Moreover, with the present approximation we have from (2) 5 — Zjak, 
r t = Z/a/; hence we obtain by means of (47) and (55) after some algebraic 
reduction 

(he AB F (A, /,/,/— 1, 1, t — r)\ _ , (A 2 + I s ) 72 a 

! Mp (A, /,/,/— 1, r — r) ) “ 5A 2 / 2 ' ( ^ 

Then (25) gives 

R = |cp 2 / 2 = |cp 2 {1 - 2 ^+ /2) Z 2 * 2 ] . (57) 

The function / can be considered as a correction factor whose value 
will determine how far the procedure usually adopted for the estimation 
of the intensity of a spectrum line in quantum theory investigations is 
consistent with the classical electromagnetic theory on which it is in part 
based. 

I have also calculated the correction factor for the case in which 
m --= n + 1, n = / — 2. The working is precisely similar to that for the 
case we have just considered and will not be included in this paper. The 
result, however, is rather remarkable. The expression for the correction 
factor is found to be the same for both cases. A similar result holds 
when m = n — 1 . These results suggest the possibility that the correction 
factor has the above value for all values of m and n and only depends upon 
the values of A and /. I hope to test this conclusion at a later date. 

10- Discussion 

Table I gives the percentage error, incurred in the application of the 
classical formula to X-ray radiation, for the spectrum lines corresponding 
to different values of the principal quantum numbers A and / for a number 
of elements. The values, however, cannot be accepted as being absolutely 
accurate for they are based on the assumption that Z 1 — Z t *= Z. For 
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this reason no results have been given for the elements Li, Na, and K, 
whose atomic numbers are relatively small. Nevertheless they are 
sufficiently accurate to give us some indication of the magnitude of the 
errors involved. 

Table I 



Cu 

Rb 

Ag 

Cs 

Au 

Ur 

z 

29 

37 

47 

55 

79 

92 


1-1 
k — 2 

i' 

1-8 

2-9 

4 

8*4 

11*3 

%error 

2 

j* - 3 

| 03 

0*54 

0*87 

1*2 

2-5 

3*27 

i 

/- 3 

' A: — 4 

! 014 

0-25 

0-4 

0*56 

M7 

1*57 


An analysis of these results shows that an error is definitely introduced 
by the application of the usual methods of calculation. For elements 
of small atomic number it seems probable that the error is not large 
enough to be serious, but it increases as the atomic number increases, 
becoming as high as 8% for gold and 11% for uranium. If, as seems 
probable, f depends upon k and / only then this will be the maximum 
error, the error decreasing as the values of the principal quantum 
numbers increase. 

The validity of these results can only be judged by their agreement, 
or otherwise, with the results obtained experimentally. The measure¬ 
ment of intensities, however, is a branch of experimental physics which at 
present is not sufficiently well developed to give results which are suffici¬ 
ently accurate to make a useful comparison possible. 

In conclusion, I wish to express my heartiest thanks to Professor G. A. 
Schott, F.R.S., for his valuable assistance and advice while the work was 
in progress. 


11—Summary 

In this paper I have made a study of the intensities of spectrum lines 
for hydrogen and hydrogen-like atoms with Schrodinger distributions 
according to a method for calculating the electromagnetic fields due to a 
variable electric charge recently developed by Schott. This method 
avoids the assumption, which is usually made, that a spatially extended 
distribution can be treated as if its electric moment were concentrated 
in a point. 
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The results obtained for the radiation from a fixed hydrogen atom 
with any axiosymmetrical distribution definitely established the fact 
that, when the frequency of the emitted radiation is such that (27tv/y) 2 
can be neglected in comparison with unity, then the method of quantum 
theory for the estimation of intensities of spectrum lines, although based 
on an unsatisfactory assumption, does give the correct results. This 
condition is certainly satisfied for all the common series occurring in 
optical spectra. Thus the accuracy of the results of quantum theory in 
no way depends upon the magnitude of the principal quantum numbers, 
but only upon the frequency of the emitted radiation. 

For higher frequency radiation, such as X-ray radiation, for which 
it is only possible to neglect powers of (Inv/y) above the square, the above 
investigation proves that the classical formula gives too great a value 
for the intensity of a spectrum line. The values of the percentage error, 
calculated for various spectrum lines for a number of elements, show 
that the error, although increasing with the atomic number, is always 
small and decreases as the principal quantum numbers increase, which is 
in accordance with Bohr’s Correspondence Principle. 

Note by G. A. Schott, F.R.S. 

During the course of his investigation Mr. Easthope detected several 
errors in the algebraic work of § 10 of my paper (referred to above), 
shortly after its publication and some time before the appearance of 
Fock’s criticism. These errors vitiate the results of my paper, so far as 
they are contained in §§10, 11, and 12, which should be regarded as 
replaced by the relevant parts of Mr. Easthope’s paper. This corrects 
my results and extends them to other cases. 
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Stresses in a Plate Containing an Infinite 
Row of Holes 

By R. C. J. Howland, M.A., D.Sc., Professor of Mathematics, 
University College, Southampton 

(Communicated by L. N. G. Filon, F.R.S.—Received October 8, 1934) 

Introduction 

It is well known that the presence of a hole in a stressed plate has a 
very great influence upon the maximum stress, and a number of investi¬ 
gations, both mathematical and experimental, have been directed towards 
determining the exact extent of this influence. * When the hole is isolated 
and the boundaries of the plate are distant the mathematical method of 
finding the stresses in its neighbourhood is elementary. But the presence 
of adjacent boundaries introduces great complications. The problem 
has been solved for a circular hole near to a single straight boundary by 
Jeffery,t and for a hole mid-way between two straight boundaries by the 
present writer and others. J There appears, however, to have been no 
theoretical investigation of the stresses in the neighbourhood of a group 
of holes sufficiently close together to influence each other to a marked 
extent. Capper, using optical methods, obtained the stress distributions 
in a narrow plate under tension when there were three holes in line across 
the plate or six holes in triangular formation. His results will be referred 
to at a later stage. 

The simplest case for mathematical investigation is that of an infinite 
row of equal and equally spaced holes in a plate of indefinite extent. 
If the applied tractions are of such a kind that all the holes are similar 
with regard to them, we have a periodic stress distribution. It will be 
shown that this is always expressible by means of a set of periodic 
functions all derivable from one fundamental function^ The solution 
so obtained will be applied to the special cases of tensions applied either 

* For a full account see Coker and Filon, * Photoelasticity,’ chap. VI, Cambridge 
(1931). 

f ‘ Phil. Trans.,’ A, vol. 221, pp. 265-293 (1920). 

t Howland, ‘ Phil. Trans.,’ A, vol. 229, pp. 49-86 (1930); Howland and Stevenson, 
‘Phil. Trans.,’ A, vol. 232, pp. 155-222 (1933); Knight, 'Quart. J. Math.,’ vol. 5, 
pp. 255-268 (1934). 

§ A summary of the method has been previously given by Howland and Knight, 
*Proc. 4th Int. Congr. App. Mech.,’ Cambridge (1934). 
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parallel to the lines of centres or perpendicular to this line. Numerical 
results will be given. 


A Class of Periodic Biharmonic Functions 


Solutions of the harmonic equation related to a row of circular 
boundaries were obtained by the Author in a recent paper.* They were 
defined as follows. 

In the plane of (x, y) let 

z = x + iy — re ie (1) 


and define subsidiary variables by the equations 

l == xjb, 7) = yjb, s = 5 -f p — rjb. 

Then we write 


w o — S 0 + iT o = 
= S, - »T, « 


— log sin tzX, 

(- 1 )* d‘ w 0 , 
(s — 1)! dX,‘ ’ 



( 2 ) 

(3) 


The functions S„ T„ have infinities at all the points z — ± pb, p taking 
all integral values, including zero, and they are analytic in the rest of 
the plane. They are periodic in x with period b. Series of limited 
convergence are readily obtained. Of these, the following are required 
for our present purpose. 


So = — log p — I! 2 "a n p 2n cos 2n0 

ii-i 

S& — p -2 * cos 2v0 + 22 2n <x. 2 , p tn cos 2n0, s > 0 


T 2t+1 = sin (2 j + 1) 6 + E * n +>a 2<+1 p* n+1 sin (2n + 1) 0 

n-0 

where 

2, ‘ a o = o Sn /» 


X-2(" + s - *)<,.+„ J>0 [ 

n / 


and 


co 

s 


= E kr*. 


(4) 

(5) 

( 6 ) 


* ‘ Proc. Camb. Phil. Soc.,’ vol. 30, p. 315 (1934). 
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The functions S 0 , S u are harmonic (and therefore Inharmonic) 
functions, even in 5 and •/). Further even biharmonic functions are now 
defined by 

Uj, = S*_ 2 - s > 1, (7) 

- “- 2n Y 2 , P a ) P an cos 2n0, (8) 


where 


2n 


Pa# 


2n + 2s 
2 n 


Gr 2n+2i~2 * 


2n v —r 2tt-4-l 

t 2 , — “vt-i 


2*~2 


« 2 » 


-y (2n + 2s — 
\ 2n + 1 


j CT 8n+2* 


(9) 


The special case of s — 1 is included by modifying the definition to 


where 


U 2 = 1 - 2ijT x 

= cos 20 4- 2 (*” (J # — 2n YaP 2 ) P 2n cos 2n0 

n-0 

°P* = 0; ®"(i 2 = 2<x 2n , n> 0 ] 

*"Y2 = 2<T 2n+2 i 


( 10 ) 

( 11 ) 

( 12 ) 


With the exception of °p 2 , these agree with the general results (9). 

The polar co-ordinates defined by (1) have as their pole the point 
(0, 0); but, on account of the periodicity, they may equally well be drawn 
from any of the points (± pb, 0) and the series given represent the func¬ 
tions inside any of the circles with these centres and with radius b. 
Equations (7) and (10) together with (3) define the functions over the 
rest of the plane and expansions about other points may be found. 

If S 0 , Sj,, Uo, are regarded as stress functions the corresponding 
stress components are:— 


From S„ 


£ = ir!i!£ + ihi 

6*Lp a P 0 P J 

= “ I* [p + A 2n (2m - a " a <> cos 2nQ ] 

,1 = 


10/1 
b* 0p\p 00 


1 


~ 2 2n (2/i - 1)*"« 0 P 2 "- 8 sin 2«0 

o n-1 


(13) 
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From S 0 .—(continued). 

Si = l 2$ 

b~ rp 2 


J 

(> 2 


-I + I 2/i (2/i — 1) a '*a 0 p 2 "-* cos 2/io ] 
Lp 1,-1 J 


From S u . 


rr — 


A 2 


^(2.vj_L) cos ^ 


p2#+2 

+ £ 2n (2« - l) 2 "*,, p 2 " 2 cos 2/i0 I 

n-1 J 


* - - $ 


2t(2.v + I) . 


p2*+2 


sin 2.?0 


£ 2/1 (2/i — 1) 2, ‘a 2J p 2 " 2 sin 2/i0~j 


00 


From U 2 ,. 


ft 2 


^1+0 cos 2.10 


0 2*+2 


-j - - 2//(2// — 1) 2n a 2> p 2n " 2 cos 
»* “ 1 


2wo] 


rr 


r 0 = 


00--. 


i 

// 2 


1 

A 2 


£ 2 


(25 4- 2) (2.v- 1) 


cos 250 4- S (2/i(2« — 1) 2n P 2 , 


- (2/i - 2) (2 n + 1) * n y u p 2 } p 2n “ 8 cos 2/i0 | 
2 . s Ijl-. 1 > S j n 250 - I (2/i (2n - 1) 2 "fi 2 , 

P n-0 

— 2/i (2« + 1) 8 "Y 2 , p 2 } P in “ 2 sin 2noj 
IjiZ-jlgi~ 11 cos 250 + 2 {2/i (2/i - l) 2n (S„ 

p 2 tt-»0 

- (2/i + 2) (2/i + l) 2 n Ya« P 2 } p**" a cos 2rt0 


(13) 


(14) 


05) 


The Stress Problem 

Consider now an infinitely extended, uniform plate in a state of 
generalized plane stress defined by a stress function x- The plate, fig. 1, 
is to be perforated by an infinite row of holes each of radius a « b) with 
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their centres at the points (± pb, 0) and the stress function is to be 
periodic in x with period b so that the tractions on ail the holes are alike. 
We shall suppose that, apart from the disturbances produced by the 
presence of the holes, the stresses would be given by a stress function Xo 
and that this function corresponds to tractions on the circle r = a which 
may be expressed in the form 

rr — 2 C 2n cos 2«0 ) 

"-» : t\ 


rO = 2 D 2 „ sin 2n6 

1 



These are to be reduced to zero by adding periodic terms to x 0 . We 
assume 

X == Xo + A 0 S 0 + I* (AA + B 2 JJ 2 J. (17) 

ti rTr i 

Using equations (13) to (15) and equating rr and r 0 to zero on the 
circle r — a, we obtain the equations 


Ap 

X* 


C 0 b* 


00 

V 




2n (2n + 1) A a „ , (2 n + 2) (2 n — 1) B 2n _ ^ l 2 

^Sn+2 ' ^2* 2n 

— i: 2/1 (2w - 1)*»«* X 2 ”- 2 A* — S {2/i(2n — 1)*"p* 

*-i 

— (2« — 2) (2« + 1) a " y 2 , X*} X 2 ” -1 Bj* 

2nJ2n_± 1)A», , 2w(2«- l)B an _ D - 

2B 

+ £ In (2n - 1)X*"-* A*. + £ {2n (2/i - l)*p* 

-2n(2n+ 1) *"y 2 , X*} X*"-* B 2 ], 
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X = a lb. 


where 
These are equivalent to 

Aq = E 0 2X 2 2 °Y2 < B 2 „ 


(18) 


A 1b - E a „ + (2« - 1) X 4 " 2 2 "a 2 „ A 2 , 

8 *«*0 

+ 2 {(2n - 1) S "(S 2> - 2n *" Y *. * 2 } * 4n B*,, 
1*1 

B 2n - F 2n - 2«X 4n-2 £ 2 "a 2 , A 2j - 2 {In 2 "P 2s - (2 n + 1) 2 "y 2 . * 2 } X 4 - 2 B 2 „ 
where 

Eo = Co^X 2 , 


F — ( W + 1) ^2n W Qin A2l2n+2 yi > A 

t2n 2n(2/i+l) ’ ^ 

F _ C 2n D 2f , L2%2n 
2n 2 (2n - 1) 

Finally we write 

A 2b - E 2n + 2 "h 0 A 0 + 2 (*%, A* + 2 %. B 2 .) 

a — l 

®2« ~ Fj>« “t" 2, l/*0^0 ~t" ^ (*!/*, ^2# “t* ®2a) 

tt «* t 

the new coefficients having the values 

2t 7j 2 , = (2» - 1) X 4 " 2,1 a 2< 

2 "/ 2 , - {(2/i - 1) 2 "p 2J - 2«X 2 2n Y 2< } X 4 " 

*%. = ~ 2/i X 4 n ~ 21,1 a,, 

2,1 A:„ « - {2« ln p 2l - (2n + 1)X* Jn Yg,} X 4 "-* 
except for n = 0, when 

°A 0 — °h tl — 0; °* 2 * — 2x 2 0 y 2 i* 

A formal solution of equations (20) is given by 

Aj b — SA J „ (,, ) B 2b — 2 B tn ,rl , 


(19) 


( 20 ) 


( 21 ) 


r—0 


r-0 


( 22 ) 


(23) 
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where 


A 3n «» = E, n , B in <0> = F an 
A 2b <,) - in h 0 A 0 ‘ r ' 1) + S ( 2 "// 2 , A 2 , <r ~ 1) + 2 "4, Bj,, (r ~ 1) )l 


B 2b ( '> - 2 "/o A 0 <r “ 11 + 2 ( 2 %, + 2n A: 2 , B tg ,r ~ u )f 

jr-1 


• (24) 


To establish the validity of this solution it is necessary to prove that 
the series in (23) and (24) are convergent. To do this we first apply to 
the coefficients the inequality 



in which the sign of equality holds only for n — 1 or 2. Then 

«-«,,< .r> 0 

< 2 2n+2 *~ 1 ^. 

2 2 ’ 1+ **' 2 a 2n ; 

z, ‘r 2 , < 2 2 " 438 - 1 

Hence 

I °4« I < 2 2< X 2 a,, < 2* X 2 a ,; 

| '-"/*« | - (2« - 1) X 4 " a.,Jn; 

1 *%, | C (2/t — 1) X 4n 2 an+i ‘~ 1 <t 2b , 5 > 0; 

1 2n i u | < 2 2 " +2 *~ 2 X 4 " {(2n — 1) + 4nX 2 } a, 2 „ 

< 2 2n+2 * _1 X 4n « (1 + 2X a ) <j 2b ; 

I 2 ’‘y'n I = 2X 4n ~ 2 <t 2b ; 

I an ;s. I < 2 an+2 * «X 4 "- 2 a 2n , s > 0; 

| *%, | < 2 s " +2,-2 X 4 "-* (2« + 2 (2« + 1) X 1 } <t 2b ; 

< 2 En+2, “ 1 X 4 "-* n (1 + 3X 2 ) ® n . (25) 

Suppose now that, for some value of r, a constant C, can be found 
so that 

I A 0 (rl | <C r X; | 

I Aj B (f> | < C f n 2*” X 4 ", n >0; j-. (26) 

I B 2n (r) | <C f « 2*" X 4 "“ a j 
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Then 


A 0 ‘'+i’ |<O a £*(2X)«« 
« 1 


C r a 2 


16 X 4 


(1 - 16 A 4 ) 2 


(27) 


V'* 1 ’ j < C r a,,, [(In - 1) A 4w+1 jn + {(In - 1) A 2 

4 - n(l 4 - 2 A 2 )} 2 2,, ~ 1 X 4 »- 2 £ i , ( 2 A) 4 *], 


C r n 2 ln A 4m a 


in 


In - 1 . . 8 A 2 (1 +4A 2 ) 
« 2 2“ f (1 - 16 A 4 ) 2 


< Cm 2 2 ” A 411 do 




8A 2 (1 + 4 A 2 ) 


(1 - 16 A 4 ) 2 

|B 2 „ <r +"| < Cm in [2A 4 ” 1 4- n (1 4- 5A 2 ) 2 2 " ■ J A 4 ” 4 £ a (2A) 4 *] 

H - 1 

- Cm 2«A 4 - 2 d, f X + SA 2 (1 4~ 5 A 2 ) 

C/i 2 a Sn | 4- (1 _ j 6x4)2 

c n 2 n > 4, ‘ 2 a 11> 4 - 8A 2 (1 + 5A 2 ) 

2 L iX+ a-16 a 4 ) 2 


(28) 


(29) 


(1 - 16A 4 ) 2 

The three inequalities, (27), (28), (29), may now be written in the form 

|A 0 (r,1, | < C r+1 A; | 

|Aj„ ,r+ll | C r +, n 2 2 , ‘A 4n , n > 0 ; j (30) 

|B 2n (r+1) | < C r+ , n 2 2 ”A 4m ‘ 2 . 

where C r+ 1 /C r is the larger of the two quantities 


16A 3 a 2 

(1 - 16 A 4 ) 2 ’ 



8A* (1 4- 5A*)-| 
(1 — 16 A 4 ) 2 I • 


A comparison of (30) with (26) shows that there will be convergence if 
each of these quantities is less than unity. The first is found to require 
A < 0 37; the second requires A < 0-22. 

The initial condition (26) is clearly true for r = 0, if the number of terms 
in •/„ is finite, and this is the case in the applications made below. It is 
easy to see, however, that not very restrictive conditions need be placed 
on the coefficients of x® in order that (26) may hold for r — 1. The 
convergence may therefore be regarded as proved for A < 0*22. This 
result, however, cannot be accepted as satisfactory, since calculations 
are given in the sequel for A'== 0-25, while attempts to calculate for 
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X = 0-35 suggested that there is still very slow convergence for this 
value. 


Further examination of the inequalities shows that they improve as n 
increases. For example, if n — 3, the inequality arising from B 2n may 
be written 


sV X + 


8X 2 (1 + 5 X 2 ) 


Since o„ — 1 0173, this is very little different from the asymptotic form 


for large values of «, 


8 X 2 (1 + 5 X 2 ) 

(1 - 16 X 4 ) 2 " 


Both are satisfied for values of X rather greater than 0-27. 

To advance further we make use of the actual numerical values of the 
earlier coefficients.* Taking B 2n , as the most difficult case, we now write 

|IW~”| < C r [| 2 Vo| X + v { |«v fc | X 2 + 1*^1 } .v 2 2s X 4s 2 ] 

K 1 

and then divide the range of summation into two parts, 1 to p and (p + 1) 
to oo, p being an integer to be chosen later. In the upper part of the 
range we use the former inequalities; in the lower we write 

I *Vi, I = 2 /jX 4 " 22, 'a 2 „, 

| a '* 2 , j < {2n 2n p 2s + (2n + l) 2 ” Ts , X 2 } X 4 -- 2 , 

taking the actual values of the coefficients a, fi, y. Then, after a little 
reduction 

I B a „<'+«> | < C r n2 2 " X 4 ” -2 /(n, X), 

where 

m X) = -L, [2« 2 «a 0 X + i [In ( 2 "a 2s X 2 + 

fl 4* fj^. g ran ] 

+ (2 n + 1) 2n Yi. X 2 } J 2** X 4 *" 2 
+ 2 4p+a <r 2n+a , +? (1 + 5X 2 ) - 1 * 6 \ 4)> ] • (3D 

Taking p — 3 and n 1, we find 
/(1, X) = 0-8225 X + 6-580 X 2 + 19-48 X 4 + 207-8 X» 

+ 813-9 X s + 2930 X 1 ® + 14170 X 12 

. 2050 (1 + 5X 2 )X W 
^ (1-16 X 4 ) 2 ’ 


* Cf. Knight, loc. cit. 
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which is less than unity for values of X up to nearly 0-28. When n =* 2, 
the result is better. 

Treating A in in the same way, we obtain 


where 
F (it, X) = 


I A 2o (r+l) | < C r n 2 2n X 4n F (n, X), 


1 

n 2 2n 


(2n - I) 2 »« 0 X + £ {(2n ~ 1) ( 2n a a . X* + 2 "P*.) 

K --1 


+ 2 n 2n Y 2 , X 2 } s 2 2s X 4 *-* 

4- 2 4p+2 ff 1 .„ +Sp+2 (1 + 4X 2 ) — — j • 


(32> 


In this, every term is less than the corresponding term in / (n, X). The 
convergence is thus completely established for values of X up to 0-27. 

For the numerical calculation of any special case it is necessary first 
to tabulate the coefficients 2,1 a 2s , 2,1 y^, and then to deduce tables 

of 2 "/jjj,, *"/*, 2B y's», f° r each value of X required. The fundamental 
coefficients are ^a^,, 2n (3 2]i , and tables of these are given below (Tables I 
and II).* On account of equation (9) it is unnecessary to give a separate 
table of 2T, Ya,. The other coefficients are easily deduced, and it has been 
thought unnecessary to give them. When these tables are prepared the 
calculation can be carried out quite easily on a calculating machine to 
any desired degree of accuracy. 


Longitudinal Tension 

If there were no holes, a uniform tension T parallel to the x axis would 
be given by 

Xo = i(> 2 Tp 2 (l -cos 20) (33) 

with stress components in polar co-ordinates 

n = $T (1 + cos 20) j 

r? = — iT sin 20 (34) 

00 * iT (1 - cos 20) J 

Hcncc 

A 0 (u) ---= ii*X*T; A 2 (0) = - # 2 X 4 T; B 2 (0 » = ihOT. 

From these we remove the factor h*T, restoring it in the final result. 

* The binomial coefficients were tabulated by Glaisher, ‘ Mess, of Math.,’ vol. 47, 
p. 97 (1918). A table of e„ for values of n up to 20 is given by Dale, * Mathematical 
Tables,’ London (1905 and later editions). For larger values of n the value can be 
found from two terms of the series. 
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Giving X in turn the values 0-15, 0-25, and carrying out the calculation 
we arrive at the results in Table 111. The final stress function may be 
written 


X « W tip 2 (1 - cos 20) + A 0 S„ + S (AfcS* + B a , UJ] 
= b*T [ip 2 (1 - cos 20) - A, log P + S ( + ^i} 


cos 2«0 


where 


+ L (L a „ + M a „p 2 ) p 2 " cos 2»0] (35) 

tt—U 


L 0 —■ 0; L a „ — i- 2,1 A j, -f- E 2,1 P & B^; 

It II K e* 1 


s 2 "Y2 .Bv 
«-1 


The values of L a „, M a „ are also given in Table III. 


Table III 



X- 015 

X^ 0-25 


X -- 0*15 

X = 0-25 

A 0 

9*886 X 10 3 

2-327 X 10-' 

L, 

4*589 x 10 * 

9-791 X 10- 1 

A a 

—1 038 x 10- 4 

-6-143 X 10 4 

L 4 

2-421 x 10~ 8 

4-735 x 10- s 

a 4 

l 818 X 10 8 

2-023 x I0-" 

L. 

2*059 x I0~ fl 

3 -676 X 10 s 

A a 

1 303 x 10~“ 

1015 x 10 8 

L 8 

1*902 X 10~ 8 

3 052 X 10 * 

a 8 

8*531 x 10” J « 

4-578 X 10-“ 

Li» 

1*801 x 10~ a 

2-527 X 10-* 

Ajo 

5 *254 x 10 1 * 

1-89 X 10 “ 

Lu 

1*720 X 10 a 

2-025 x 10 * 

An 

3* 10 x 10 81 

7 -04 X 10 “ 

Lu 

1*649 X 10 8 

1-523 X JO 2 

Ah 

1*78 \ 10-“ 

2-44 x 10 “ 

M, 

-3*031 x 10* 

-6-387 x 10 2 

B, 

9-215 x 10 8 

1-950 x 10 2 

M, 

-1*993 x 10* 

-4-131 X 10 2 

B« 

- 1-079 x 10° 

-4-335 x 10-‘ 

M 4 

-1*870 X 10 2 

-3-780 x 10 2 

B, 

— 6*955 X 10 10 

-1-953 X JO 7 

M, 

-1*843 X 10* 

-3-590 X 10 2 

B* 

-4*335 X 10 18 

-8-38 X 10“ 

M, 

-1*833 X 10- 8 

-3-398 X 10- 2 

Biq 

-2*595 x 10~ l * 

-3-36 x 10 “ 

M,„ 

— 1 826 X 10-» 

-3-169 X 10 2 

B 11 

-1*50 x 10 “ 

— 1 -25 x 10-“ 

Mu 

-1*820 x 10~* 

-2-892 X 10 2 

B u 

-8-51 x 10~ 88 

-4-20 x 10* 17 

M tt 

-1*813 x 10~ 8 

-2-560 x 10 2 


The stress components are 

' = t[H 1 +cos 26 )-£ 2 - £ tnl )Ain 

1 . P S H»1 l p 3n + 2 


+ ^L±iIgLzJIgfeI cos2«0 1(37) 

p* n ) 

J () {2«(2n~l)L an +2 (m- 1) (2n+l) M a „p 2 } P »»-»cos2*e] 
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r6 — T - isin26 - ^ Ag " 


+ 


2n{2n 


~ DBh I 

P* w J 


sin 2n6 


- S {2n (2n - 1) L 2 „ + 2n (2« + 1) M 2 „p 2 } p 2 "~ 2 sin 2«0 


06 = T 


HI-cos 20) +4° + S | 2 " (2 ”,tJ )A *'’ 


n«l l 

+ 2 Ja cos 2w0 

P*” / 

+ 1) {2«(2«—1)L an +2(n+l)(2rt+l) M 2 „p 2 }p 2 " 2 cos2n6 


G 

i f 


r- 

m 


It is now a simple matter to calculate the stresses in the neighbourhood 
of a hole. The most interesting is the value of 66 at the edge of the 
hole, and this is given in Table IV. The remarkable feature of the results 
is the great reduction in the maximum stress that is produced by the 
shielding effect of the neighbouring holes. For an isolated hole the 
greatest value of 66 is 3T. When X = 0-25 this maximum is reduced 
to 2-16T. 

Table IV— Values of 66/T at the edge of the hole. The Values 
for an Isolated Hole are given under X — 0 
G X - 0 X = 0-15 X- 0-25 

O 


0 

-1*00 

-0*74 

-0*39 

15 

—0*73 

-0*54 

-0*30 

30 

0 00 

0*05 

002 

45 

100 

0-86 

0*62 

60 

2*00 

1*69 

1*33 

75 

2*73 

2-31 

1 92 

90 

3-00 

2-54 

216 


The way in which the tension falls off from the maximum as we leave 
the hole is shown by the values of 66 on the axis of y. These are given 
in Table V. 

The behaviour of the tension on the axis of the holes is very remarkable- 
It will be seen from Table VI that when X ~ 0*25 the value of rr on 
the axis never rises above 0 • 14T, while even when X — 0 • 15 the maximum 
is only 0 • 56T. 
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Table V—Values of tfs/T on the Cross-axis of the Hole 


r/a 

X ~ 0 

X-0*15 

X ~ 0 • 25 

10 

3*00 

2*54 

2*16 

1 *2 

2*07 

1*77 

1*49 

1-4 

J 65 

1*41 

1 -22 

1*6 

1*42 

1*24 

1*09 

1*8 

1*29 

M3 

1*03 

2*0 

1*21 

1*07 

1*00 

Table VI- 

-Values of rr/T on the Line of Centres 

ria 

X - o 

X - 0 15 

i! 

© 

K> 

La 

1*0 

0*00 

0*00 

0*00 

1*4 

0 12 

0*10 

0*05 

1*8 

0*37 

0*31 

0* 13 

2*0 

— 

— 

0*14 

2*2 

0*55 

0*44 

0*13 

2*6 

0*66 

0*51 

0*05 

3*0 

0*74 

0*55 

0 00 


For the calculation of the tensions across the line 5 — | mid-way between 
two holes, the convergence of the series so far used is insufficient and 
fresh expansions are required. To obtain these, write 

K = S' + b (38) 

Then 

w 0 — — log sin ( 71 S' 4 - n/2) — — log cos tX,' 

- £ ( 2 2n - 1)^2 S '*", 

ft 

= £ 2 “a' 0 $' 2 «, 

H - 1 

where 

2n a' 0 == (2 2n — 1) 2n a 0 , 

Applying the definition (3) we now obtain, after a little reduction 

w 2f = £ c 2n 

w—0 

"» + i “ - S 2n+1 «' s , +1 

n»(> 

where all the coefficients satisfy the relation 

V, = (2 n+ ‘ - 1) "a,. (42) 



(39) 

(40) 
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Hence 

S 2 , = 2 p' 2 " cos 2nd' 

n«n 

T 2 . +1 = 2 ■*+»*'„„ P ' an+1 sin (2 n + 1) 0' 

» fl a»n 

Also 

U 2> — S 2< .. 2 2p sin 0 T 2i _j, 
which easily reduces to 


U 2J = 2 (•"(*'„ - ^y' 2 , p' 2 ) p' 2n cos 2nd’, 

n *»0 


(44) 

2,1 P' 2 , == (2 2fl+2 * -2 — l) 2n p 2j ) 

2,1 f 2. = (2 2n+2 * ~ 1) 2 "y 2 . 

1- 

(45) 


where 


Substituting these expressions into x we now readily obtain for the 
tension across the line 0' = 


where 


06' = T [ l + 2 (—1)« (P 8n - Q in ^) 7)® n— *] 

H "•* 1 


P 2 „ = 2n {In — 1) {A 0 *V 0 + 2 (A 2 , + B 2J **p'„)} | 

Qin — 2 (« + 1) (2n + 1) 2 B 2 , 2n y' 2 , j 


This series, which has a radius of convergence of may be used for 
calculating 60 up to *) = 0 3, after which the convergence is too slow. 
To extend the calculation further it is best to evaluate the functions S*, 
U*,, directly. On the line 5 = i we have 

S 0 = — log cosh nri j 

S s = Tr 2 (l-t 2 ) • (48) 

T x = nt 1 

where 

t — tanh tct). 

It follows also from the definitions of the functions that 
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This enables the functions to be written down successively as poly¬ 
nomials in t, after which the tension may be found from 

*■ (50) 

It is necessary only to carry the series as far as the terms in S 8 and U ft in 
order to attain the degree of accuracy represented by Table VII. 

Table VII— Tension across Line Mid-way between Two 

Holes 


V 

X - 015 

X “ 0*. 

0*00 

0*56 

0*14 

005 

0*58 

0*17 

010 

0*63 

0*25 

0 15 

0*70 

0*36 

0*20 

0*77 

0*50 

0*25 

0*84 

0*63 

0*30 

0*90 

0*74 

0*35 

0*94 

0*84 

0*40 

0*97 

0*91 

0*45 

0*99 

0*95 

0*50 

1*01 

0 99 

0*55 

101 

1*01 

0*60 

1*01 

1*02 

0*70 

1*01 

103 

0*80 

1*01 

1*02 

0*90 

1 01 

101 

1 00 

1 00 

1*01 


The extent to which the tension is deflected from the central line is 
remarkable. Although it rises after a time to rather more than the value 
at infinity and drops again only very slowly, the average value over the 
range from y) ~~ 0 to 73 = 1 is only about 0*8T when x = 0-25, and 
about 0-9T when X =■■ 0*15, This suggests a doubt whether the solution 
represents the true conditions in a perforated plate. For, on account of 
the unending succession of holes, it is impossible to reach any place 
at which the tension is applied uniformly, or even approximately so. 
We may, however, suppose the plate cut at two distant sections mid-way 
between holes, the ends being kept straight by rigid bars through which 
the tension is applied. The corrections necessary for uniform tension 
will then (on St. Venant’s principle) not be sensible except close to the ends. 

The calculated stresses for the case of X = 0*25 are shown graphically 

in fig. 2 , and are compared with those in a plate containing a single hole 
(X =» 0). 
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Transverse Tension 

The problem of transverse tension is so similar to that of longitudinal 
tension that it will be unnecessary in the present section to give more 
than the final results of the calculations. 



two adjacent centres 

A tension applied in the direction of the .v-axis when the plate is un¬ 
perforated is expressed by 

Xo = #*T P *(1+cos26) (51) 

which leads to 

A 0 «» * * X a T ; Aj <0) = i bW T ; B,«” = - * ^X*T. 

The calculation has been carried out only for X — 0-25. The final 
coefficients, after the factor h*T has been removed, are given in Table 
VIII. 

From these we easily obtain the results in Tables IX and X for the 
stress round the hole and that along the line of centres. 
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The increase of tension from 3T to 3 -24T due to the presence of the 
other holes is not large, when it is remembered that the average tension 
across the line of centres has been doubled by the removal of material. 
The result may be compared with that in a perforated strip ( loc . cit.), 
where the increase in the maximum tension was larger, but was still 
not comparable with the increase in the average tension. In that case 


Table VIII 


A<> 


4 338 

X 

10" 

L, 


-1*950 

X 

10* 

A a 


9*313 

X 

10 4 

U 


-3*031 

X 

10 a 

A, 

-- 

-1163 

X 

10* 

L. 


-3*105 

X 

10-2 

A, 

n.™ 

— 7-79 

X 

10" 

L. 


-2*966 

X 

10-* 

Ag 


-4*18 

X 

10-u 

L 10 


-2*706 

X 

10- 8 

Aio 


-1*90 

X 

10-13 

Lia 


-2*367 

X 

10" 

Ai* 


-7*84 

X 

10 1« 

L14 


-1*971 

X 

10~ 8 

A,, 

• — 

2*94 

X 

10 18 

M„ 


9*705 

X 

10- 3 



-2*955 

X 

to- 8 

M, 

= 

6*344 

X 

lO-a 

b 4 


2*511 

X 

10 6 

M t 


5*903 

X 

10~ 8 

B« 

* 

1*537 

X 

10~ 7 

M. 

= 

5*743 

X 

10“ 3 

B s 

— 

7*66 

X 

jO-io 

M, 

*7 

5*617 

X 

io- 8 

Bio 


3*39 

X 

10 18 

M 10 

— 

5*476 

X 

10 * 

B„ 


1*37 

x 

10“ 14 

Mu 

= 

5*306 

X 

10* 

B u 


5*07 

X 

10-17 

M u 

— 

5 099 

X 

10~ a 


Table IX—Values of 00 at Table X—Values of yy on 

Edge of Hole Line of Centres 


0 

eo/T 

5 

v>/T 

o 


0-25 

3*24 

0 

3*24 

0 30 

2*36 

15 

3*03 

0-35 

1*94 

30 

2*41 

0-40 

1*74 

45 

1*46 

045 

1*64 

60 

0*44 

0-50 

1*61 

75 

-0*33 



90 

-0*61 




an increase from 3T to 4 • 32T was found to accompany a doubling of the 
average. It is thus clear that the adjacent holes are much less effective 
than would be a pair of straight boundaries at the same minimum dis* 
tance from the hole. The actual increase is less than would be produced 
even by boundaries along the lines l = ± 0-75 and not much greater 
than if they were at \ = ± 1, i.e., the effect is about the same as for 
straight edges farther away than the nearest points of the neighbouring 
holes but nearer than their centres. 
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Some comparison is also possible with the experimental results of 
Capper,* who made measurements of the stresses round three holes 
placed in a row across a strip in tension. The conditions on the middle 
hole should correspond roughly with those of our present problem, X having 
the value 1/6. For the greatest stress at the edge of the middle hole 
Capper found 3-17T, which is about what our calculated value would 
suggest as probable for the smaller value of X. At an end of the other 
diameter of the hole he found, however, a value of — 0-38T, whereas 
—0-75T would seem more likely from our present results. 

A remarkable feature of the stresses in a perforated strip was provided 
by the tension in the straight edge.f This tension had a minimum at the 
point nearest to the hole, with strongly marked maxima on either side. 
Table X, which gives the values of yyj T on the line 5 — i, shows that 
there is no analogous phenomenon here. The tension does not rise 
above its value on the axis, and drops nearly to its asymptotic value 
when v) = 1. The conditions are, of course, very different, since the 
edge of the strip was free. A better comparison would be given by an 
edge that was kept straight, but for this the data are not available. 

Table XI— Values of yyj T on the Line l — Mid-way 
BETWEEN Two HOLES 



yyl t 

00 

1*61 

0*1 

1 *61 

0*2 

1*58 

0-3 

1*51 

0-4 

1*41 

0-5 

1*29 

0*6 

1*19 

0-7 

1*13 

0-8 

108 

0*9 

105 

10 

103 


All the calculated stresses are shown graphically in fig. 3. 

The calculations have been carried out on a calculating machine 
purchased with a grant from the Government Grant Committee of the 
Royal Society, to whom my thanks are due. 

• Thesis, London (1927); unpublished. See also Coker and Filon, “ Photoelasticity," 
chap, VI. 

t An account of both theoretical and experimental results is given in “ Photo- 
elasticity,” chap. VI. 

2 K 
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I desire also to record my indebtedness to Mr. R. C. Knight, who has 
verified some important parts of the work. 


Summary 


Harmonic and biharmonic functions are defined having infinities at 
the points x ~ ± pb, y — 0, p being any integer or zero. The functions 



Fi«. 3—Transverse tension. Curves marked (a) show stresses for X*= 0-25, those 
marked ( b ) for X -- 0. I, fjll/T at edge of hole. II, yppc on the axis of x. 
HI. J57T on line equidistant from two adjacent centres 


are analytic in the rest of the plane and are periodic in x with period b. 
Expansions are found in terms of polar co-ordinates (r, 6) with the origin 
as pole. 

A stress function defined by a series of such functions may be made to 
satisfy given boundary conditions on the circle /• = a (a < b) and will 
then satisfy identical conditions on all the circles of radius a with their 
centres at (± pb, 0). The boundary, conditions lead to an infinite get of 
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linear equations. These are solved by a method of successive approxi¬ 
mation, which is proved to be convergent if a/6< 0-27. 

The method is applied to find the distribution of stress in a plate per¬ 
forated by a row of holes when a tension is applied either parallel or 
perpendicular to the line of centres. When the tension is parallel to the 
centre line the holes are found to shield each other and the maximum 
stress is reduced. When ajb = 0-25, so that the holes ocCupy half the 
line of centres, the greatest stress is only 2-16T, T being the tension at 
infinity, compared with 3T for an isolated hole. When the tension is 
applied at right angles to the line of centres the maximum stress is greater 
than for an isolated hole, the value being 3-24T when a-b — 0-25. 


2 L 
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Researches on the Chemistry of Coal 
VIII—The Development of Benzenoid Constitution in 
the Lignin-Peat-Coal-Series 

By William A. Bone, D.Sc., F.R.S., L. G. B. Parsons, Ph.D., R. H. 
Sapiro, Ph.D., and Constance M. Groocock, Ph.D. 

(Received August 24, 1934) 

Introduction 

In Part IV* a preliminary account was given of the discovery that the 
benzene-pressure-extracted “ residue ” of a typical bituminous coal can 
readily be oxidized by means of an alkaline solution of potassium per¬ 
manganate with formation of considerable quantities of benzenoid acids. 
Four years later, in Part VI,f the quantitative results of such oxidations 
of the “ residues ” derived from five selected brown coals, lignites, and 
bituminous coals were detailed. It was shown that each “ residue,'’ 
which constituted upwards of 85% of the corresponding total coal sub¬ 
stance, can be so oxidized to a mixture of carbonic anhydride, acetic, 
oxalic and benzenecarboxylic acids. Thus, for example, the carbon 
of such “ residue ” from a typical Durham coking coal was distributed 
among the oxidation products as follows:— 

42 -4% as carbonic anhydride 
1 • 7% as acetic acid 
6 • 5% as oxalic acid 
48 • 8% as benzenecarboxylic acids. 

Moreover, from the crude mixtures of benzene carboxylic acids so obtained, 
whose mean compositions closely approximated to that of a benzene- 
tricarboxylic acid, were isolated phthalic, isophthalic, terephthalic, 
trimellitic, mellophanic, pyro-mellitic, benzenepentacarboxylic and melli- 
tic acids. 

It was also shown that the oxidation of the coal substance to such 
benzenoid acids proceeds through the successive formations of colloidal 
humic acids, and probably also of intermediate crystalline acids. 

These investigations, proving as they did the substantial benzenoid 
character of the main coal substance, aroused considerable interest. 
With the continued financial support of the Fuel Research Board, we 
have been enabled to carry out a further extended programme of work 
with the object of tracing the development of such benzenoid structure 

* * Proc. Roy. Soc.,’ A, vol. 110, p. 537 (1926). 
t Ibid., A, vol. 127, p. 481 (1930). 
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from its beginning in lignin, through typical peats and brown coals, 
right up to its final maturity in bituminous coals and anthracites. 

The experimental part has comprised: (i) quantitative studies of the 
alkaline permanganate oxidations of cellulose, lignins, peats, brown coals, 
lignites, bituminous coals, and anthracite, so conducted as to show in 
each case how the carbon of the organic substance is distributed among 
the various oxidation products; (ii) isolations and identifications of the 
principal benzene carboxylic acids formed in each case; (iii) step-wise 
oxidations, with the object of elucidating their courses; and (iv) various 
supplementary experiments bearing upon special points. Former 
experimental procedures have been improved, and new ones developed. 

Seeing that the results have direct bearings not only upon (i) the much 
debated question of how coals have originated and matured throughout 
geological time, but also upon (ii) such technical problems as the con¬ 
version of coal into oil by pressure hydrogenation, it is hoped that they 
will contribute towards their elucidation. 

Theories Regarding the Maturing of Coals 

With regard to the first-named question, while there is unanimity about 
the vegetable origin of coal, opinion is much divided as to how the 
original vegetable debris—comprising chiefly celluloses, hemi-celluloses 
(hexosan and pentosan), lignin, proteins, with varying smaller amounts of 
fats, gums, and resins—has been slowly transformed into the organic 
substance of coals. The process may be pictured in general outline as 
having involved such successive stages as (i) fermentation and maceration 
in peat bogs, whereby the less resistant parts of the vegetable tissues were 
decomposed, with evolution of methane and carbon dioxide, under the 
influence of both aerobic fungi and anaerobic bacteria; (ii) progressive 
consolidation and de-watering of the residue by pressure as it was slowly 
blanketed under accumulating newer strata; (iii) laminations produced 
by subsequent earth movement and (iv) what, for want of a better word, 
may be termed “ bituminization ” under the influence of increasing 
pressure plus a slowly rising temperature, which probably has not in 
general exceeded 200° C, except in the rare cases when the bituminous 
coals have been subsequently subjected to such influences as igneous 
intrusion or frictional heat engendered by earth movement. Such 
“ bituminization ” would seem to have involved, inter alia, not only a 
loss of both carbon dioxide and water, as the result of intra-molecular 
“ condensation,” but also an amalgamation of acidic and basic inter¬ 
mediate “ humic ” bodies resulting ultimately in the coal substance of a 
matured bituminous coal. And in course of such successive trans- 


2 L 2 
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formation those substances have been gradually formed, probably 
through intermediate bodies of a phenolic type, which are associated with 
the coking propensities of bituminous coals. 

Although the organic substance of bituminous coals invariably con¬ 
tains a small percentage of both nitrogen (up to circa 1 -75%) and sulphur 
—which presumably have originated in vegetable proteins—its chief 
progenitors are generally regarded as celluloses and/or lignins; but 
opinion is sharply divided as to which of these two classes of organic 
materials have been plainly responsible. 

Thus, while Fischer and his collaborators* maintain that during the 
“ peat bog stage ” the celluloses in the original vegetable debris were 
decomposed leaving substantially only the lignins to be subsequently 
transformed into coals, Berlf has recently argued, from his work upon 
the supposed “ coalification ” of plant products by heat under pressure, 
that while lignins may have been the chief progenitors of brown coals and 
lignites, it is celluloses that have been mainly responsible for bituminous 
coking coals. And he doubts whether bituminous coals have matured 
via brown coals and lignites, as was formerly supposed. 

Another alternative to the orthodox view, based upon the examination 
of a large number of coal seams, has been advanced by McKenzie-Taylor. X 
He found that, under certain kinds of clay-type roofs, base exchange 
has taken place between roof material and sodium chloride in the original 
vegetable material, whereby the alkalinity of the maturing coal has 
been preserved so that aerobic decay has resulted in the ultimate successive 
formation of bituminous coals and anthracites. But in absence of such 
“ base exchange,” acid anaerobic decay has resulted in the transformation 
of peat ultimately into brown coals and lignites which under such con¬ 
ditions are incapable of further maturing to bituminous coals. 

Other investigators, while accepting the essential continuity of the 
peat-brown-bituminous-coal series, have suggested that it does not 
generally extend to anthracites, though it would be difficult for them to 
exclude certain instances where anthracitization of bituminous coals 
has undoubtedly occurred. 

Constitutions of Cellulose and Lignin 

Thanks mainly to the researches of Haworth and collaborators§ the 
chemical constitution of cellulose has now been established as “ an 

• ‘ G. Abhd. Kohle,’ vol. 4, p. 342 (1919); vol. 5, pp. 135,160, 200,211,235 (1920); 
vol. 6, p. 1 (1921). 

t ‘ J. Inst. Fuel,’ vol. 5, p. 382 (1932). 

t ‘ Fuel,’ vol. 7, pp. 66, 125, 227 (1928). 

§ Haworth and Machemer, ‘ J. Chem. Soc.,’ p. 2272 (1932). 
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extraordinarily large assemblage of gluco-pyranose components linked 
through position 1:4 and continued, by reason of the stereo chemical 
arrangement of its primary valency bonds, as a straight chain of six- 
atom ring units,” thus:— 



While cellulose thus appears as a long chain of highly reactive oxygen 
ring structures, it is devoid of any “ benzenoid ” character; and it is 
difficult to see how the essential benzenoid structure of the main coal- 
substance could have been developed from it, save possibly by a new 
synthesis from the products of its complete breakdown. 

On the other hand, there can now be little doubt about the aromatic 
character of lignin, and that it contains both - -OH and —OCH 3 groups, 
although there are still differences of opinion about what its precise 
structure may be. Thus, while Freudenberg* considers it as containing 
a chain of simple aromatic nuclei, e.g.. 


(i) 



H H , 
C-CHO- 
OH OH 


L OCHj 


H H , 
-C-CH-O 
OH OH 


~^>-^"oh OH 2 

OCH, 


*•» -X—vg-g-g- Q. 

9 ? -' OH OH OH 


H/>0 


OCH, 


H H H 
-C-C-C-O- 
OH OH OH 
-*8 


OCH, 


H H 

-C-C-CH, 
OH OH OH 



* ‘ Ber. deut. chem. Ges.,’ vol. 63, p. 2713 (1930). 
t ‘Brenns. Chem.,’ vol. 4, p. 161 (1923). 
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and Fuchs* the following:— 



Our present experiments have shown that while cellulose is readily 
oxidized by alkaline permanganate chiefly to carbonic anhydride and 
oxalic acid, without any production of benzene carboxylic acids, lignins 
yield (besides C0 2 and oxalic acid) fair proportions of them. The bear¬ 
ing of such facts upon the maturing of coals will be discussed later; 
suffice it now to remark that so far as they can be regarded as having 
originated from lignin their benzenoid character has been inherent from 
the start. 


Alkaline Permanganate Oxidation of some Typical Aromatic 

Substances 

Although the use of hot alkaline permanganate solutions as oxidizing 
agents has long been established among organic chemists, surprisingly 
little information about its quantitative aspects has appeared in chemical 
literature. According to Prschevaliskif its attack upon an aromatic 
molecule begins on the carbon atom nearest the nucleus in a side chain 
with the formation of a benzoic or hydroxy-phenyl acetic acid derivative, 
the rest of the side chain being simultaneously oxidized to carbonic 
anhydride or a dibasic acid. It is also known that substitution of nuclear 
hydrogen by hydroxyl renders a benzenoid ring liable to disruption at 
such position under alkaline permanganate attack. 

During the course of our present work we have carried out alkaline 
permanganate oxidations of, inter alia, the following typical aromatic 
substances under conditions comparable with those of our corresponding 

* ‘ Z. angew. Chem.,’ vol. 44, p. lit (1931). 
t ‘ J. Soc. phys.-chim. russe,’ vol. 49, p. 567 (1917-18). 
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coal oxidation and the information thus obtained has been helpful in 
interpreting our coal results.* 

Trimethy/benzoic acid, (C 6 H a (CH 3 ) 3 . COOH, was smoothly oxidized 
chiefly to 1 . 2.3 . 5 benzene tetracarboxylic (prehnitic) acid. 

1 : 4 Dimethylnaphthalene was slowly oxidized to 1: 2: 3: 4 benzene 
tetracarboxylic (mellophanic) and oxalic acids, presumably thus:— 




+ (cOOH) 2 + 2Hj,0 


Anthracene was slowly oxidized primarily to anthraquinone, which 
was so highly resistant to further oxidation that even after prolonged 
action (8 O-atoms per molecule of anthracene being used) a 60% yield 
of it was recovered from the liquor, the remainder being accounted for 
as carbonic anhydride and acids (unexamined). 

1 :2 Dihvdroxy-anthraquinone —The introduction of two hydroxy 
groups into the anthraquinone molecule greatly facilitated its oxidation, 
which proceeded smoothly with the production of phthalonic, phthalic, 
and oxalic acids plus carbonic anhydride in substantially the following 
molecular proportions.f 



O 

C-COOH 


COOH 


+ 2 



COOH 


COOH 


+(COOH) 2 + 5HgO 



was very slowly oxidized initially to fluorenone 



which proved to be nearly as 


resistant as anthraquinone 


to further oxidation. 


* This part of our work is being extended. 

t The action was almost, but not quite, quantitative in accordance with the scheme, 
11 (instead of the theoretical 11-8) O-atoms being used per molecule of the di- 
hydroxyl-anthraquinone. 
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Resistance to Oxidation of Oxalic and Benzene Carboxylic 

Acids 

Since the chief products of the alkaline KMn0 4 -oxidation of our 
coals were expected to be carbonic anhydride, oxalic, and benzene car¬ 
boxylic acids, special experiments were made with the object of ascertaining 
how far (if at all) either oxalic or a benzene carboxylic acid, when once 
formed during the process, would be likely to be further oxidized under 
prolonged action of the agent. The results were, however, almost 
negative. Thus, for example, no more than 0-75% of a small charge of 
oxalic acid disappeared during 8 hours continuous boiling with large 
excess of an alkaline permanganate solution of the same strength as was 
errfployed in our coal-oxidations, while with isophthalic acid the loss 
was only 0 -25%, and none at all with phthalic, terephthalic, or meliitic 
acids. Hence there seems no likelihood of any further material oxidation 
of any such acids having occurred during our experiments. 

General Course and Characteristics of the Alkaline Perman¬ 
ganate Oxidation of the Main Coal Substance 

Taken as a whole the evidence of our present experiments has abundantly 
supported the conclusion, tentatively drawn in Part VI, that the alkaline 
permanganate oxidation of the main coal substance involves an initial 
formation of colloidal humic acids plus carbonic anhydride, and proceeds 
thence, probably through some intermediate crystalline acid (or acids), 
to the final production of oxalic and benzene-carboxylic acids plus 
further carbonic anhydride. Small amounts of acetic acid are also 
formed at all stages; and in certain cases (e.g., more particularly with 
peats and brown coals) some succinic acid was usually found among the 
final products. 

Speaking generally, throughout the peat-coal-anthracite series, the 
less matured the “ coal substance ” the more readily it is oxidized by 
alkaline permanganate. Thus, for example, in a series of special com¬ 
parative experiments made to test relative rates of oxidation, it was found 
that while the main “ coal substance ” of peats, brown coals, and lignites 
was oxidized very much, that of a Shafton bituminous coal (from Barnsley) 
was oxidized only a little, more rapidly than trimethylbenzoic acid. 
Moreover, while a still more matured Durham coking coal was oxidized 
more slowly than the trimethylbenzoic acid, and at a rate more com¬ 
parable with that of dimethylnaphthalene, a Welsh anthracite had much 
the slowest rate of all. 
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As will be seen later, while the final main oxidation products of every 
peat or coal substance so far investigated were qualitatively much the 
same namely, carbonic anhydride, acetic, oxalic, and benzene carboxylic 
acids—the percentage of the original carbon appearing in the last named 
always increased with the maturity of the fuel, proving that the maturing 
process had involved a progressive development of the benzenoid character, 
a point which will be further discussed after the experimental results have 
been considered in detail. 

At one time or another, with the sole exception of benzoic acid itself, 
every known benzene carboxylic acid has been isolated from the final 
oxidation products of the main coal substance; and in practically all 
cases penta- and/or hexa-carboxylic acids have been the predominating 
benzenoid products. 

The prominence of mellitic acid among all our coal-oxidation products 
indicates the presence in the main coal substance of structures possibly as 
t complex as 



which presumably might be oxidized by the permanganate possibly 
somewhat as follows:— 

C 24 H 12 - C 12 H a 0 12 + 6C 2 H 2 0 4 . 

In such case, the carbon of the original benzenoid complex would be 
equally divided between the mellitic and oxalic acids produced. 

Again 1:2:3 benzene tricarboxylic acid might result from the oxida¬ 
tion of such fused benzenoid rings as 



the former of which might be oxidized as follows:— 


C 13 H, -*■ C 9 H 6 0„ + 2C 2 H 2 0 4 , 
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in which case the carbon of the original “ benzenoid ” complex would be 
divided between the benzene tricarboxylic and oxalic acids in the ratio 
9:4. 

In general, then, both benzene carboxylic and oxalic acids would arise 
simultaneously during the oxidation of such “ fused ” benzene ring 
structures—and there is much evidence of this having occurred in our 
experiments—while both carbonic anhydride and acetic acids would 
arise from the oxidation of side chains. Also, both oxalic acid and/or 
carbonic anhydride would assuredly arise from the oxidation of cyclic 
structures other than benzenoid and in some cases probably also of 
substituted benzenoid rings. 

We wish it to be understood that before Part IV had appeared in 1926 
it was known that small quantities of benzene carboxylic acids result 
from the action of oxidizing agents upon coal. Thus in 1930 Fischer 
and Schrader* reported having obtained small amounts of benzoic (0 -43 
gm), phthalic (0 -4 gm), isophthalic (0-33 gm), trimesic (0-16 gm),- 
benzene pentacarboxylic and mellitic acids (0 6 gm), or rather less than 
2 gm in all, by oxidizing 100 gm of a bituminous coal with air at 50 atmo¬ 
spheres pressure. And in 1925 Francis and Wheelerf described oxidations 
of “regenerated ulmins from coals” by means of hydrogen peroxide 
whereby they had obtained “ good yields of oxalic and succinic acids 
. . . (and) ... in addition small quantities of acids . . . 

having all the properties of benzene polycarboxylic acids,” among which 
pyromellitic was identified; also, by means of a 30% nitric acid, they 
obtained a 3% yield of picric acid. But none of such previous observa¬ 
tions had shown more than the mere existence of aromatic nuclei in 
coal nor given any such proof of its essential benzenoid structure as the 
researches in our laboratories since 1925 have afforded. And only by 
such quantitative methods as are described herein could the origin and 
development of this benzenoid structure in the lignin-peat-coal series 
have been established. 


Experimental 

Since the publication of Part VI, our experimental methods have been 
overhauled and standardized so as to make them strictly comparable 
when applied to a series of peats or coals. Only the general outline of 

* ‘ Kohle,' vol. 5, p. 500 (1920); also Fuchs, “ Die Chemie der Kohle,” p. 326 
(1931). 

t' J. Chem. Soc.,’ vol. 127, p. 2236 (1925). 
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details—which, however important from the manipulative point of view, 
are unnecessary to our main purpose—will now be given. 

Preparation of the Coal Residues —The peat or coal was first of all 
dried in vacuo at circa 105° C, then ground finely (so as to pass through 
a 10- but not a 40-mesh sieve), and then usually either “ dewaxed ” by 
suitable solvent treatment or subjected to a benzene-pressure-extraction 
up to 750 lbs per sq inch up to about 285° C) as already described 
in Parts II and V, * in order to effect the removal also of such entities as 
resins, neutral oils, phenolic bodies, etc. The “ residue ”—which con¬ 
stituted upwards of 80% of the original dry ashless coal substance—was 
then “ re-dried ” (so as to eliminate all the benzene), ground to pass a 
100-mesh sieve, and subsequently employed for the oxidation by hot 
alkaline permanganate solution in the manner described below. 

Such preliminary benzene-pressure-extraction was carried out as a 
matter more of convenience than necessity; for although it frequently 
facilitated the subsequent oxidation, it had no material effect upon the 
benzenoid structure of the residual main coal substance, as was proved 
by the resulting comparative experiments in which it was alternately 
included or omitted. 

The Alkaline Permanganate Oxidations —These were carried out by one 
or both of the two following procedures, according to the purpose in 
view. 

(1) Carbon Balance Method -For determining the distribution of the 
carbon of the dry peat or coal substance among the various oxidation 
products. Five gm of the dry material to be oxidized were suspended in 
500 cc of water, in which 8 gm of potassium hydroxide had previously 
been dissolved, in the flask A of the apparatus shown in fig. 1 .f The 
contents were then slowly heated to the boiling point under “ reflux ” 
conditions, maintained thereat while a 3solution of KMnO* was being 
run in drop by drop from the tap funnel B until no further reduction of 
the permanganate occurred. The volume of such KMn0 4 solution 
required (usually upwards of a litre) was recorded, and any small amount 
of free CO s escaping during the operation (for although the liquor was 
always alkaline, towards the end of the operation some CO a might not 
always be retained) was swept forward by a stream of CO a -free air and, 
after being dried by calcium chloride was caught up in a suitable weighed 
absorption train (not shown). 

* ‘Proc. Roy. Soc.,* A, vol. 100, p. 582 (1922), and vol. 120, p. 523 (1928). 

t In figs 1 and 2, W.T. — water trap, and S.G. ~ guard-tube filled with ‘solfonite’ 
(soda-lime). 
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The resulting hot liquor—containing K a CO s and potassium salts of 
acetic, oxalic, and benzene carboxylic acids—was freed from suspended 
hydrated manganese oxides by filtration under suction, and the MnO(OH) a 



thoroughly washed out (until alkali free) with hot distilled water. The 
liquor plus washings was next concentrated down to less than a litre in 
a C0 2 -free atmosphere, in the apparatus shown in fig. 2, and then (after 



cooling) made up with cold C0 2 free distilled water to 1 litre exactly in 
a graduated flask. 

(i) 100 cc of this final liquor were then re-transferred to flask A, fig. 1, 
and 3 cc of pure concentrated H s S0 4 , diluted up to 100 cc with water, 
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run in drop by drop from the tap funnel B. The liquor was then heated 
very slowly up to its boiling point, maintained thereat for 10 minutes, 
and then allowed to cool (such boiling and cooling operation being twice 
repeated), a slow current of C 0 4 -free air being maintained through the 
apparatus throughout the cooling operation in order to sweep forward 
the C0 2 evolved to the weighed absorption train where it was finally 
fixed. In this way, after applying a proper correction for any small 
amount contained (as carbonate) in the aliquot portion of the KOH 
originally used, the C0 2 produced during the oxidation of the coal 
substance was estimated. 

(ii) Following the operation described under (i), the liquor in A was 
steam distilled in the apparatus shown in fig. 2 , and the condensate 
collected in the receiver C was titrated with N/10 NaOH solution for the 
estimation of volatile (/>., acetic) acid. 

(iii) In aliquot parts of the remaining 900 cc of the final liquor, separate 
determinations were made of the carbon present as oxalic and benzene 
carboxylic acids, respectively, present therein. 

Trial Experiment —In order to ensure its substantial accuracy, the 
method was tested on 500 cc of a made up solution containing 10-01 gm 
K 2 C0 3 , 0-31 gm acetic, 2 01 gm cryst oxalic, 0-519 gm terephthqlic, 
0-1043 gm prehnitic, and 0-1141 gm hemimellitic acids, plus 4-0 gm 
KOH. The actually found, compared with the calculated, carbon 
distributed therein was as follows:— 



Found 

Calculated 


gm 

gm 

COjj as K. 2 C-O 3 . 

3-175 

3-190 

1 acetate . 

0-126 

0-124 

Carbon as' oxalate . 

j benzene . 

0-3813 

0-3828 

' carboxylates .. 

j 0-4047 

0-4081 


An alkaline permanganate oxidation normally proceeds according to the 
equation: 

2KMn0 4 + 3H s O - 2KOH + 2MnO(OH ) 8 + 30. 

At the end of each experiment the amount of permanganate actually 
reduced was determined, and the oxygen used calculated from such 
equation and compared with that required for the ascertained carbon 
distribution among the oxidation products, assuming a mean composition 
CgHgOg to C 10 H a O g (tri- to tetra-) for the mixed benzene carboxylic 
acid formed.. And although this was doubtless a severe check, having 
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regard to the length and difficulties of the operation involved, in one- 
third of over 30 carbon balance oxidations carried out the agreement 
between the so-found and so-calculated values was within 2%, in another 
quarter within 5%, and in yet another quarter it was within 10%. Any 
difference between them was always in the direction of rather less than 
the so-calculated amount of permanganate oxygen having been used, a 
circumstance possibly due to a tendency for small particles of the coal 
becoming entangled in the precipitated MnO(OH) 2 and reducing some 
MnO(OH) 2 to Mn(OH) a . And as analyses of the mixed benzenoid 
acids also mostly agreed with the above assumption about their mean 
composition, we consider it to be well founded on the experimental 
evidence regarded as a whole. 

Bulk Oxidations and Identifications of the Acids Produced 

In making a detailed study of the various acids produced during the 
oxidation of a particular peat or coal substance, etc., it was necessary 
to operate on a much larger scale than in determining the carbon balance 
of the process. And for this purpose the usual procedure was as follows. 

(1) Oxidation —100* gm of the dry ashless peat or coal substance 
were suspended in 10 litres of water, in which 160 gm of KOH had been 
previously dissolved, in a large enamelled iron pot. The whole was then 
brought to the boil, and maintained thereat, while solid potassium 
permanganate was added in 10 gm portions, sufficient time being allowed 
between each addition for subsequent decolorization of the permanganate. 
On completion of the oxidation, as indicated by the permanganate 
colour remaining, the hot liquor was filtered from the precipitated 
MnO(OH)jj and after thrice extracting the last named with 5 litres of 
boiling water, the combined clear liquor and washings were concentrated 
down to 2 litres. The concentrated liquor was next acidified with sul¬ 
phuric acid, the operation being conducted in a 5-litre flask fitted with a 
dropping funnel and reflux condenser sufficiently long to expel all carbonic 
anhydride. The reflux condenser having been removed, the liquor was 
steam distilled, and the distillate (containing any volatile acid found 
during the oxidation) condensed and exactly neutralized with caustic 
soda. The volatile acid was subsequently regenerated from its sodium 
salt and invariably proved to be substantially acetic add. 

The mother liquor—containing K 2 S0 4 and non-volatile organic adds— 
after being freed from oxalic acid, was next evaporated to dryness and 

* 100 gm is here employed as a convenient unit for descriptive purposes, although 
in practice the amount actually taken varied in different experiments. 
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the residue was either (i) successively extracted in a soxhlet apparatus 
with dry ether and acetone, and the so-extracted adds recovered and 
converted into methyl esters, via their silver salts, by means of methyl 
iodide, or (ii) boiled with methyl alcohol, kept saturated with dry hydrogen 
chloride, so as to esterify as much as possible of the non-volatile acids. 
Any unesterified acid or acid ester was subsequently converted into its 
silver salt, which was finally esterified by means of methyl iodide in the 
usual manner. 

(ii) Fractionation of the Resulting Methyl Esters The combined 
neutral methyl esters of the non-volatile acids thus obtained often 
deposited some crystals, or might be induced to do so by treatment with 
some appropriate solvent, in which case these were removed for separate 
examination. The great bulk of it, however, remained liquid and was 
finally fractionally distilled usually up to about 260° C, under a reduced 
pressure of 1 to 4 mm. Speaking generally, though no absolute state¬ 
ment can be made, any and all succinic esters present passed over well 
below 120° C; phthalic esters predominated in fractions between 120° 
and 160°, benzene tricarboxylic esters in those between 160° and 200°, 
tetra-carboxylic esters in those between 200" and 220°, and penta- 
carboxylic esters in the higher fractions. The residual esters, which 
usually represented 40 to 60% of the total, were almost entirely composed 
of the penta- and hexa-carboxylic esters. 

(iii) Ester Fractions —The various ester fractions so obtained were 
finally thoroughly examined by one or more of the following methods: 
(a) suitable solvent extraction, with a view to obtaining part in crystalline 
form, (h) hydrolysis of non-crystalline portions by means of barium 
hydrate, followed by separation of insoluble from soluble barium salts, 
from each of which the corresponding acids were regenerated, and (c) 
re-fractionation of each individual fraction under a pressure of 0 001 mm 
in a specially designed still, fig. 3, connected with an efficient hyvac 
pump and a McLeod gauge in series, a procedure which was often 
effective in inducing the crystallizing out of esters. 

(iv) Residual Esters —The residual esters, not distilling over below 
about 260° C at 1 to 4 mm pressure, were dissolved in dry ether, and 
petroleum ether (b.p. 40-60) added to their ethereal solution in order to 
precipitate any small amount of tarry matter formed during the long 
fractionation. The esters were then recovered from the solution, hydro¬ 
lysed by means of barium hydroxide, and their corresponding acids 
obtained in the usual manner. They were finally dissolved in water. 



506 


W. A. Bone and others 


and the solution saturated at 0° with ammonia, whereby insoluble 
ammonium mellitate was separated from the soluble ammonium benzene 
pentacarboxylate. 

The various crystalline acids and methyl esters obtained were finally 
identified by the usual methods, e.g., “ mixed melting points ” with 
authentic samples, ultimate analyses, formation of characteristic deriva¬ 
tives, etc. 

The whole procedure, thus outlined, together with isolations, puri¬ 
fications and identifications of the various esters and acids, necessarily 



occupied many weeks (and sometimes even months) in each case. It 
invariably led to the establishment of acetic, oxalic, and a number of 
benzene carboxylic acids (of mean composition usually between C 9 H f 0 6 
and C 10 H„O k ) as the principal oxidation products. 

In some cases also, e.g., peats and brown coals, small amounts of 
succinic acid were also present, presumably arising from oxidation of 
resins; but no further acid was ever detected. It may be that some 
constituents of the acid products escaped detection, but we think that 
all the more important acids formed during the oxidation were identified. 
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Detailed Results of Oxidations 
(1) Cellulose 

The cellulose investigated was from a consignment of best quality 
Swedish filter papers; as used, it contained 7-5% of moisture, but was 
practically free from ash. The dry material contained 

C - 44-3, H = 6-2, and O = 49-5%, 
which is near the theoretical composition of «(C 5 H 10 O a ). 

Carbon Balance of Oxidation —100 parts of dry cellulose required 98 
parts by weight of oxygen, and yielded principally carbonic anhydride 
and oxalic acid, without any benzenoid acid, the percentage carbon 
distribution among the products being: 


0 / 

/o 

CasCO a . 47-0 

C as acetic acid . 1-0 

C as oxalic acid. 48-8 


Total . 96-8 


(2) Lignins 

Altogether four samples of lignin prepared from different woods 
(Scots pine, beech, poplar, and silver fir) and one (“ bagasse ”) from 
sugar cane were investigated. In the first four samples the wood was 
treated by Willstatter’s method, which consists in (a) first of all extracting 
it (as raspings and sawdust) successively with (i) hot 1: 1 alcohol-benzene 
mixture to remove waxes and resin, (ii) cold dilute NaOH solution to 
remove wood acids, tannin, etc., and (iii) hot dilute H 2 S0 4 to hydrolyse 
certain pentosans, and (b) after water-washing and drying the residue, 
treating it for 48 hours with ice cold 42% hydrochloric acid in the pro¬ 
portion of 4 litres of acid to 300 gm of the wood meal. The resulting 
product was filtered on glass wool, washed successively with concentrated 
and dilute hydrochloric acid, much water, 1% ammonia solution, very 
dilute acetic acid and alcohol, dried, and finally ground so as to pass a 
100 -mesh sieve. 

The “ bagasse ” lignin was kindly supplied by the Distillers Company, 
Ltd., having been prepared by them from sugar cane residue, by 
hydrolysing the polysaccharides therein by means of 0-2% sulphuric 
acid under pressure at 160° C. 


2 M 
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The resulting lignins were quite free from sulphur, nitrogen, and ash, 
their ultimate compositions are given in Table I. 

Table I 


No. and origin C HO (diff.) Ratio C/H 

1. Scots pine . 64-2 6-1 29-7 10-6 

2. Beech . 61 9 5-7 32-4 JO-9 

3. Silver fir. 64-8 5-9 29-3 11 0 

4. Poplar . 62-2 5-7 32 1 10-9 

5. “Bagasse”. 52 1 5-9 42-0 8-8 


Carbon Balances of Oxidations —'Carbon balances for the oxidation 
of samples 3, 4, and 5 were determined as shown in Table II. 

Table II 

Lignin No. : 3 4 5 


| Carbonic anhydride .... 

56*9 

60*4 

59*0 

% of the carbon ' Acetic acid . 

3*1 

2*7 

60 

accounted for as j Oxalic acid . 

22*2 

21*2 

21 1 

• Benzene carboxylic acids 

13*6 

15*8 

11*8 

Total. 

95*8 

1001 

97*9 

Approximate oxygen used per 100 lignin.... 

137 

147 

149 


It is thus seen that the three samples yielded much the same proportions 
of CO a , oxalic, and benzenoid acids, the last named averaging about 
13-75% of the total carbon oxidized. 

Bulk Oxidations were carried out with lignins 1 and 2 and the following 
acids were isolated and identified: acetic (as p-toluidide, m.p. 146°- 
147° C) oxalic, benzene 1: 2: 4: 5 tetra-carboxylic (pyromellitic), penta- 
and hexa- (mellitic) carboxylic acids. No succinic acid was formed, nor 
could any benzene di- or tri-carboxylic acids be identified, though small 
amounts may have been present. 

While these results accord with the now generally accepted view that 
lignin contains some benzenoid structure, the prominence of benzene 
penta- and hexa-carboxylic acids among the oxidation products favours 
some such constitution formula as those suggested by Fuchs and Schrauch 
as against that advanced by Freudenberg, from which the production of 


piperonylic acid 



COOH 


and possibly also some 
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vanillic acid 


^ -COOH but not any benzene carboxylic 

<5ch. 


acid, might be expected. 


Turraun Irish Peats 

A peat bog may be regarded as approximately reproducing the con¬ 
ditions of the initial stage in natural coal formation; it therefore seemed 
important to investigate representative samples of peat taken from 
different levels of a typical bog. Through arrangements kindly made by 
the Fuel Research Board, we were supplied by the Turraun Peat Company, 
of Ferbane (King’s County, Ireland), with eight samples specially taken 
in November, 1931, from successive levels in their bog, namely, at 2, 3, 
4, 5, 6, 8, 11-5, and 13 -5 feet, respectively, below the surface, it being 
thought that the gradual maturing of the peat substance might be reflected 
in some corresponding increase in its benzenoid structure. 

In sending us the samples, the Turraun Company stated that they had 
been taken “ from the exposed face of a working trench ... at 
intervals corresponding to the varying nature of the layers of peat . . . 

the present total depth of peat at this place is 15 feet ... the lowest 
sample fairly represents what lies between it and the bottom . . . 

underlying the peat is a bed of inarl.” 

The samples reached us in air-tight tins, and particulars of their moisture, 
ash and wax contents, and ultimate analyses are shown in Table III. Nos. 
4 and 6 seemed rather out of line with the others, a circumstance probably 
due to the occurrence of a 6-inch layer of twigs (apparently of dwarf 
birch) at about this level in the bog. Samples, Nos. 1, 3, 4, 5, and 6 
contained circa 2-5, but the others no more than 1% of methoxy 
groups. 

Each sample was first of all completely dried in vacuo at 105° C, then 
subjected to a soxhlet extraction (for the removal of montan wax, etc.) 
with benzene at 80° C, and finally the dewaxed peats were oxidized 
with alkaline permanganate. 

Carbon Balances of Oxidations —The oxidations of the dry dewaxed 
peats proceeded quite smoothly up to the end point when some 115 to 
120 parts by weight of oxygen per 100 peat substance had been used. 
The results are detailed in Table IV. On an average rather more than 
half (46-6 to 57%) of the carbon was accounted for as carbonic anhydride, 
about another fifth (15 to 28%) as oxalic acid, while a considerable further 
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proportion, increasing from 10 to 25% with the maturing of the peat, 
appeared chiefly as benzene carboxylic acids (together with a small 
proportion of succinic acids) in the products. There could, therefore, 
be no doubt about the proportion of “ benzenoid ” structure increasing 
as the peat matured. 

Bulk Oxidations —(1) A bulk oxidation, carried out upon a sample of 
the dry dewaxed peat according to our standard procedure ( q.v .) proved 
the volatile acid product to be wholly acetic acid. The non-volatile 
acids formed were oxalic, succinic, and benzene carboxylic acids. After 
removing practically all the oxalic acid, and converting the rest into 
methyl esters, some 2 • 7% of benzene pentacarboxylic esters crystallized 
out. On fractionating the residual mixed esters under 1 mm pressure, 
about 25%, containing methyl succinate, passed over below 150" C, 
another 30%, largely the ester of 1:2:4: 5 benzene tetracarboxylic 
acid, between 150° and 220° C, the remaining 51-5% being composed 
of the esters of benzene penta- and hexa-carboxylic acids, but chiefly of the 
former. No measurable proportion of the esters of benzene di- or 
tri-carboxylic acids were obtained, though doubtless small amounts of 
them would be present. Save for the production of succinic acid, the 
results recalled those obtained from the lignin oxidation. 

(2) Another bulk oxidation carried out upon a sample of the dry 
dewaxed peat, which had also been subjected to a benzene pressure 
extraction whereby about 19% of oils and phenolic bodies were removed 
(see p. 66, Part VII), * gave similar results except that (i) the proportion of 
succinic acid produced was much less than formerly, (ii) some tere- 
phthalic acid was isolated, (iii) both 1: 2: 3: 4 (mellophanic) and 1: 2: 4: 5 
(pyromellitic) benzene tetracarboxylic acids were obtained, although the 
penta- and hexa-carboxylic acids (and especially the former) were still 
the chief benzenoid acids produced. 

Acids Isolated— Acetic, oxalic, succinic, terephthalic (small) 1: 2: 3:4 
(pyromellitic) and 1: 2: 4: 5 (mellophanic benzene tetracarboxylic, 
benzene penta- and hexa- (mellitic) acids. 

Seeing that succinic acid was produced in some comparative experi¬ 
ments on the permanganate oxidation of the resins extracted from beech- 
wood resin, but not by the oxidation of the beech-wood lignin, it seems 
likely that it similarly arose from resins during the peat oxidation; but 
this is a point requiring further investigation. 


* * Proc. Roy. Soc.,’ A, vol. 147, pp. 58-67 (1933). 
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Brown Coals and Lignites 

Altogether three different earthy brown coals and one black lignite 
were investigated. The former comprised: (1) the tertiary brown coal 
from the uppermost bed of the famous Morwell deposit in Victoria 
(Australia), already referred to in previous papers of this series, (2) the 
tertiary, Rhenish brown coal No. 2 from between 30 and 50 metres down 
a seam 50 metres thick, with an “ overburden ” of 12 to 15 metres, in the 
Cologne area, as described in Part VII, and (3) a Saxon brown coal from 
Ammendorf. Of these (1) and (2) were of much the same general 
character and definitely less mature than (3). 

The fourth coal was the well-matured lustrous black lignite, with 
distinctly laminated structure and conchoidal fracture, from Kaitangata 
in the Otago coalfield in New Zealand, previously described in Part III.* 
This coalfield is reported to be much faulted and is regarded as of “ drift ” 
rather than sedentary origin. The experiments on coals (3) and (4) 
were carried out under our supervision by Dr. R. B. Randall, to whom our 
best thanks are due. 

Each coal was dried and then “ dewaxed ” by solvent extraction at the 
ordinary pressure and then subjected to alkaline-permanganate oxidation 
according to our carbon balance method. Comparative oxidations by 
the same method were also carried out upon the benzene-pressure- 
extracted “ residue ” from coals Nos. (2) and (4) in order to see whether 
(and, if so, to what extent) the carbon distribution among the various 
oxidation products might be affected by such pressure extraction. 

Bulk oxidations were carried out upon the Morwell, Saxon (Ammen¬ 
dorf), and Kaitangata coals, as well as upon a Canadian brown lignite 
from Estevan, in Saskatchewan, as previously reported in Part VI. t 

The ultimate composition of (a) the dry ashless “ dewaxed ” coal 
substance and ( b ) their benzene-pressure-extracted residues, are shown 
in Table V, the order of their maturities being indicated by the correspond¬ 
ing C/O ratios for the dewaxed coals (a). 

Carbon Balances of the Oxidations —These proceeded quite smoothly 
up to their end-points and the results thereof are detailed in Table VI. 
It will be seen that with the Morwell brown coal the proportion of the 
carbon oxidized to carbonic anhydride and benzene-carboxylic adds 
respectively were both decidedly higher, but that oxidized to oxalic acid 
much lower, than with the Rhenish brown coal of much the same maturity, 

* ‘ Proc. Roy. Soc.,’ A, vol. 105, pp. 618-21 (1924). 
t loc. cit. pp. 493-502. 
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Table V—Ultimate Compositions of ( a ) the Dry-ashless-dewaxed 
Coals and ( b ) their Benzene-pressure-extracted Residues. 



a) 

(2) 

(3) 

(4) 


Morwell 

Rhenish brown 

Saxon 

Kaitangata 

Coal 

brown 

coal 

brown 

lignite 


coal 

,-■—^ 

coal 

-■.— 


(a) 

(a) U>) 

(«> 

(«) (b) 

C . 

.... 66*1 

66*3 73*0 

67*2 

72*7 75*4 

H . 

4*5 

4*8 4*0 

5*4 

5*0 4*9 

N . 

0*4 

07 1*4 

0*5 

1*0 1*0 

S . 

0*6 

0*3 0*6 

4*9 

0*3 0*3 

O (diff.) . 

.... 28*4 

27*8 21*0 

22*0 

20*8 18*4 

C/H ratio. 

.... 14*7 

13*8 18*25 

12*45 

14*54 15*4 

C/O ratio . 

2*33 

2*38 3*47 

3*05 

3*5 4*1 


a circumstance which would seem to imply some difference in the benze- 
noid part of their constitution. On the other hand, except in respect of 
acetic acid, the carbon-distribution figures for the Rhenish brown coal 
approximated closely to the corresponding figures for the three most 
mature Turraun peats; and, in comparison therewith, those for the 
Saxon and Kaitangata indicate a marked increase in the proportion of 
“ benzenoid structure ” as the coal substance matured. 

It may also be noted (i) how closely the results of the duplicate oxida¬ 
tions of the dewaxed Saxon and Kaitangata coals agreed, and (ii) that 
the results of oxidations of benzene-extracted “residues” (b) did not 
differ materially from those of the corresponding “ dewaxed ” coals. 
Indeed, on making due allowance for removal of non-benzenoid material 
during the benzene-pressure-extraction of the dewaxed coals (a), any 
small apparent increase of the benzenoid structure during the process 
is wholly accounted for. 

We would take this opportunity of correcting what now seems to have 
been an erroneous deduction on pp. 492-493 of Part VI, when—on com¬ 
paring certain carbon-balance results then obtained for the oxidation of 
benzene-pressure-extracted “ residues ” from Morwell brown coal and a 
well-matured Durham coking coal, respectively—it was inferred that the 
chemical structure of the main “ coal substance ” had remained constant 
notwithstanding vast differences in geological age and maturity. Since 
that time, however, thanks to improvements made in our “ carbon- 
balance ” method and greater experience gained in applying it to a much 
wider range of coals, we have found that this inference is not substan¬ 
tiated by further work and therefore we desire now to correct it. 
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Bulk Oxidations (1) Morwell and Estevan Brown Coals —Full par¬ 
ticulars of the results of a bulk oxidation of the benzene-extracted 
“ residue ” of the Morwell brown coal having already appeared in Part 
VI they need not be repeated here. Suffice it to recall that the following 
organic acids were isolated and identified: acetic, oxalic, succinic, phthalic, 
isophthalic, terephthalic, benzene- 1:2:3- (hemimellitic) and 1:2:4 (tri- 
mellitic)- tricarboxylic, benzene 1: 2: 3: 4- (mellophanic) and 1: 2: 4: 5- 
(pyromellitic) -tetracarboxylic, benzene-penta- and hexa-(mellitic)-car- 
boxylic acids. Moreover, all the foregoing acids, and in addition 1:3:5 
benzene tricarboxylic (trimesic) acid, resulted from the bulk oxidation of 
Estevan brown lignite from Saskatchewan, Canada. 

(2) Ammendorf (Saxon) and Kaitangata Coals-—In each of these coals 
the ultimate compositions and “ equivalents ” of the mixtures of residual 
organic acids after removal of acetic and oxalic acid from the oxidation 
products approximated to those required for a benzene tricarboxylic 
acid as the mean composition, see Table VII. 

Table VII 

Ultimate composition 
-—- —— "Equivalent” 



C 

H 

O 


Ammendorf acids . 

. 50 7 

3*1 

46 2 

73*2 

Kaitangata acids. 

. 50-2 

30 

46-8 

75*0 

QH e O e would require . 

. 51 41 

2-85 

45*74 

70*0 


Fractionation of Methyl Esters —Subsequent fractionation of their 
methyl esters under reduced pressure gave the results shown in Table 


VIII. 



Table VIII 




Pressure 

Range 

Ammendorf 

Fraction 

Kaitangata 

Range 

Pressure 

mm 

°C 

esters % 


esters % 

°C 

mm 

25-30 

i 80-125 
i 125-160 

8*5 

4*25 

(1) 

(2) 

6*0 

2*5 

40-120) 
120-140 J 

■ 15-20 


f 140-200 

24*0 

(3) 

11*25 

1 40-200 \ 



1 190-220 

14*5 

(4) 

9*0 

190-200 


0*5 

’ 190-240 
Higher ) 

9*8 

(5) 

11*5 

200-215 

I- 0-5 


I boiling - 
' residue ) 

38*75 

(6) 

60*0 

j 



In each case fraction (1), on being hydrolysed with barium hydroxide, 
etc., yielded mainly succinic acid, fraction (2) chiefly comprised esters 
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of the three phthalic acids, fraction (3) those of benzene tri- and tetra- 
carboxylic acids, fraction (4) those of benzene tetracarboxylic acids, 
fraction (5) those of the tetra- and penta-carboxylic esters, while fraction 
(6) the higher boiling residue contained mostly the esters of the penta- 
and hexa-carboxylic acids. 

Summary of Acids Isolated —Acetic, oxalic, succinic, phthalic, iso- 
phthalic, terephthalic, all three benzene tricarboxylic (i.e., hemi-mellitic, 
trimellitic, and trimesic) acids, all three benzene tetracarboxylic (i.e., 
mellophanic, prehnitic, and pyromellitic) acids, benzene, penta- and hexa- 
carboxylic acids. 


Bituminous Coals 

In our previous work. Part VI, the only bituminous coal oxidized was 
a well-matured Durham coking coal from the “ Busty ” seam. Our 
further experiments have included three typical Yorkshire bituminous 
coals from the “ Shafton " and “ Barnsley ” (bright and dull) seams, 
respectively, besides some further work on the “ Busty ” coal. 

In order to facilitate its oxidation, each dried coal was subjected to a 
preliminary benzene-pressure-extraction, which removed aliphatic neutral 
oils and the “ coking constituents," as already set forth in Part V, leaving 
a “ residue ” equal to upward of 85% of the original dry-ashless coal. 
The ultimate compositions of the dry-ashless “ residues ” are shown in 
Table IX. 

Table IX— Percentage Ultimate Compositions of Benzene-pressure- 
extracted Residues of Bituminous Coals 


Barnsley 

Coal Shafton -' —— Durham 

Bright Dull “ Busty *’ 

C . 79-6 82-4 84-6 87-7 

H . 4 6 4 8 4-9 4-8 

N . ) ( M 1-0 I t 

S . [ 15 8 13 0-9 10 

O . J I 10-4 8-4 5-4 


C/H ratio. 17-3 17 2 18 5 18 25 

C/O ratio. — 7-9 10 0 16-25 


Carbon Balances of the Oxidations —These are detailed in Table X. 
The “ Shafton ” coal “ residue ” was oxidized by the medium more 
rapidly, but the “ Busty ” residue much more slowly, than trimethyl 
benzoic acid. It will be seen that, while generally speaking the pro- 
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portions of the carbon oxidized to carbonic anhydride and oxalic acid 
were lower, the proportion oxidized to benzenoid acids was much higher 
than with the immature peats and brown coals. 


Table X—Carbon Balances of Oxidations of Bituminous 

Coals 


Barnsley 


Coal 

I Carbonic anhydride .... 

% of the carbon ] Acetic acid . 

accounted for as 1 Oxalic acid . 

I Benzene carboxylic acids 

Approximate O used per 100 coal substance 


Shafton 

,—. 

— 

Durham 


Bright 

Dull 

“ Busty ” 

41*1 

40*8 

37*6 

36*5 

2*9 

2*0 

1*7 

4*6 

13 0 

14*2 

12 9 

12*8 

41*0 

390 

43*9 

46*1 

143 

165 

165 

146 


Bulk oxidations of the Busty “ residue ” yield the following: acetic, 
oxalic, all three phthalic, trimellitic, mellophanic, pyro-mellitic, benzene 
penta- and hexa-carboxylic acids. No succinic acid was detected; 
and the mean composition of the mixed benzenoid acids (C ~ 49-6, 
H = 2 -9, O — 47 5) was not far from that of a benzene tricar-boxylic 
acid. 

A Welsh Anthracite 

The following experiments with a Welsh anthracite obtained by the 
Fuel Research Board from the Peacock Vein, Mawdy Pit, Gwym-cal- 
Gurven were carried out, under our supervision, by Dr. J. L. McKee 
to whose skill and perseverance throughout a very long and arduous task 
the successful results are mainly due. 

The ultimate composition of the dry-ashless coal substance was as 
follows:— 


C « 92-35, H = 3 15, N = 105, S = 0-9, and O - 2-55 


C/H = 29 -3, C/O = 36-2. 

Carbon Balance of its Oxidation —The dried coal was used for the 
oxidations without any preliminary treatment beyond a drying operation. 
It proved to be highly resistant to the action of boiling alkaline per¬ 
manganate, and great difficulty was experienced in oxidizing it. For 
even after about 140 hours’ treatment, a small proportion of it remained 
unacted upon; eventually this was removed, analysed, and allowed for in 
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calculating the following “ carbon balance ” for the major portions which 
had been oxidized:— 


% of the carbon 
oxidized accounted 
for as 


Carbonic anhydride 
Acetic acid 
Oxalic acid 

Benzene carboxylic acids 


= 43-2 
--= 1-9 

= 6-8 

— 50 0 reduced to 47-5 
on re-oxidation 


101-9 

Oxygen used per 100 carbon oxidized —- 167 

Comparing now the above with the corresponding carbon balance for 
bituminous coals, it is interesting to note that while the proportion of the 
carbon oxidized to benzene carboxylic acids has further increased to 
about 50% of the whole, that oxidized to oxalic acid had fallen to the 
lowest point yet observed in our experiments. 

Bulk Oxidations —A number of bulk oxidations were carried out, in 
each case to about 75% completion, when the experiment was stopped 
and unoxidized anthracite removed. The colour of the resulting liquor, 
which at first was reddish-brown, darkened and became almost black 
during the subsequent steam distillation (after acidification) a small 
quantity of “ humic ” material being precipitated. The liquor was 
therefore made alkaline again and subjected to further oxidation, after 
which all continued normal to the end. 

Ultimately, on recovering the non-volatile acids produced and esterify- 
ing them (after removing any oxalic acid), some 130 gm of mixed neutral 
methyl esters of benzenoid acids were obtained. On standing 38 gm 
of crystals were deposited, almost wholly composed of the esters of 
mellophanic, pyromellitic, benzene penta- and hexa-carboxylic acids. 

The remaining 92 gm of neutral esters were afterwards fractionated 
under reduced pressure, see Table XI. 

On separately hydrolysing the fraction and the residue, and investi¬ 
gating the resulting acids, the following (and no other) were isolated: 
phthalic, hemi-mellitic, tri-mellitic, mellophanic, pyromellitic, benzene 
penta- and hexa- (mellitic) acids, the two last named, but particularly 
mellitic acid, being the preponderating ones. This, it should be noted, 
is the only case so far investigated in which mellitic has predominated 
over the penta-carboxylic acid produced. 

In conclusion, we desire to thank the Fuel Research Board for con¬ 
tinued substantial grants in aid of the research, the Distillers Company, 
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Ltd., for sending us the sample of “ bagasse ” lignin, and the Turraun 
Peat Company for their co-operation in regard to the graded sample of 
peat from their bog. Also, we desire to thank Drs. J. L. McKee and 
R. B. Randall for valued assistance in connection with the experimental 
work. 

Table XI 

Pressure Temp 

mm ° C % 


( Up to 165 . 

5*6 

15 125-170 . 

13 2 

1 170 -190 . 

10 0 

( 190-210 . 

100 

01 1 210-230 . 

9-2 

1 Higher boiling residue .... 

52*0 

1000 


Summary and Discussion 

(1) The foregoing experiments have not only fully confirmed the 

conclusion, already reached in Part VI, that “ in great part the coal sub¬ 
stance . . . has an essentially benzenoid structure,” but have proved 

its progressive development during the natural maturing throughout the 
whole lignin-peat-coal-anthracite series. 

(2) The method devised in Part VI for determining the quantitative 
distribution of the carbon of the coal substance among the various 
products of its oxidation by alkaline permanganate has been improved 
and standardized so as to increase its reliability for comparative purposes. 
Also the former procedure employed for isolating and identifying the 
various benzene carboxylic acids produced in “ bulk oxidations ” has 
been simplified. It has been established that, generally speaking, the 
mean composition of such mixed acids so produced probably lies between 
C # H fi 0 6 and C 10 H a O 8 . 

(3) An alkaline permanganate oxidation of cellulose yielded sub¬ 
stantially oxalic acid, carbonic anhydride, and water only, in nearly 
equal proportions by weight, as if according to the empirical equation: 

2(C 0 H 10 O 5 )„ = «(3C 2 H 2 0 4 + 6C'0 2 + 7H 2 0) 

without any detectable production of benzene carboxylic acids. 

(4) Generally speaking, in the lignin-peat-coal-anthracite series the 
susceptibility to alkaline permanganate oxidation diminished with the 
maturity of the material. 
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(5) Carbonic anhydride, acetic, oxalic, and benzene carboxylic acids 
all resulted from the oxidation of lignins, peats, brown coals, and lignites, 
bituminous coals and anthracites, the carbon distribution among such 
products being approximately within the limits shown in Table XII. 



Table XII 







Brown 

Bitu- 


Percentage of carbon 

Lignins 

Peats 

coals 

minous 

Anthra- 

accounted for as 



and 

coals 

cites 




lignites 



(1) co 2 . 

57-60 

49-61 

45-57 

36-42 

43 

(2) Acetic acid . 

2-7-6*0 

3-1-5*6 

3 *0-7*5 

1*7-4*6 

2 

(3) Oxalic acid . 

21-22 

15-28 

9-23 

13 14 

7 

(4) Benzene carboxylic 






acids 

11 8-158 

10 25 

22-34 

39-46 

50 

Approximate ratio of (4) 
to (3) ... 

0-5-0*75 

0-650-9 

1 *5-2*0 

3*0 

7*0 


It thus appears that whereas the proportion of the carbon oxidized to 
oxalic acid decreased, that oxidized to benzenoid acids increased, with 
the maturity of the coals, so that the ratio between the two increased up 
to about 3-0 with bituminous coals and 7 0 with anthracites. 

(6) Speaking generally, acetic acid, which presumably resulted from 
oxidation of side chains, was produced in much the same proportions, 
relative to their carbon contents, from lignins, peats, and brown coals; but 
the average proportion fell off with bituminous coals, and anthracites. 

(7) Some proportion of succinic acid resulted from oxidation of peats 
and brown coals, but not from lignins, bituminous coals, or anthracites; 
it probably arose mainly from the oxidation of “ resins ” normally 
associated with the peat or coal substance. 

(8) While at one time or another every benzene carboxylic acid, except 

benzoic acid itself, was isolated from the oxidation products of the 
lignin-peat-coal series, in each and every case so far examined the penta- 
or hexa-carboxylic acid has predominated over the others. Only with 
anthracite, however, did the proportion of hexa- appear to exceed that 
of penta- in the products. f 

(9) Curiously enough, while no phthalic acids were detected among 
the benzenoid acids produced from lignins, and comparatively small 
proportions among those produced from peats and brown coals, fair 
proportions thereof were found among those produced from bituminous 
coals and anthracites. 
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(10) While the large proportion of both benzene penta- and hexa- 
carboxylic acids among the oxidation products of matured coals indicates 
the predominance of such benzenoid-carbon complexes as 


C 



it is clear that they must also contain every possible other such complex 
from C s to C 10 . Indeed, in the light of our results, the coal-molecule 
would appear to have a much more complicated structure than has 
hitherto been supposed. 

(11) Much further research will be needed before the chemical con¬ 
stitution of coals can be more fully envisaged, and in regard to their 
alkaline permanganate oxidations, we have in hand investigations with 
a view to elucidating both (i) the stepwise course and mechanism of the 
process and (ii) the significance of the different observed ratios between 
the proportions of the carbon appearing as benzenoid and oxalic acid, 
respectively, in the end products. 

(12) With regard to the much debated question of the origin and 
development (i.e., maturing) of the main coal substance, our results 
strongly indicate the essential continuity of the lignin-peat-coal-anthracite 
series, and support the view that lignins have been its chief progenitors. 

(13) Besides their theoretical implications, the applications of our 
methods to different coals should be capable of affording valuable informa¬ 
tion in regard to their relative amenabilities to pressure-hydrogenation, 
and experiments thereon will shortly be undertaken in our laboratories. 
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On the Falling Cloud-Chamber and on a 
Radial-Expansion Chamber 

By C. T. R. Wilson, F.R.S., and J. G. Wilson, B.A., Sidney-Sussex 

College, Cambridge 

(Received November 19, 1934) 

[Plates 17-18] 

Introduction 

When cloud-track photographs are taken with the cloud-chamber 
fixed between the poles of a magnet, it is difficult to fulfil the conditions 
for maximum efficiency of either the magnetic or optical parts of the 
apparatus. If it were possible to remove the cloud-chamber from 
between the pole pieces (or from any confined space) after the expansion 
and then to obtain undistorted photographs of the resulting cloud-tracks, 
the possibilities of the cloud-chamber method might be considerably 
extended. The simplest method of removing the cloud-chamber from 
its original position would be to allow it to fall. And dropping the cloud- 
chamber would seem to be not only the easiest but also the best possible 
method of displacing it. For if the cloud-chamber is released at the 
moment of expansion, then so long as it is falling freely the disturbing 
effects of gravity will be eliminated; the droplets will not fall relatively 
to the gas in the chamber, and convection currents will not be set up in 
spite of the differences of temperature which arise in the gas owing to 
contact with the walls and to condensation on tracks. Thus, dropping 
the cloud-chamber instead of causing distortion of the tracks will tend 
to prevent it, if the photograph is taken while the chamber is still falling 
freely. The falling cloud-chamber may thus have considerable advan¬ 
tages quite apart from the particular application which suggested it. 

Before making experiments with a falling cloud-chamber, it seemed 
desirable to endeavour to design one which should have both the form 
most suitable for insertion between the poles of a magnet and also 
admit of the maximum efficiency of the optical arrangements. The 
form of expansion apparatus which suggested itself as likely to be good 
for both purposes was one in which the cloud-chamber is a shallow 
cylinder with fixed parallel glass ends and in which the motion of the 
air during expansion is radial. It was decided to try a modification of 
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the expansion apparatus described a year ago* in which the pressure 
remains constant after expansion, not the volume as in the older type 
of apparatus. 

The first part of our work (and the main part) has been the construction 
and testing of a radial-motion expansion apparatus; the second part has 
been the study of the behaviour of the falling cloud-chamber. The radial- 
motion cloud-chamber as finally constructed has been found to work 
well. The advantages anticipated from allowing the cloud-chamber to 
fall have been confirmed. 


Nature 01 the Expansion in the Radial-motion Cloud-chamber 

It is essential that the motion of the air during expansion in any cloud- 
chamber used for track photography should cause no eddying or other 
motion persisting after expansion is completed. If this condition is 
satisfied the tracks of particles, which enter the chamber after expansion, 
will be free from distortion, except in so far as they are disturbed by 
subsequent local heating and the resulting convection currents. The 
tracks of particles which enter the chamber before expansion will, how¬ 
ever, share in the motion of the air during expansion and it is desirable 
that the deformation so produced should be of a simple kind, such as 
uniform magnification in one, two or three dimensions. Magnification 
in three dimension is incompatible with illuminating and viewing the 
cloud-tracks. Magnification in one dimension is that aimed at in the 
ordinary type of chamber; a close approximation to uniform magnification 
in two dimension is attempted in the radial motion cloud-chamber. 

Let us assume that the displacement of air on expansion in a cylindrical 
cloud-chamber is made to be everywhere radial. As the pressure before 
and after expansion will be uniform throughout the chamber, the volume 
expansion ratio v a /v 1 (if adiabatic conditions be assumed) must be every¬ 
where the same. As there is no motion parallel to the axis, there is 
throughout the chamber a uniform two-dimensional expansion of the 
air, any area in a plane at right angles to the axis being increased in the 
ratio v g /v v Every particle of air will have its distance from the axis 
increased by radial displacement in the ratio Vv a lv v In a track system 
due to particles passing before the expansion all linear dimensions in 
directions at right angles to the axis will be increased in the ratio of 
Vvg/vi, dimensions parallel to the axis remaining unchanged; there is 
thus uniform two-dimensional magnification. The actual motion of the 

• ‘ Proc. Roy. Soc.,’ A, vol. 142, p. 88 (1933). 
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air will differ somewhat from the ideal motion which has been assumed. 
For at the surface of the end plates of the cylindrical cloud-chamber the 
radial motion will vanish, and for a short distance from the plates will 
fall short of the displacement corresponding to the expansion ratio. To 
compensate for this deficiency in the radial expansion of the layers near 
the plates there must be expansion at right angles to the plates; this 
implies for the rest of the air in the chamber compression in a direction 
parallel to the axis with a corresponding increase in the radial expansion. 
The displacements parallel to the axis will be small, and unless the 
chamber is a very shallow one the radial displacement except near the 
end plates, will differ little from that deduced from the expansion ratio. 
The heat received from the end plates, during or after expansion, will 
add to the above effect by causing expansion of the air next the plates 
and consequent increased radial displacement elsewhere. These effects 
are small and, except in the regions close to the end plates, will only 
result in the two-dimensional magnification of track-systems being 
slightly increased; the actual magnification for a given expansion ratio 
would be found by experiment. It should be noticed that these departures 
from the ideally simple displacement of the air during expansion are not 
peculiar to the radial expansion cloud-chamber; exactly corresponding 
deviations from the ideal uniform expansion everywhere parallel to the 
axis must occur in the usual type of cloud-chamber. 

It would be difficult to bring about the radial motion of the air 
by expanding the cylindrical wall of the chamber. The method used 
has been to let the air pass through this wall. For expansion to 
occur by escape of air through the cylindrical wall of the chamber 
this has to be perforated with suitable apertures symmetrically dis¬ 
tributed. The expansion within the cloud-chamber is brought about 
by the sudden reduction of the pressure in a surrounding annular 
space; this fall of pressure is produced by opening communication 
with the atmosphere. To obtain a symmetrical escape of air all round 
the circumference of the cloud-chamber, it is necessary that the pressure 
difference in the air on the two sides of the cylindrical wall should always, 
during the expansion, be large in comparison with any pressure differences 
existing in the air in different portions of the surrounding annular space. 
The wire gauze, which served sufficiently well as perforated diaphragm in 
the apparatus described in 1933, was found to be quite inadequate for 
the present purpose. With the slit system, which we finally used and 
found to give good results, the mean velocity of the escaping air (as 
deduced from the rate of fall of pressure in the cloud-chamber) amounted 
to about 100 metres per second in the slits; a pressure difference of some 
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centimetres of mercury would be required to produce this velocity. 
To maintain such a pressure difference while the pressure is falling at the 
very high rate observed (about 30 cm of mercury in 1/100 second) a lag in 
the pressure fall in the cloud-chamber behind that in the surround space 
of only one or two thousandths of a second is sufficient. The actual 
behaviour of this type of cloud-chamber, as regards speed of expansion 
and absence of serious distortion of the tracks is described later. 



0 10 cm 


Fig. I 

Construction of the Expansion Apparatus 

The expansion apparatus consists of two parts connected by a wide 
short neck, N, fig. 1. The part which includes the cloud-chamber is a 
shallow cylinder of brass B. Circular plates P of selected glass fit into 
rebates at either end of the cylinder, and are held in position by annular 
brass rings bolted to the side wall. One of the glass plates is sealed in 
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position with hard white wax, the other, which is put in place last of all, 
rests upon a rubber washer and is sealed with glycerine jelly. The brass 
neck of rectangular section connects this part with the outer chamber—a 
brass cylinder C in which the thin rubber diaphragm D is placed. This 
cylinder is closed at one end by a brass plate soldered to it, and to the 
open end a brass plate A is bolted: the plate A contains a circular hole H 
of 3 cm diameter against which a rubber bung is pressed. The thin 
rubber diaphragm is securely held between a lip on the cylinder C of the 
outer chamber and a conical surface on the inner side of the brass plate A. 
The parts of this vessel within and without the rubber diaphragm are 
connected respectively at E and F with a pressure gauge and a com¬ 
pression pump. 

Without further modification, the motion of air in the cloud-chamber 
would be irregular. The motion in the central region of this part on 
expansion is rendered radial by the introduction of a cylindrical slit 
system S, completely enclosing it. The form of slit system finally adopted 
consisted of a pile of annular slate rings about 0-3 cm thick and 1 0 cm 
wide, separated by distance pieces of mica of appropriate thicknesr 
The rings were turned in a lathe from sheets of a fairly soft slate, and were 
ground flat and to a suitable thickness on a glass plate with fine carborun¬ 
dum. No difficulty was encountered in obtaining in this manner the 
requisite degree of uniformity of width of the separating slits. The rings 
were afterwards well washed by prolonged boiling in distilled water. 
Relative slipping of the rings is prevented by means of three glass pegs L, 
which pass through the whole pile. Without these pegs there is danger 
of the middle rings of the pile becoming displaced by the large accelera¬ 
tions encountered in stopping the chamber when it is used falling. The 
slit system is held in position by the pressure of the glass ends through a 
compressible ring of filter paper at either end. The slit system is placed 
eccentrically, as shown in fig. 1, since the annular space outside the cloud- 
chamber acts merely as an air channel, and in the part remote from the 
neck the amount of air flowing at the time of expansion will be less than 
that flowing in the part near the neck. This position of the ring system 
is not essential, and for some purposes the central position will be superior. 

The usual electrostatic clearing field for ions is applied between copper 
rings at either end of the pile of slate rings. In the experiments described, 
a potential of 60 volts was maintained between these two rings. An 
additional electrode G is placed within the outer chamber C, for all this 
part of the chamber is electrostatically shielded from the normal clearing 
field, and unremoved ions in this region would otherwise develop after 
an expansion into permanent nuclei for drop condensation. 
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All the metal walls within the apparatus are coated with moist gelatine, 
the slate rings of the slit system appear readily to hold a surface layer of 
water, and the filter paper rings at the ends of the slit system are also 
moistened before the chamber is closed. With this provision, the cloud- 
chamber seems always to remain sufficiently nearly saturated with water 
vapour. As the expansion apparatus is at present constructed, the final 
pressure in the chamber is always atmospheric. The hole H is closed 
with a rubber bung which is held in position by a catch operated by a 
simple electromagnet mechanism, and air is pumped in at F until the 
pressure gauge connected at E shows a suitable excess pressure within 
the chamber. The expansion is made by breaking the circuit of the 
electromagnet and releasing the bung from the hole H. 

Much work has been directed to attaining suitable motion of the air 
in the cloud-chamber. The escape of air from the ring system must be 
uniformly distributed over its circumference, so that the motion of the 
air in the cloud-chamber may be radial. This requires that the slate 
rings shall be ground flat, and that the distance pieces used shall all be of 
equal thickness. Experiments were made with slit widths of 0-007 cm, 
0-004 cm and of 0 -002 cm. With a slit width of 0-007 cm, the air motion 
in the cloud-chamber was always irregular. A slit width of 0-004 cm has 
been generally adopted as most satisfactory. For this slit width the 
expansion in the cloud-chamber is always free from irregular air motions. 
Variations in the thickness of the filter paper compression rings at the 
ends of the pile of slate rings give rise to slight departures from exactly 
radial motion. These may be removed by small alterations of the thick¬ 
ness of the compressing rings at suitable points. Deviations from radial 
motion of this type are detected by examination of the diffuse tracks of 
a-particles which have passed through the chamber before expansion. 
A source of a-particles in the centre of the chamber is used, and except 
when the motion of air at expansion is radial, the apparent point of 
origin of these old tracks is displaced. 

The cloud-chamber can be brought into a clean condition, which indi¬ 
cates that the slate used for the cylindrical wall is a suitable material for 
chamber construction. In the apparatus as at present constructed the 
cleaning of the chamber by means of small expansions after condensation 
on ions is less efficient than in the normal type of chamber. 

Speed and Character of Pressure Fall 

Records have been obtained of the pressure changes in the cloud- 
chamber during expansion by means of the capillary manometer which 
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was used in experiments on the pressure variations in the old type of 
expansion apparatus by P. I. Dee and one of us(C. T. R. W.). The mano¬ 
meter consists of a small air bubble imprisoned in a fine closed capillary 
tube by means of a short column of sulphuric acid, the length of this 
column being chosen to attain critical damping. The open end of the 
capillary is connected to the cloud-chamber, and the variations of length 
of the air bubble are projected on to a rotating drum carrying sensitive 
paper. The pressure change in the cloud-chamber at an expansion from 
an excess initial pressure of 30 cm, corresponding to an expansion ratio 
of about 1 -27, is shown in fig. 2. When a slit width of 0-004 cm is used. 



the expansion is completed in less than 0-01 sec and the final oscillation 
is negligible. For a similar expansion using a slit width of 0-002 cm, 
the pressure change is much slower, and the time taken to complete the 
expansion is about 0-03 sec. 


Illumination 

The form of the cloud-chamber, with parallel glass faces, allows great 
freedom in the manner of illumination. The method which has been 
used employs the usual condenser spark in mercury vapour at atmo¬ 
spheric pressure in a quartz tube. Two vertical lamps are used, in the 
same horizontal level as the chamber and symmetrically placed relative 
to the axis of the chamber and of the camera, each with a condensing 
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lens to give a parallel beam. The illuminating beams make an angle of 
about 17° with the axis of the chamber and of the camera. A plan of 
the illuminating system is given in fig. 3. 


Comparison of the Stationary and Freely Falling Chamber 


The arrangements which have been used to study the effect of dropping 
the expansion apparatus are of a very simple kind. Guides are used to 
prevent the apparatus from turning while it falls, but the motion is made 
as nearly as possible free. The expansion chamber, C, fig. 1, is bolted 
in a squared wooden framework, which slides very freely in four smooth 
wooden guides. The apparatus is held vertically, with the cloud-chamber 
above the expansion chamber. The apparatus is held until the moment 




of expansion by means of two electromagnetic catches, attached to the 
framework carrying the guides, which enagage with brass lips on the 
expansion apparatus, at points in a vertical plane containing the centre of 
gravity of the whole moving mass. These catches are included in the circuit 
operating the release attached to the expansion apparatus, and also in 
the circuit is a small electromagnet supporting a brass ball which, on 
falling, completes the illuminating circuit. The distance through which 
this ball is adjusted to fall before causing the illuminating discharge to 
pass, is that through which the chamber will fall before it is photo¬ 
graphed. After it has passed the position in which it is photographed, 
the expansion apparatus is brought to rest in a manner which, as far 
as possible, avoids the imposition of large accelerations. It is allowed 
to fall upon an air cushion mounted on a wooden table which is 
carried by four spiral springs. This device is by no means dead-beat, 
but the whole motion of the expansion apparatus after the photograph 
has been taken is unimportant. Photographs have been taken of 
«-particle tracks with an interval between expansion and illumination of 
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1/5 sec. In this time the chamber, when falling freely, moves a distance 
of 20 cm. 

Distorting processes in the chamber arise from uneven heating up of 
the cooled air; this heating is due to conduction from the walls and to 
condensation of water vapour into drops. Rapid heating, therefore, 
occurs in a layer of gas close to the walls, and in regions of heavy con¬ 
densation. For times of the order of 1 /5 sec, the distortion due directly 
to the expansion of the heated gas is very slight; the secondary effect, 
arising from convection currents due to the temperature inequalities, is 
much larger; in a chamber of the dimensions described it becomes serious 
within 1 /5 sec, and it is this source of distortion which is absent when the 
chamber is allowed to fall after expansion. 

Photographs taken with the cloud-chamber stationary and falling, in 
both cases 1/5 sec after expansion, are shown for purposes of comparison 
in figs. 4-7, Plates 17-18. In figs. 4 and 5, Plate 17, a-particles from a 
source of actinium active deposit have been used, and have been allowed 
to reach all parts of the chamber. In fig. 4, Plate 17, taken while the 
chamber was stationary, both of the causes of convection currents men¬ 
tioned above have been effective. In fig. 5, Plate 17, in which case the 
chamber was used falling, these distortions are not observed: even in the 
case of tracks passing obliquely to the glass faces, only a distortion of the 
extreme end is present. For figs. 6 and 7, Plate 18, a polonium source of 
a-particles was used, and the a-particles were confined as far as possible to 
the central plane of the chamber. In the stationary photograph, fig. 6, 
Plate 18, there is not now the extreme distortion encountered near the glass 
face, but nearly every track is found to be more or less distorted by con¬ 
vection currents. In a corresponding photograph taken while the chamber 
was falling freely, fig. 7, Plate 18, there is no noticeable distortion. Absence 
•of distortion by the radial expansion itself (other than two-dimensional 
magnification) is perhaps more strikingly shown by tracks which do not 
radiate from the axis of the chamber than by those, as in figs. 5 and 7, 
Plates 17 and 18, which radiate from the axis. Photographs with the falling 
chamber have been taken in which an a-particle source is placed near the 
cylindrical wall of the chamber: the tracks are uniformly straight, whether 
the direction of the length of the track passes near the axis of the chamber 
or not. 

General Conclusions 

1. The Radial Expansion Cloud-chamber —The cloud-chamber which 
has been described would appear to have distinct advantages over appara¬ 
tus of the usual type for many purposes in addition to that for which it 
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was specially designed. One advantage is the ease with which the whole 
contents of the chamber can be illuminated and photographed with the 
camera looking along the axis of the chamber. 

The air motion during expansion being zero on the axis and being 
radial and very small for points near the axis, objects such as sources 
or targets may be inserted in this position without causing appreciable 
disturbance of the air on expansion. A specially useful arrangement 
would be an axial tube, traversing both glass plates and open at the ends, 
into which sources of radiation, primary or secondary, could be placed. 
This would cause no disturbance of the air on expansion. If the chamber 
were not going to be dropped, the horizontal position, i.e., with the axis 
vertical, would for many purposes be the more convenient. 

2. Advantages of Dropping the Chamber —Apart from its usefulness for 
removing the cloud-chamber from a confined space, such as that between 
the poles of a magnet, before photographing, dropping the cloud-chamber 
has distinct advantages. The time interval between making the expan¬ 
sion and taking the photograph may be greatly extended without any 
risk of distortion of the tracks by the fall of drops or the setting up of 
convection currents. This increased time interval may be useful both 
for increasing the number of tracks photographed and for increasing 
the amount of water condensed in each track. If the camera is dropped 
with the cloud-chamber it becomes possible to increase the time of 
exposure, and the use of continuous sources of illumination (instead of 
spark discharges) has now considerably greater possibilities than when 
the chamber is fixed. 

Our thanks are due to Lord Rutherford and Professor Stratton 
for the facilities given us at the Cavendish Laboratory and at the 
Solar Physics Observatory. A considerable part of the apparatus 
used in these and previous experiments with the cloud-chamber at the 
Solar Physics Observatory was obtained with the aid of a gift from the 
Caird fund of the British Association made to one of us (C. T. R. W.) 
some years ago. One of us (J. G. W.) is indebted to the Department 
of Scientific and Industrial Research for a grant. 


Summary 

The advantages of removing a cloud-chamber from a confined space 
such as that between the poles of a magnet by letting it fall, and photo¬ 
graphing the tracks while the chamber is falling freely, are pointed out. 
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A new type of cloud-chamber is described which has the form of a shallow 
cylinder with plane glass ends and in which the motion of the air during 
expansion is radial. Experiments show that this type of chamber gives 
good results. It is found, as anticipated, that dropping the cloud- 
chamber and photographing while it is falling freely enables undistorted 
track pictures to be obtained (by eliminating gravity) when the interval 
between expansion and illumination is prolonged to such an extent that, 
with the cloud-chamber stationary, distortion by convection currents 
has become serious. 


The Emission of Electrons under the Influence of 
Chemical Action 

Part V—The Theory of the Chemical Electron Emission 
and its Application to Certain Reactions Involving 
Haloids 

By A. K. Denisoff, University of London, King’s College, and O. W. 
Richardson, F.R.S., Yarrow Research Professor of the Royal 
Society 

{Received October 8, 1934) 

§ 1—-Introduction 

The chemical electron emission studied! is that of the electrons emitted 
from the liquid alloy of sodium and potassium, K 2 Na, when it is acted 
on by different chemically active gases, such as the halogens, at very low 
pressures of the order of 10 6 mm of Hg. The electron emission is 
looked upon as an immediate result of a bombardment, by free metallic 
electrons, of the unstable (excited) chemical bonds formed on the metal 
surface during collisions of the gas molecules with the metal. When an 
electron collides with an excited bond, the latter reverts spontaneously 
through an electronic rearrangement to the normal polar state and the 
available energy of the electronic rearrangement is simultaneously 
transferred to the electron which is thus enabled to escape from the metal. 
The fundamental physical problems underlying the observed phenomena, 
on this view, relate to (1) collisions of the second kind between free 

t See ‘ Proc. Roy. Soc.,’ A, vol. 132, p. 22 (1931), Part I; vol. 144, p. 46 (1934), 
Part II; vol. 145, p. 18 (1934), Part III; vol. 146, p. 524 (1934), Part IV. 
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electrons and the electronically excited chemical bonds, and (2) the 
escape of electrons from the metal surface. 

Problem (2) is well known in connection with the thermionic and photo¬ 
electric effects. Problem (1) is treated by introducing, a priori , a mathe¬ 
matical expression, as general as possible, for the electron de-excitation, 
or excitation, function which represents the chance of a successful 
collision. An application of the theory to the experiments has enabled 
us to determine accurately the values of the constants included in the 
electron de-excitation, or excitation, function and also the value of an 
important constant—the total potential barrier of the alkali metal. 



Distance from metal 

Fr, , I—Potential energy of the Cl (bound) atom on the metal surface 
§ 2 —The General Theory 

When a chemically active atom, such as a chlorine atom of the molecule 
of one of the gases under investigation, approaches the surface, for 
example, of potassium metal and comes within a distance of the order 
of 10~ 8 cm of the surface it will begin to be attracted towards the surface 
by the surface layer of atoms. We suppose that the Cl atom will form 
at a certain average distance r x from the metal an unstable,t non-polar, 
chemical bond K <- -+ Cl which after a certain time t 0 (the duration of the 
excited state in the absence of collisions of the second kind) will revert 

t This unstable state of the electronic configuration of the atomic system K •<—► Cl 
has to be regarded as a result of an interaction of the valence forces with a very small 
sphere of action; it has nothing to do with the van der Waals attractive forces, of a 
polarization character, though they at large distances from the metal form the principal 
attraction of the gaseous Cl atom towards the metal. 
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to the normal, polar, state K+ *—+ Cl~. The potential energy of the bond, 
before and after the electronic rearrangement, is roughly represented 
by the two potential energy curves of fig. 1. It is understood that the K 
atom is chemically bound to the rest of the metal atoms, and the Cl 
atom to the rest of the gas molecule. At the first moment of the forma¬ 
tion of the polar bond the stabilization process consists in an electronic 
rearrangement of the atoms concerned, and the energy E x of the electronic 
rearrangement is a function of the energy of chemical binding of these 
atoms with the rest of the molecular structure, in the configuration of the 
atoms which they have at the moment just before the electronic re¬ 
arrangement of the bond. In particular, on account of a dissociation 
of the gas molecule, simultaneously with the electronic rearrangement, 
into the Cl ion and into the gaseous radicle the energy E, will be a 
function of the energy D of this spontaneous dissociation (see § 4). 

The energy E t available in the process will be in general dissipated, in 
a very short time, of the order of 10 15 sec (see Part II, §6), among a 
number of adjacent metal atoms and will thus be converted into heat. 
However, during the time x 0 (which is probably a function of E x ) the 
K — ► Cl bond will be bombarded by free metallic electrons. We shall 
assume, in accordance with the existing experimental evidence on collisions 
of the second kind between free electrons and excited atoms, that if a 
free electron collides with the K ■>-—* Cl bond and if the collision is effective, 
then all the energy E x of the electronic rearrangement is transferred to 
the free electron which may be thus, in general, enabled to escape from 
the metal if its initial energy E 2 plus E x is > A, where A is the total 
potential barrier of the metal. 

We shall denote by S (E x , E 2 ) the collision diameter for an encounter 
between a free electron with energy in the range E 2 to E 2 + dE t and the 
excited bond K *—*■ Cl, and by D (E x , E 2 ) the probability that this encounter 
results in the stabilization of the bond with transference of the superfluous 
energy E x to the electron E g . We shall call the product S (E x , E a ) D (E x , 
Ej), which has the dimensions of an area, “ the de-excitation function." 
Experiments on collisions of the second, or the first, kind usually do not 
differentiate between the collision diameter and the probability of a 
successful collision but are concerned with “ the effective collision area 
q (E x ) for the given process,” which will be related to our functions S 
and D by the following equation 

P S (E x , E a ) D (E,, E^nCE^E* 

q (EJ = ---, (1) 

n (E a ) dE t 
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where n (E 2 ) dE 2 is the number of electrons reaching unit area of a surface 
within the metal in unit time with energies in the range E g to E a + dE a . 
The effective collision area is thus the integrated effect of all electrons of 
the distribution n (E 2 ) dE a . 

Let t (E x ) be the actual duration of the excited state after which the 
excited bond reverts to the normal state either as a result of the self¬ 
stabilization or collisions of the second kind. Then the number (maxi¬ 
mum 1) of effective collisions of the second kind calculated per excited 
bond, or in other words, the number of electrons, with energies E, plus 
any value of E 2 between 0 and oc, calculated per Cl atom entering into 
the reaction with the metal, is equal to 

x (E x ) f* S (Ex, E a ) D (Ex, E 2 ) n (E 2 ) dE a . (2) 

Jo 


[This formula perhaps needs some further explanation. Its implica¬ 
tions and limitations will, we think, be made clear by the following 
considerations. 

If we have N excited chemical bonds instantaneously present at time t 
on a metal surface and they are formed at a constant rate B, the rate aN 
of de-excitation by electron collisions is 

aN NI - N I'* S (Ex, E 2 ) D (Ex, E 2 ) n (E 2 ) dE a . 

Jo 


If (SN is the rate of de-excitation due to other causes then the total rate 
of de-excitation is (a -f- p) N. 

If t 0 is the life of a chemical bond in the absence of electron de-excitation 


p -1 since under these conditions N 




and 


* _ V 

a + fi ~ 1 + t 0 1 ‘ 


( 2 . 1 ) 


If t is the actual life of a chemical bond t — (a + (l)" 1 since under 

these conditions N = —§— (1 — e~ {a + 0)t ) and 

«+ p 


a 

T+~$ 


= ?! , 


( 2 . 2 ) 


which shows that -rl is always < 1. 

The total rate (« 4- p) N of de-excitation must be the same as the total 
rate of consumption of the halogen atoms since both processes are 
completed in a time which is negligible compared with the life of a drop 
of the alloy. 
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It is understood that the reaction only takes place on the clean metal 
surface. We are also assuming that the pressure is so low that the 
reacting centres do not interfere with one another. That this is the 
case under our experimental conditions has been shown in Part IV, 
p. 533.] 

Of these electrons only those can escape which satisfy two conditions: 



where v„ is the velocity component normal to the surface, and m is the 
mass of an electron and 

E, + E 2 >A or E 2 >A — E x . 

We assume for simplicity, and until evidence appears to the contrary, 
that the velocities are equally distributed in all directions, so that the 
fraction of the total number of electrons which satisfy the first condition is 


*(i - v 7 


A * 
Ei + E 2 ' - 


If we disregard the internal reflection of the electrons, the number of 
electrons which escape is 

c (E x ) - (EJ f (1 - -\/) S (Ej, E 2 ) D (E x , E 2 ) /* (E 2 ) dE 2 . 

(3) 

We think that the transmission coefficient due to the internal electron- 
reflection effect is not of much importance in comparison with the 

geometry factor G = | ( 1 — v/ A „ ). In fact, for a simple potential 

\ ti + Eg/ 

barrier of the type shown in fig. 2 the transmission coefficient is given by 


D = 1 - 


( \ ' V//l ~E! + E 8 

V + \/ , -e 1 Te 8 


(4) 


Each of these factors G and D is zero when E! + E 2 — A and each of 

A 

them is a function of the ratio •=——=- only, which rises steadily as 
Ej + Ejj increases. However, D rises much more rapidly than G. Thus 



538 


A. K. Denisoff and O. W. Richardson 


when E x + E a = 1 • 1 A, D — 0-711, whereas G is only 0-0244. We can 
therefore treat the D factor as if it were unity. This is the same as 
disregarding the internal reflection. It will have about the same effect 
as in similar thermionic calculations where the neglect of the corre¬ 
sponding factor changes the final result by a factor of the order of 2. 
Anyhow the structure of the potential barrier is unknown so that we are 
ignorant of the mathematical form of D. The most important property 
of D for this application is that it makes the integrand in (3) vanish 
when Ex -f E 2 — A and this is ensured by the other factor G. 


Metal 


J Vacuum 

1 z 

A 


--i- 


Fig. 2— Surface potential barrier 


c (Ex) given by (3) is a quantity which can be directly determined from 
experiment. In fact, c (Ex) is the specific yield (see Part IV), that is the 
number of emitted electrons calculated per Cl atom actually entering 
into the reaction with the metal. 

The number n (E 2 ) dE 2 of electrons reaching unit area of a surface 
within the metal in unit time with an energy E a in the range t/E a is given 
on Sommerfeld’s theory by 

(5) 

Therefore, 


c(E0-^5,(E,)f* V / E^e,) S < E >- E *» D < E - E >) 


E„ dE % 


or, approximately, 


( 6 ) 


c (E x ) ~ 


47WJ 

~7F 



\/ —A_| s (Ex, E,)D (Ex,Ej)EjdE* (7) 


since e<*w>/*’r + 1 rapidly becomes very large for E* > (j. and rapidly 
approaches 1 for E t < (i. 
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The number c (Ej, V) of electrons which escape, from a small spherical 
source, against the radial field V (in electron volts) is 


/c \r\ 4r:m 

f(E 1 ,V) = —t 


(E,)f (l-vV 

A—K, f V \ ^1 


+ E. 

S(E,.E,)D(E„E,)- n gt ^»j ..., (8) 


and the energy distribution function N (V) dV is 


N (V) dV =- Y) dV -■* I™. T (E,) (1 . ^ 


S (E„ A - E, + V) D (E„ A - E, + V) ( A_. k'um V> f V 


+ 1 


(9) 


where E m E, — (A — (i) is the maximum energy of the emitted 
electrons at T = 0 C K. 

^ N (V) c/V is the proportion of the whole of the emitted electrons which 

have energies within the range V to V -f d\. This quantity can be 
obtained directly from experiment by graphical differentiation of the 
current-voltage curve i'i 0 wv.V (/„ is the saturation current). 


In (V)rfV - A (///„) at AV. 
c 

When E, > A, every electron which escapes will have energy at least 
equal to E, — A. Stopping potentials < E, A will therefore not 
prevent any electrons from reaching the outer electrode so that the 
saturation potential will be given by V„ = E, — A. If we measure our 
stopping potentials V' from this zero, then the true energy V will be 

v V' + V, - V' + Ei - A = Ej + E, - A, 
so that V' = E a and the energy distribution functionf becomes 


N (V') d\' - 1^-' T (Ej) (1 - y/ g *") S (Ej, V') D (Ej, V') V' rfV', 
and the yieldf (10) 


c(Ej) 


4Ttm 




~7T~ 
Ej + Ej 


S (Ej, Ej) D (Ej, E 2 ) EjrfEg. 


( 11 ) 


t Here and in what follows we use the approximate expressions corresponding to 
equation (7) as they are accurate enough for those aspects of the phenomena here 
dealt with. It is necessary, however, to use the exact equations corresponding to (8) 
and (9) when we consider some of the finer points of the effect. 
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The electron de-excitation function S (Ej, Ej) D (Ej, E a ) has the 
properties that (1) it is real and positive for all positive values of E s , 
(2) it must always be finite even at E 2 == 0, (3) it tends to zero as E a tends 
to oo since the excitation process takes time and an electron moving with a 
very high velocity will not have time to do it, (4) from what little is known 
about other de-excitation functions we expect that SD will not be appreci¬ 
able except in the range of E 2 from 0 to e, where s is a quantity of the 
order of magnitude of Ej. 

A simple function which satisfies these requirements and which is also 
dimensionless in the energies E x and E 2 is 


where k and m are purely numerical constants. If the function has to 
make the expression c (E x ) dimensionless this must be multiplied by a 
constant factor y of the dimensions of an area, so that we have 


S (Ej, E 2 ) D (Ej, E 2 ) c/E 2 = ye dE s . 


(13) 


Finally, we have 


C (El) ~ B (Ej) ("l 

J 0 

l - */ A ) f.^'H 

K a \ m 

I’V dE 2 

V Ej + E a ' 


N (V')dV' -= B(E x )(l 
and 

- yj . A )VV‘^> 

V. Ej + V'/ 

\ m 

1 dY 

C (Ej) — B (Ej) 1 

J A - B 

(1 - . / _ A ) Eae 

V Ej + V 

'-J dE 2 


N (V)rfV - B(E0 (T- v /__A_ ) 

,./A — K, + X\m 

+ d\ 


(14) 

(15) 


I for 
Ej>A, 



for 

Ej< A, 


where B(E 1 ) ^yx(E 1 ). 

It is perhaps as well to state at the outset that the energy distribution 
functions (15) and (17) possess an interesting property when the constant 
m is equal to 2. In fact, for the experimentally important range of V' 
or V, that is when V' - about ^A (A is equal to about 5 volts) 


V 


E, + V' ~ 2E X 


V' and 


1 - 


V /_A_ ~I_v 

' A + V~2A 
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Furthermore, at large values of A — E 1 and small values of V 

A — E x + V ~ constant. 

Now, 

/ A-K, + V’ y ...» V* -2 L V 

^ V K, / g ( E| / # g Ki* Q i^i \ l!^ / 
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const, e 


—— V* -2— ( A J!tl\ v 

I'M 1 . e V K, ) 


At sufficiently large values of A — EJE t and values of V < about 1*5 
volts the first exponential factor will be unimportant in comparison with 
the second one. Therefore, at Ei > A the energy distribution function 
is of the form 

N (V) dV ~ const. V%~£* v ‘ dV, (18) 

A — E 

and at Ej < A, as — E —l = .v 0 oo, it tends to approach the form 

Ei 

N (V) dV const. V . e~’k x ’ v dV. (19) 

The latter expression is, within a constant factor, identical with that for 
a Maxwellian distribution. 

This property of the theoretical energy distribution function, that is, 
its tendency to approach a Maxwell distribution as Ej diminishes, is also 
one of the most striking features of the experimental energy distribution 
functions. 

It may be remembered that in Part II we introduced an approximate 
empirical formula for N (V) dW 

N (V) dV « A . e —*< v — v »)" (20) 

where A, k, c and V„, are constants (V„, is the energy corresponding to 
the maximum of the curve). Equation (20) covered approximately the 
whole range of emitted electrons for the more energetic reactions (E x 
large) and the constant c had a value very close to 2. At this value of c 
equation (20) is similar to (18), since e“* (V Vw) ’— const. e ( - AVm)V . e tv ‘ 
and the effect of the first exponential factor on the form of the 

distribution curve is not much different from that of the factor V* in 
(18). But, equation (20) was valid only for V > V„, for the less energetic 
reactions (Ei small) and the constant c had a value very close to 1. At 
this value of c equation (20) is similar to (19) only at large values of V 
and this at once accounts for the inadequacy of (20) in representing the 
whole energy spectrum of electrons emitted in the less energetic reactions. 


2 o 2 
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§3—The Relation between the De-excitation and Excitation 

Functions 


Assuming that the general interpretation of the chemical electron 
emission phenomena is correct, the experimental energy distribution 
functions should allow an accurate determination of the electron de¬ 
excitation function 

-*(&)" 

since this factor, being the only exponential factor in expressions (15) and 
(17) and having a value of k which according to the experiments is > 1, 
chiefly determines the form of the energy distribution function. Beside 
this direct experimental test there is some further theoretical justification 
of our conclusions as to the form of the de-excitation function, which 
can be derived from a consideration of the reverse process and the corre¬ 
sponding electron excitation function by the principle of detailed balancing. 

The principle, which is also called the principle of microscopic reversi¬ 
bility, states that in the state of thermodynamic equilibrium in a mixture 
of molecules and electrons each microscopic process occurring must be 
accompanied by an inverse process, and the total number of molecules 
leaving a given quantum state in unit time must equal the number arriving 
in that state in unit time. 

We assume the essential features of our experiments to be represented 
by a system consisting of a metal on the surface of which there is a fixed 
number, small in comparison with the number of metal atoms on the 
surface, of chemical polar bonds. The chemical bonds will be con¬ 
sidered to have only two states, the lower normal state 0 of energy E x — 0 
and the first excited state 1 of energy Ej. We now consider a theoretical 
state of equilibrium in which the configuration of the atoms taking part 
in the chemical reaction remains the same after the reaction as that at 
the moment immediately after the electronic rearrangement connected 
with the chemical transformation. In this state of equilibrium, at any 
given temperature T, a number N t (E t ) of these bonds will be excited and 
a number N 0 (E x ) will be de-excited, each number being reckoned per 
unit area. 

The rate rfN 1 /d r ? of excitation by electron collisions by electrons with 
energy E t + E a (E a is the excess energy of the electron) is equal to 



N 0 (EO S 0 (E ls Ej) P (Ei, E a ) n (E x + E,) </ (E t + E»), (21) 


where S 0 (E lf E a ) P (Ej, Ej)is the electron excitation function correspond- 
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ing to the imaginary condition that the configuration of the atoms involved 
in the chemical transformation has not changed after the moment 
immediately after the quantum transition of the polar bond. On the 
Sommerfeld theory of metals 


8 t im 


N 0 (E X ) S 0 (E X , E 2 ) P (Ej, E 2 )-^ 


Ei + E a 


a M )/*'!' _j_ J 


d (E x + E 8 ). 


Similarly, for the rate of de-excitation by electrons with energy Eg we 
have 

^ ^ N, (E x ) S (Eg, Eg) D (E„ Eg) } dE,, (23) 

where S (E x , Eg) D (E x , Eg) is the electron de-excitation function corre¬ 
sponding to the actual experimental conditions. In the state of thermal 
equilibrium the rates (22) and (23) are equal, otherwise the electron 
statistics would be upset. Thus 

S (Ei, Eg) D (Ei, Eg) 

. Ei + EgN 0 (E 1 ) e ht +1 o/p P)PfF El Pd) 

E^ Nj (Ej) e«" l! - + 1 0 1 " a) ( 15 z) - } 

Now SD, S 0 P, Ei and E 2 are all microscopic conceptions which have 
nothing to do with temperature. The only quantities in (24) which can 
involve T are N„, Nj and the exponentials e ;ii ‘ '‘ m '+1 and e (,! ' 1 1; 

so that, by making an arbitrary variation of the temperature for example, 
we must have 

N. (Ei) ™ aN 0 (EJ , (25) 

where a is a constant independent of T. This constant a is equal tof 


a —■ &, 

£i 

where g g and gx are the statistical weights of the normal and the first 
excited states, respectively. Therefore, we obtain the following relation 
between the electron de-excitation and excitation functions 

S (Ei, Eg) D (Ei, Eg) - i h+1? s 0 (E„ Eg) P (Eg, Eg). (27) 

CL 

The excitation function S 0 (E a , Eg) P (E lt E 2 ) has the properties that 
(1) it is zero for Ei + E a < E x or Eg < 0, since an electron must have 


t Klein and Rosseland, * Z. Physik,’ vol. 4, p. 46 (1921). 
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sufficient relative kinetic energy to produce the transition, (2) it tends to 
zero as E, becomes large, since an electron must have sufficient time to 
produce the transition, (3) it probably has a maximum at a value of E a 
which is comparable with E x . The simplest function, or one of the 
simplest, having these properties and which is also dimensionless in the 
energies E x and E 2 is 


E, 




(28) 


where k and m are purely numerical constants. According to our 
definition of the excitation function, this expression must be multiplied 
by a constant factor y' of the dimensions of an area. Therefore, 


S 0 (Ej, E 2 ) P (Ej, E 2 ) dE 2 = i f * dE 2 , 

and 

S (Ej, Ej) D (Ej, E 2 ) dE 2 = i T ' ^ ■ t E » € * (ft)" dE*. 

a tj 


(29) 

(30) 


This expression for the de-excitation function is within the factor 
const. (Ej + E 2 )/E, identical with expression (13). The effect of any 
similar factor on the form of the de-excitation function can be appreciable 
only at small values of E 2 , since E a also comes in the exponential factor. 
But, at small values of E 2 the factor (Ej + E 2 )/Ej will not be far from 1. 
In fact, with the values of k, m and Ej, which can be derived from the 
experiments (see the next section), the difference in the form of the 
de-excitation functions (13) and (30) is hardly noticeable. 

Since the de-excitation function (30) is in better agreement with the 
experiments and also has the additional justification from the argument 
based on the principle of detailed balancing we prefer it to the function 
(13) and we shall write it as 

S (Ej, E^ D (Ej, Ea) <(E 2 - y * (if)" dE 2 . (31) 

E,! 

The expressions for the yield and the energy distribution function will 
then be 




+ EJ 


(Ej + E a )e“ t (|)”rfEa, (32) 


N (V') dY - (1 - \/g-~y,)V' 

(Ei + V') 


for 

| Ej A, 


(33)' 
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and 




(Ei + E s ) e 


+ E,' ' 
-‘©‘rf E 2 


N (V) dV 


where 


B (Ei) . 

E, 


V / aTv') (A " E ‘ + V) 


(A + V) £> 

Ar.m 


B (Ex) 


h* 
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(34) for 
E, < A, 


h /A Ei V \ m ) 

( k; > dV, (35).' 

Yt(Ex). 


§ 4—The Experimental Test of the Theory 

An immediate quantity with which we are concerned in considering 
any of the elementary heterogeneous chemical reactions is the amount 
Ex of energy instantaneously liberated at the chemical transformation. 
For the reactions with the gas molecules containing one halogen atom 
and a non-reactive radicle, like (NOG), there is only one kind of ele¬ 
mentary reaction corresponding to a certain value of E lt since there is 
only one possible mechanism of dissociation, namely, into the halogen 
atom and into the radicle. On the other hand, for the reactions with 
gas molecules containing two identical halogen atoms and a non-reactive 
radicle, as is the case with the molecules of the majority of the gases 
investigated, there are three kinds of elementary reactions, each giving a 
certain value of Ej, depending on whether both the two halogen atoms 
are simultaneously reacting with the metal, or only the first, or the second 
halogen atom is reacting with the metal. According to the experimental 
evidence (see Part IV, § 5), however, the group of electrons originating 
from the reaction of the second halogen atom was not observed at all with 
the gases investigated, because the second halogen atom probably flies off 
into the surrounding space unless it reacts with the metal simultaneously 
with the first halogen atom, so that there remains only two possible kinds 
of elementary reactions and therefore two possible values of Ex. As a 
matter of fact, many of the gases of the latter category give electronic 
spectra composed practically of one group of electrons originating from a 
certain reaction mechanism and corresponding to a certain value of Ex; 
this may happen as a result either of one reaction mechanism prevailing 
over the other, or one value of Ex being considerably higher than the 
other and therefore the corresponding electronic yield being considerably 
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larger than the other. These gases which give electronic spectra com¬ 
posed of only one group of electrons are especially suitable for our 
theoretical analysis. 

As to a calculation of E x on a theoretical basis, in Part II we put forward 
an approximate method of calculation and we derived for the reactions, 
involving for example a chlorine atom, such as 

Alkali metal 4 - Cl (bound) -> Cl (adsorbed on alkali metal), 
the following expression: 

E x =-1 + t —1— + A ( , - D - (36) 

r, 4 x 0 + r (n 

In (36) e is the electronic charge, r x is the average collision diameter 
(see fig. 10, Part II), r,-\ is the radius and An the electron affinity of the 
chlorine atom, <j> K ,x» is the work function of the metal and is equal to 

2 2 i 

l — and — —- is the negative potential energy of the negative Cl 

•'"o 4 .v„ f r V \ 

ion when at r x due to the presence of the metal surface and calculated 
from the image force. The quantity D is the energy of the spontaneous 
dissociation of the gas molecule, connected with the process of conversion 
of the Cl atom into a negative Cl ion. 

(The above method of calculation involves the assumption that the 
valence electron of the reacting metal atom is in the highest completely 
occupied Sommerfeld level with the minimum negative potential energy 
A - ( 1 . In other words, we assumed that the energy <f> — A — |j. is 
required for the ionization of a given metal atom on the surface. The 
assumption is true when we are concerned, as in Part II, with the calcu¬ 
lation of the maximum energy of the emitted electrons. In the present 
treatment we are concerned with the calculation of the effective value of 
Ej, that is, that which is responsible for the majority of the emitted 
electrons, and we assume that approximately the same energy <f> -■ A — \x 
is required for the ionization of any of the surface metal atoms. We 
feel that there are some doubtful points here which require special 
considerations, but in any event the experimental results seem to justify 
the assumption.) 

We stated in Part II that the values of E x calculated by (36) may be 
uncertain within several tenths of a volt, because the accurate value of 
the average collision diameter r x and the precise form of the potential 
barrier at the metal surface are unknown. If this uncertainty of several 
tenths of a volt did not matter very much for those aspects of the pheno¬ 
mena which were discussed in Parts II, III and IV, it becomes inadmissible 
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for our present theoretical analysis according to which the quantity E x 
comes into the only exponential factor in the expression for the energy 
distribution function whose form is therefore very sensitive to any small 
variation in E x . 

On considering the question of the uncertainty of E x , calculated by 
(36), more explicitly we shall come to the conclusion that the most 
uncertain quantity in (36) is probably the value of the energy D of the 
spontaneous dissociation. Consider, for simplicity, the reaction with 
Cl 8 gas. A Cl a molecule may, for instance, collide with one of the 
metal atoms in such a manner that during the chemical transformation 
of the first Cl atom the interaction of the second Cl atom with adjacent 


Cl + CI 


ClT(b°uncO+ Cl 


0 2 4 6 

Interatomic distance in 10-* cm 
Fig. 3—Potential energy of the two Cl atoms 

metal atoms is unimportant. A rough physical picture of what actually 
occurs during the collision can be obtained by considering fig. 3. On 
admitting first that the potential energy curve of the Cl a molecule is not 
deformed before the actual chemical transformation has taken place, the 
potential energy of the two Cl atoms will change from a to b during the 
electronic rearrangement of the first Cl atom, which will ultimately be 
converted into a negative Cl ion. The change of the potential energy of 
the Cl x—* Cl bond, at the instant of the electronic rearrangement, is 
then equal to 

( ob ) = Apj D 0 AD, 

where D 0 is the actual dissociation energy corresponding to a complete 
separation of the atoms. 
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As a matter of fact, the strength of the Cl Cl bond will not remain 
unchanged when the first Cl atom enters into the interaction with the 
metal; there will occur a weakening of the bond, and therefore the 
potential energy curve will be deformed into something like the dotted 
curve II in fig. 3. This will partly neutralize the effect giving rise to the 
quantity AD, so that we can write approximately 

(ab) ~ Au - D 0 . (37) 

Suppose now that two Cl atoms of the Cl a molecule simultaneously 
react with two metal atoms. The deformation of the potential energy 
curve of the Cl «-» Cl bond will be considerably larger than that when 
only one Cl atom is reacting, and the curve will take a form something 
like the dotted curve 1 in fig. 3. It is also quite possible that the inter¬ 
atomic distance will increase, as a result of the weakening of the bond 
and because of the Cl atoms being pulled apart (the average distance 
between two adjacent metal atoms is more than twice as large as that 
between the Cl atoms). The effects of the deformation and of the 
increased interatomic distance act in the same direction, namely, they 
increase the change (cd) of the potential energy at the moment of the 
electronic rearrangement, so that we can write 

—-y 

A« — D (> < (cd) < An, 

or approximately 

(cd) ~ An - *D 0 . (38) 

It will be noted that when two Cl atoms of the gas molecule simul¬ 
taneously interact with the metal it is not necessary that the electronic 
rearrangement should occur simultaneously in both the Cl atoms; on 
the contrary, in view of the spontaneous character of the electronic re¬ 
arrangement the chance of this event will be negligibly small. It is 
most likely that no electron will be liberated during the electronic tran¬ 
sition in the second Cl atom owing to interference of the adjacent polar 
bond. 

These considerations show that the energy D of the spontaneous dis¬ 
sociation is a function of the configuration of the atoms at the moment 
of the electronic rearrangement; the average value of D for a given 
reaction mechanism can only be expressed quite approximately in terms 
of the actual dissociation energy D 0 which corresponds to a complete 
separation of the dissociation products and whose value is known 
accurately from the spectroscopic observations. Since the collision 
diameter r x and the energy D of the spontaneous dissociation are functions 
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of the configuration of the atoms, the energy E l5 according to (36), will be 
also a function of the relative position of the centres of the reacting atoms. 
Therefore, the best we can hope to obtain by any similar method of 
calculation is a more or less accurate average value of Ej for a given 
elementary reaction. 

For our analysis of the energy distribution functions an average value 
of Ej, thus obtained, may, however, be of little importance, since this 
value does not necessarily coincide with the effective value of E x , i.e., 
that which is responsible for the majority of the emitted electrons. On 
account of this we have chosen an empirical methyl of obtaining the 
effective value of E t . If we remember (see Part II, § 5) that the experi¬ 
mental energy distribution function, for electrons emitted in the reaction 
which proceeds by one mechanism, has a markedly pronounced “ tail ” 
which can reasonably be attributed partly to the above atomic con¬ 
figuration effect and partly to the temperature effect, we obtain an 
approximate value of the effective E t by putting simply 

Fj E„, + (-39) 

where E m is the effective maximum energy of the emitted electrons, which 
is obtained from the voltage-current, or from the energy distribution 
curve by disregarding the tail. The values of E t obtained by (39) can 
be immediately utilized for the theoretical analysis, since the theoretical 
expressions, such as (33) and (35), refer to the case when the absolute 
temperature T = 0° K. 

Table I 



Ej — E,„ <j< 

E* (at T - 0“ K) 


Yield c 

Gas 

(observed) 

(calculated) 

B (Ej) 

in 10 0 


volts 

volts 



Cl, 

5-3 0 

515 

ca. 3*7 x I0~ 8 

ca. 15 

NOC1 

51, 

5 05 

2*9 x 10 3 

10 

COCI, 

5 0, 

4*90 

2*2 x 10- 8 

6 

S,C1, 

40„ 

3*80 

22 x 10 a 

0*45 

HgCl, 

3'2 S 

3 00 

ca. 7*7 x 10 

ca. 0*01 

Br, 

4-2, 

4*35 

ca. 3*6 x 10 8 

ca. 2 

1, 

40 0 

3*90 

ca. 6*3 x 10 8 

ca. 0*3 


Of the gaseous halogen compounds investigated we shall choose for 
our present analysis only those whose electronic spectra are composed 
practically of one group of electrons, originating from the reaction with a 
•certain mechanism and corresponding to a certain value of E v These 
gases and their values of E* are given in Table I, columns 1 and 2. 
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In the energy distribution functions (33) and (35) there are four adjust¬ 
able parameters: m, k, A and E t . All these parameters come in the 
exponential factor, therefore the ultimate result will be very sensitive 
to any very small variation in the value of these constants. On the other 
hand, the observed values of E x are uncertain within as much as about 
±01 volt and the value of the total potential barrier A of the K 2 Na 
alloy is unknown; it probably lies between the limits 

4 • 5 < A < 5-7 volts, 

4-5 volts being the value of A for K metal and 5 -7 volts for Na metal. 
Both these values are theoretical values calculated, from the jx. of the 
Sommerfeld theory, by the relation 

A = fz ± <f>, 

where </> is the work function of the metal (experimentally determined) 
and (x is the internal potential which for metal atoms with one valence 
electron, such as alkali metal atoms, is given by 

(x — 26-07 -i- electron-volts, 

V 8 

V being the atomic volume (atomic weight divided by density). The 
best procedure will be to determine those values of the parameters k, m, 
A and E x which give the best agreement with the experiments and then to 
compare the values of E t , thus obtained, with those, called the observed 
values, which have been got from relation (39). 

By following this procedure we were able to obtain practically complete 
agreement between the calculated and observed energy distribution 
functions for all the gases, with the following values of the constants 

m 2, A- = 31 -9 and A —5-00 volts, 

and with the values of E t which are given in Table 1, column 3. This 
can be seen from figs. 4, 5 and 6 in which the calculated energy distribu¬ 
tion functions are shown as full line curves and the observed data are 
indicated by circles. The curves for (NOC1) and (COCl 2 ) in fig. 4 are dis¬ 
placed vertically upwards by the arbitrary amounts: 0-05 and 0-1 unit 
respectively. The experimental data given belong to the most accurate 
experiments which were selected from the experimental material published 
in Parts II, III and IV. The data for (COClj) have been obtained by 
graphical differentiation of the accurate voltage-current curve given in* 
fig. 11 of Part IV. 




Volts V' 

Fig. 4— Energy distribution curves for the electrons emitted by (COCl a ), (NOCl) 

and (Cl*) 








- N (V) d\ 


552 


A. K. Denisoff and O. W. Richardson 


The ordinates of the calculated energy distribution curves are the values 

of 1 N (V) dV (or, 1 N (V') dV’, for E x > A) at </V = 01 volt, which 
c c 

correspond to the experimental values of A (i/i 0 ) at AV = 0-1 volt. 
From figs. 4, 5 and 6 we see that the calculated energy distribution curves 
give practically complete agreement with the experimental data and have 
the correct absolute values of the ordinates. The deviations near the 
origin seem to be real and we shall deal with their probable origin in a 
moment. 


It can be seen from Table I that the observed values of E ra + <f> disagree 
slightly with the calculated values of Ej, but the discrepancy is usually 



Volts V 

Fig. 6 —Energy distribution curves for the electrons emitted by (Br,) and (I,) 


about 01 volt and it comes chiefly as a result of the inaccurate location 
of the saturation zeros on the voltage-current curves. The observed 
saturation zeros in the diagrams are marked by arrows. (It will be seen 
that the discrepancy between the observed and calculated saturation zeros 
is the greatest for (S t Clj), (HgCl 2 ) and (Ij). The voltage current curves 
for these gases were obtained at pressures > 10~ 8 mm in order to get 
sufficient electron emission, as these gases give small electronic yield. 
At higher pressures there appear some secondary factors preventing the 
attainment of saturation (cf. Part II, § 5), and this made it difficult to 
determine the saturation zero with an accuracy within 0 • 1 volt.) For 
(NOC1) and (Cl a ) Ej is > A, which means that theoretically the true zero 
V = 0 of the energy distribution curve for these gases lies on the left 
from the saturation zero V' = 0 by the amount V — V' — E x — A. 
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However, the true zero of the experimental energy distribution curves 
probably coincides with the saturation one because of a small number of 
very slow electrons which will be probably always present under similar 
experimental conditions and which are due to such secondary factors as 
electron reflection, distortions of the field, etc. In fact, the experimental 
energy distribution curves for (COCl 2 ), (NOC1) and (Cl 2 ) (see fig. 4) are 
placed above the theoretical in the neighbourhood of zero energies, 
which indicates the presence of a small number of very slow electrons. 
We should like also to point out that the true zero for (S*C1 2 ) is on the 
right from the observed by a little more than 01 volt, but the true zero 
for (COClj) must coincide with the saturation zero of (COCl 2 ) within 
01 volt, as this is required by the experiments on mixtures of gases (see 
Part TV, § 4). This is actually the case. 

It is important that agreement between the theoretical and experimental 
energy distribution functions can be obtained only at these values of m, 
k , A and E t , and the uncertainty of the values of these constants cannot 
exceed about 2%, since the theoretical expressions, as has been mentioned 
already, are very sensitive to any small variation in the value of the 
parameters. We thus can state that the value of the effective total 
potential barrier A of the K 2 Na alloy is equal to 

A = 5 0 Hr 01 volts. 

In Table II we have tabulated the values of the photoelectric work 
function <f >, of the internal potential, fx of the valence electrons, and of the 
total potential barrier A for K, Na and K 2 Na metals. The values of <f> 
for K and Na are taken from the data collected by Hughes and Du Bridge,t 
and the value of </> for K a Na alloy is that which was determined by one+ 
of us for an alloy of this composition. 


Table II 


Metal 

<!> 

( x 

A 


(volts) 

(volts) 

(volts) 

K 

2-25 

203 

4*28 (calculated) 

Na 

2*46 

3*24 

5 * 70 (calculated) 

K 8 Na 

2*5 0 

2-5 0 

5*0 0 (observed) 


It will be seen from Table II that the observed values of A and of 
\x ~~ A — <f> correspond very well with those calculated for K and Na 
metals. The chemical electron emission, thus, probably furnishes the 
most accurate existing method for determining A for alkali metals. 

On the basis of the experimental energy distribution functions we thus 

t “ Photoelectric Phenomena,” p. 75 (1932). 
t Richardson, ‘ Phil. Trans.,’ A, vol. 222, p. 1 (1921). 
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derive the following expression for the de-excitation function for electron 
collisions of the second kind 


S (E x , E,) D (El E a ) dE a = y §A + M» e - 819 (r)' dE t , (40) 


and for the corresponding electron excitation function 

S„ (Eg, Eg) P (E„ E 2 ) dE, = const. y|- 4 e“ 3, t ' ©’ dE t . (41) 


To the degree of approximation of our data the factor y is independent 
of E 2 , and probably of Eg, since y is dimensionless in the energies. We 
shall determine the value of this factor when we consider the variation 
of the electronic yield with Eg (see equation (49)). At the moment we 
shall calculate the yield c\ the calculated values of c have been utilized 
already for plotting the energy distribution functions, since these values 

determine the absolute scale of - N (V) d\. 

c 


1. For Eg > A, 

c(E 0 = B(E0E,*£|I- v /^ b> ) 


' El + E a \Eg -k 
E, I e/ 



. («) 


Since the constant k is as high as 31 9 the final result will be practically 
the same if we put the upper limit in (42) as oo , unless the lower limit is 
not much less than [a. 

When E, > A = 5-0 volts, .v — Eg/Eg is small, that is, 


and we can write 


(Eg/EgW-tix/EgXJ, 


1- 


“ e x 


+ E : 


= l -x/Q- 


V E j 


!-i| + 


' E«) 

■Eg 




We shall have to a sufficient degree of approximation 


c (Eg) — - 


BE, 


+ V t;• 

(" xe~ k * dx - SBEg* xj ~ [* x 3 <r*** dx + ^BEg* */5 
Jo V Ej J u V Ej 

x j x 4 e~' fca,, ' dx 

5fV + BEl, ( 1 ~ \/^) 

x - |BEg* \/^ j; x*e~*°'dx + ftBEg* £ 

x x*e-* x ' dx. 

.a 


2 

X 

x 

+ 
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Now 




Thus, 


jc 6 ^ - *** ^/x = 


f'-- - 

‘ (EJ -¥[» vt V|(* + «|)+(> - v'|)-1iv 7 

+ ^[ J iv / |c+ ?•?)+ii'-v 7 !) 

x Vf-A-lv 7 I; 

(Cl 2 ):—Ei - 5-15 volts. 


‘'S-lS 


3-44 x 10“ a B + 6-49 x 10~*B = 4 09x 10* B. 


The energy distribution function 


N (V') dY = ~(l 

bi\ 


v 7 ] 


Ej + V'/ 
k 31 -9 


) (H x + v') w-k? ,v, Vv\ 
1 • 20 4 . 


E^ (5 15)* 

The maximum value of this function at V m ~ 0-9 volt is equal to 


Therefore, 


1 


N (V'„) dY — 1 -87 0 x 10-* I. 

N (V/J dY = [A (/// 0 )] nmx = 0-089 0 . 


(NOC1):— Ei = 5-05 volts. 

c v05 = 2-94 X 10'* B -f 5-71 x 10" 3 B - 3-51 x 10 _2 B. 

Since 

k 31-9 

we have 


Ei* (5-05)* 


= 1-25, 


and 


N(V'J dY = 1-58 x 10-*1, 
~N(V' m )</V' — 0*091 5 . 


VOL. CXLVIIL—A.. 


F\> I 
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2. For E x < A. 


(44) 

At very small values of x 0 = A — EJE^ that is, when E, is large the 
same series (43) will hold good, so that we have 

«• (E,) - SH \/f; f” A dx - BE 1 *( v/g t - 1 


x f* «-*'■ * - JBE,* a /[" A-'* 1 dx + fVBE,* V 7 "ft 

J x, ^1J x„ 

X [ xV - *®’ */x 

+ ^ \/* - BE,-)VI" l) 

x j* x 2 e~ k *' dx -fBEi 2 \/~ (* x'e"*®* dx + ^BE^ y/1- 


X j xV~*®‘ dx. 

d Z a 

The integrals have the following values 


jV ( dx^ye-^'; \*x^*dx = ^x^+±y/?[l-l(VkcJ], 


where 




The values of this integral can be obtained from mathematical tables. 
Now, 

£ *“ r " * “ S ^ + W'V 7 ! n -.1 (Vl*»; 

i 1 *.■+!). 
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Therefore, 

c ( £ i) “ {\/ wS l + ** l)f * Xoe ~ k '°' + f\/l^ l ~ l (^kx 0 )) 

- (- 0 <rW - s v 7 5 <■ *'•' W + 1 ) 

+ nV\ **-"■■} + ^ l \/|(v +1)*-*" 

2x 0 e kr ' -f- \/ ^ (1 — J (Vkx 0 )) 

n 

k 


a/|-' 


V 


A 

Ei 

A 


E x 

+ * V 7 ^{ Xo 


Xo 3 e- l *° + ^ x*-*' + ^ a/? (1 - I (V£x 0 ) ) 


2& " ' 4A: 

4 + - v„ 2 4- — I . **•' \ 

+ k 0 ^ kf I 


(COCl 2 )E x » 4 -90 volts, x 0 = A ^ El * 0 0204. 


Now, 
and 

Therefore, 


Ei 

tv„ = 2-49 X 10~ 2 B + 4-54 x 10~ 3 B = 2-69 x 10~ 2 B. 


k _ 31 *9 _ , ,, 
1? ~ £T5? ~ 1 *"» 

N (V,„) dw - 1 -27 4 X 10"*, 


B 


^ N (V„) dV — 0 096 5 . 


(Sad*)Ex =3-80 volts, ,x 0 = A _ E| -=0-316. At this value of E x 

fc x 

the series (43) converges rather slowly, and it is less troublesome to 
obtain c from (44) by a graphical integration. Because of the exponential 
factor included in the integrand, the graphical integration can be easily 
performed with an accuracy within < 1%. We thus obtain 


Now, 

and 


c,. 8 = 2-11 X 10~ 4 B. 


k_ = 31 -9 
Ex 1 * (3-8) 2 


2 - 20 , 


N(VJ<#V= 1-88 x 10 -4 =•. 

Ex 


2 P 2 
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Thus, 

^ N (V m ) d\ — 0*23* 


(HgClj):—E x = 
have 

If, 

then 


and 


3 00 volts, jc 0 = 0-667. Integrating (44) graphically we 


c 3 =1-29 x 

k_ 31-9 
Ef (3) 2 " 


10 9 B. 


3-54, 


N (V,„) dV -- 2 \\ x 10 9 J, 

^1 


~ N (V m ) i/V = 0 • 54 6 . 


(Br^:—E, — 4-35 volts. By integrating (44) graphically we have obtained 


Since 

we have 

and 


£•,.» = 5-37 x 10~® B. 


k 

Ef 


31 -9 
(4-35)* 


1-69, 


N(V m )</V = 3-35 x 10-*|-, 

h l 

*N(VJ = 0-138. 


(I 2 ):—Ej — 
Now, 

and 

Therefore, 


3 -90 volts. A graphical integration of (44) gives 
c»., 4-74 x 10- 4 B. 

k 31-9 


E? (3 • 9) a 


= 2 - 10 , 


B 


N (VJ dV ~ 3-90 x 10 4 |-. 

Ei 


~ N (V) m d\ = 0-21^ 


The above calculations give us a number of values of c (E x ) expressed 
as a function of B (Ej). By comparing the observed values of c, which 
are given in Table I, column 5, with the calculated ones we can determine 
B (Ei) as a function of Ei. On considering these values of B (Ei) for 
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different Ej, which are given in Table I, column 4, we notice that at large 
values of E x the variation of B (Ej) with E x is small, but, in the range of 
Ej between 3 -8 and 3-0 volts B (Ej) has increased sharply. 

These facts can be accounted for if we suppose that in this range of 
Ei the duration t 0 (E,) of the excited state had sharply increased. The 
increase of t 0 (Ej ) is probably connected with the fact that at low values 
of E t the dissociation energy D involved in the electronic rearrangement 
exceeds the energy Ej ultimately liberated in the reaction, and therefore 
the stabilization of the bond probably cannot occur by itself but only by 
means of three body collisions with free electrons. We should expect 
then that the form of the function t 0 (Ej) will be something like 
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Thus, 

1 4nm [ 1 E£l 

t 0 Y LB (Ex) “ k J * 

and finally 

B(E,)= > if-g - 

4tc/m T To t 

For E x < D, t 0 (E^ becomes equal to oo , and 

B (Ex) = k/Ef. 


(47) 


For Ex > D, we have approximately 

B'(Ex) t'o(Ex) E'i(Ex-D) 
B(I5 ~ T 0 (Ex) - Ex (Ex' — D') 


Thus, for (NOC1) and (S-jClj), for example, Ej = 5-05 volts, D ~ D 0 = 
1 -65 volts and E'x = 3-80 volts, D' x ~ D' 0 = 2-52 volts, respectively. 
Then 

B' (Ei) _ 3-80 x 3-40 _ 2 Q 
B(Ej) ~ 5 05 X 1-28 


The observed value was 7-4 which is comparable with the above, since 
the discrepancy does not exceed the limits of uncertainty which are 
determined by the uncertainty of the values of c and D and by the 
probability that (45) is only a rough approximation. For (HgCl a ), 
Ej < D and we should have 



31 -9 
(3) 8 


= 3-6. 


The observed value was about 77. This too high observed value may be 
easily due to the uncertainty of the absolute estimations of the yields for 
(NOC1) and especially for (HgClj). (Cf. Part IV, § 5.) It is also possible, 
however, that the discrepancy is caused partly by the fact that when 
Ex < D very slow electrons become ineffective in producing the electronic 
rearrangement connected with the stabilization of the bond. The 
number of effective collisions of the second kind per excited bond for the 
time t will be then given by 


N' (BO - 5j»» T , f ■ (5l+2i) e*-* ©' dE, 


«2>v,5: ,-(%)•, 
T 2k 



The Emission of Electrons 


561 


where E* t is the value of kinetic energy of an electron, below which 
collisions are ineffective. Therefore, 

k t (ipy 

B (EJ ~~ —- 2 e U'. 


If the discrepancy were entirely due to the collisions being ineffective for 
E 2 < E* 2 , then for (HgCl J 



therefore 


E% ~ 0 -92 volts. 


It is evident from these considerations that the electronic yield c is not 
a simple function of E x , and therefore the empirical relation which was 
obtained in Part IV, p. 556, equation (15), had no immediate theoretical 
interest. It is just a convenient empirical way of representing the data for c. 
It should also be pointed out that relation (15) of Part IV was derived 
by using the values of E x (= E c ) calculated by (36); the data plotted 
in the form — log c vs. 1/E„ by using correct values of Ej, still give a 
straight line relation but with new values of the constants. Thus, we 
have instead of (15) of Part IV 

c ~ 4-67 x E x ink. cal. (48) 

If we thus do not know very definitely the exact mathematical form of 
the function c (EJ, we still can state that since c is a function of E x only 
the factor B (EJ must, to the same degree of approximation, also be a 
function of Ej only. 


§ 5—Estimation of the Duration of the Excited State 

The number N (EJ of collisions of the second kind per excited bond 
for the time t (EJ can be expressed in terms of the effective collision area 
q (Ej) of the bond for such a collision. 

N (EJ = q (EJ t (EJ £ ^ E* dE 2 = ^ £ q (EJ t (EJ. 

q (EJ is the integrated effect of all electrons of the Fermi-Dirac distribu¬ 
tion (at T «= 0° K). We also have according to (46) 
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Therefore, 


F 2 f i 2 


From (47) 


Finally, 


\?q( Ei). 


wp ) = 1 fcB (Ej) 

4Tcmn 2 y it ~ E X B (Ei) 


T 0 (Ej) - 


47W7(jL 2 


BCE,) 


B (Ej) 


<7 (E x )' 


It has been found from many experiments-)- on collisions of the first 
and second kind in different atomic metal vapours that the effective area 
q (Ej) for a collision of the second kind is of the same order of magnitude, 
irrespective of the kind of atoms, for values of of the order of units of 
volts and when the electrons have a Maxwell distribution with an average 
energy also of the order of units of volts. The order of magnitude of q 
is, namely, 

q 10~ 15 cm 2 . 

Then, for E x = 5 05 volts, (NOC1), for example, 

T 0 = 1 -57 x 10- 30 B (Ei) I = 0-36 x lO" 31 1 - ~ 0-36 X 10~ 17 sec. 
k q q 

For small values of E x « D), t 0 = oo and, from (45.1) 


The time between collisions is equal to 


ffl 1 k 
4nm y E x 2 


ft* 1 
4nmq? q 


1-57 x lO-^i ~ 2 x 10~ 16 sec. 


Since V is then much larger than t 0 it follows from (45-1) that the 
actual duration of the excited state for large values of E x is equal to 

t (E,) ~ T„ (Ej). 


We thus can see that the actual duration ? (Ei) of the excited state Ei 
on the total metal surface cannot exceed 2 x 10 _18 "sec. It is interesting 
to note that Langmuir): found from considerations of the heat conduc- 


t Cf. Mohler, * Bur. Stand. J. Res.,’ vol. 9, p. 493 (1932). 
t ‘ Phys. Rev.,’ vol. 8, p. 149 (1916). 
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tivity of metals that on the metal surface the dissipation of energy among 
adjacent metal atoms takes a time of the order of 10~ 15 sec. This value 
corresponds very well with our estimations. 

With this value of q ~ 10 15 cm 2 , or in other words, if we assume the 
duration t 0 of the excited state to be of the order of 10 17 sec, we obtain 
from (49) 

Y fk ~ 2 x 10 13 ~ ~ 10 13 cm 2 . 

hi Ei 

According to our estimation of r 0 we are thus led to believe that in 
the heterogeneous chemical reactions, which do not require collisions 
with free electrons, the halogen atom of the gas molecule striking the 
metal surface forms, during this collision at a certain distance from the 
metal, an unstable (excited), non-polar chemical bond with one of the 
metal atoms, which after a certain time t„ of the order of 10 17 sec 
stabilizes through an electronic rearrangement to the normal polar 
state. 

In the heterogeneous chemical reactions, which are characterized by 
a high dissociation energy involved in the electronic rearrangement, the 
stabilization occurs only by means of collisions with free electrons, which 
corresponds to the condition that t 0 is infinitely large. 

It may be pointed out that collisions with free electrons are not a 
necessary condition for the occurrence of these heterogeneous reactions. 
If it were so it might appear that a corresponding homogeneous chemical 
reaction (for example, between HgCl 2 molecules and K atoms) could 
not occur by itself, but we know that that is not so. The heterogeneous 
reaction cannot take place by itself only during the time less than about 
10~ 18 sec which is too short for the heavy atoms to rearrange themselves 
according to the forces present. After this time, and if there were no 
free electrons in the metal, the halogen atom could be adiabatically 
liberated from the rest of the gas molecule and it could thus enter into 
the reaction with one of the metal atoms. 

In concluding we should like to take this opportunity to acknowledge 
our indebtedness to the Department of Scientific and Industrial Research 
for a grant which has made it possible to carry out these investigations. 

Summary 

The paper deals with the theory of the energy distribution and of the 
absolute value of the total emission current of the electrons emitted 
from the liquid alloy K 8 Na when it is acted on by different chemically 
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active gases, such as the halogens, at very low pressures of the order of 
10 -5 mm of Hg. The electron emission is looked upon as an immediate 
result of collisions of the second kind between free metallic electrons and 
the electronically excited chemical bonds formed on the metal surface 
during collisions of the gas molecules with the metal. 

The physical problems involved are treated on the basis of Sommerfeld’s 
theory of metals and by expressing the chance of an effective collision 
of the second kind in terms of a de-excitation function which is 
assumed, with some theoretical justification, to be of the form 


Ei E 2 
Ei 


’(!:)’ 


where Ej is the energy of the quantum transition of the bond, E 2 is the 
energy of an electron, m and k are purely numerical constants, and y is 
a constant of the dimensions of an area. 

The experimental electron energy distribution functions are com¬ 
pletely accounted for by this form of the de-excitation function and they 
determine accurately the value of the constants m and k which are 2 and 
31-9, respectively, for all the reactions involving halogen atoms. 

The de-excitation function with the value of m — 2 possesses an interest¬ 
ing property of giving to the emitted electrons a distribution which at 
small Ex is, within a constant factor, practically identical with a Maxwellian 
distribution. 

The application of the theory to the experiments has also enabled us 
to determine accurately the value of the total potential barrier of the 
alkali metal, which is A = 5 0 ± 01 volts. 

The duration of the excited states is also estimated. 
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A Study of the Effect of Curvature on Fully Developed 

Turbulent Flow 

By Frank L. Wattendorf, Ph.D., Research Fellow in Aeronautics, 
California Institute of Technology, Pasadena 

( Communicated by H. Bateman, F.R.S.—Received June 28, 1934) 

I Introduction 

1— The solution of many important problems in aeronautics and 
hydraulics depends largely on the behaviour of turbulent flow along 
curved surfaces. In flow along plane surfaces the following method has 
proved to be successful. The laws of turbulent velocity distribution 
were investigated in straight tubes and channels of constant cross-section 
and the results applied to the boundary layer with variable thickness. 

The present work was undertaken with the idea of isolating the effect 
of curvature on the turbulent flow as much as possible, by using a curved 
channel of constant curvature and cross-section. It is hoped that the 
results of these experiments may be applied later to the general case of 
curved boundary layers. 

II Previous Work on Curved Flow 

2— Hydraulic Experiments —Most of the previous experimental work 
on curved flow has been done in connection with special engineering 
investigations of such problems as pressure loss in pipe bends, and flow 
in turbines and water channels. Most of the investigations have been 
made in channels whose depth and breadth were of the same order of 
magnitude—in other words the mean flow occurring was essentially three- 
dimensional in character. 

In such a flow, the fast-moving particles in the centre section tend to 
travel outward, are diverted along the walls toward the upper corners, 
and from there toward the inner wall, thus giving rise to a circulatory 
motion Of two longitudinal vortices. The nature of such flow has been 
discussed to some extent by Lell,f Isaachsen.f Hinderks§, and Nippert.H 

t “ Beitrag zur Kenntnis der Sekundttrstrflmungen in gekrOmmten Kanalen,” 

‘ Darmstadt Diss.,’ 1913. 

t 4 Z. Ver. deuts. Ing.,’ vol. 55 (1911). 

§ ‘ Z. Ver. deuts. Ing.,’ vol. 71 (1911). 

|| 4 Forsch. Ing. Wes.,’ p. 320 (1929). 
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If, however, the depth of the channel is large compared with the 
breadth, the influence of the top and bottom boundaries on the flow is 
negligibly small and the mean motion at the centre part is approximately 
two-dimensional. In this case, therefore, the influence of the centrifugal 
forces on the turbulent flow can be properly studied. The present 
investigations are restricted to this case. 

3— Betz- Wilcken Experiments —A series of experiments on two-dimen¬ 
sional flow in curved channels was started by Betz in 1927. Wilckenf 
made the first investigations on the boundary layer flow in a series of 
curved channels. In each case the channel depth was large in comparison 
with the breadth in order to avoid the formation of the above mentioned 
secondary vortices. Wilcken studied especially the development of 
boundary layers along curved surfaces and found that the thickness of 
the boundary layer increases much more rapidly on the concave (outer) 
surface, than on the convex (inner) surface. He explains this by the 
supposition that the centrifugal forces at the outer wall promote, and near 
to the inner wall diminish, the turbulent interchange between fluid layers. 
The rapid increase of the boundary layer thickness is due, according to 
this explanation, to the increased interchange. In Wilcken’s case, dealing 
with two boundary layers separated by potential flow, it is difficult to 
draw any conclusion regarding the influence of the curvature on the 
turbulence, because the fluid paths are not parallel. We can define as 
the fully developed state of curved flow the state in which the mean 
velocities are parallel to the walls and depend only upon the co-ordinate 
normal to the walls. 

4— Maccoll- Wattendorf Experiments—In 1929, Maccoll and the present 
writer used a modified form of the Wilcken apparatus to study the further 
development of the flow after the boundary layers have come together 
and approach this fully developed state. In order to obtain a .fully 
developed flow, a straight channel 2 metres in length was built before 
the curved channel so that the boundary layers met before entering the 
curved portion of the channel. However, these measurements were of an 
introductory nature and indicated clearly the need for further systematic 
work. It was for this reason that measurements were made in an 
improved type of curved channel at the California Institute of Technology, 
as reported in this paper. 


t ‘ Ingen. Arch.,’ vol. 1, p. 4 (1930). 
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III Present Work 

5 Channels and Motor—Investigations were made in two dYSstenl 
channels, designated 1 and I\, shown schematicaihj in hg. \.\ The 
channels had a breadth of 5 cm and a depth of 90 cm, so that the ratio 
of depth to breadth was 18 :1. The ratio was chosen large to avoid 
so far as possible any disturbing influence of the top or bottom on the 
flow, in other words to avoid the formation of the longitudinal vortices 



mentioned in section 2. The channels consisted of the following main 
parts:— 

(a) A bell-shaped intake with a honeycomb built into the large portion 
of the funnel to straighten out eddies entering from outside. 

(i b) A straight section 305 cm long (61 times the channel breadth) for 
the purpose of building up the flow into a fully developed state. 

(c) The curved section, with the walls bent in concentric circular 
arcs, with the radius of the inner wall =• 45 cm for channel 1, and 20 cm 
for channel II, and the radius of the outer wall = 50 cm for channel I, 
and 25 cm for channel II. The curvature extended through about 300° 
of arc, in order to obtain so far as possible a fully developed curved flow. 

t Mr. G. S. Lufkin was largely responsible for the construction of channel 1, as 
well as for preliminary measurements. 
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This was an improvement over the Gdttingen channel of Maccoll and 
the author which extended only through 180°. 

(d) An exit cone which formed the transition between the rectangular 
channel section and the propeller section 55 cm in diameter. 

6 —Pitot Tubes —The two tubes for measuring total head consisted of 
copper tubes bent at right angles, each with a short length of hypodermic 
needle, 0-76 mm in diameter, carefully soldered into its tip. One of the 
tubes was bent slightly so that the tip would come into good flat contact 
with the inner wall, and the other was adapted for use at the outer wall. 

A so-called Stanton type tube was used for investigatons of total 
head very close to the walls. It was made by carefully flattening the 
end of a 3/32-inch copper tube. A piece of 0 001-inch shim stock was 
inserted in the end of the tube during the flattening process in order to 
avoid closing of the air passage. The outside dimensions of the tube 
were 0-3 mm x 3 mm and inside 0 15 mm x 2-5 mm. 

The tubes were moved through the tunnel by means of a hand operated 
micrometer, adjustable to 0 01 mm. The location of the measuring 
stations on the channels are shown in fig. 1. There were observation 
holes in the wooden top of the channel above each measuring station, 
so that the position of the tube could be properly adjusted. The stations 
were situated half-way between the top and bottom of the channel. At 
each station there was a small orifice in the wall, even with the tip of the 
pitot tube and displaced 2-5 cm vertically from it, for the purpose of 
measuring the static pressure at the walls. 

7 ~.Description of Measurements —Measurements of total head and 
calculation of static pressure. 

Measured points of total head readings at the 180° and 210° sections 
of channel II are shown in fig. 2. It is seen that the curves for 
the two consecutive measurement stations are quite similar, but displaced 
by a constant amount equal to the drop in pressure along the channel 
between the two stations. In straight flow, total head is a maximum at 
the centre of the channel, but' for flow in the present curved channels, 
the maximum total head is displaced toward the outer wall, and it is 
fairly flat over a large portion of the channel. 

Preliminary work with static pressure tubes indicated that static tubes 
tend to read too low in turbulent flow. It appears that if a static tube 
is placed in an air stream of fluctuating direction, the mean value of the 
pressure reading will be lower than the maximum, the magnitude depend¬ 
ing on the percentage of angular fluctuation of the flow. An additional 
error may also exist in the present case owing to the curvature of the 
streamlines around the tube. At the wall orifices, however, the fluctuation 
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normal to the wall must vanish, and the streamlines will be parallel to 
the wall, so that the readings given by the static orifices are reasonably 
accurate. For this reason, it was decided to calculate the distribution 
of static pressure from the readings at the wall orifices, according to the 
following method : 

Let u and v, fig. 3, be the tangential and normal components of velocity 
in a curved flow at radius r from the centre of curvature. Then 


dpj dr = H-* 


pit 


dy 

rdQ* 



Fig. 2 —Total head and static pressure curves for curved channel II, fully developed 
sections, o. 180° section ; x, 210° section 

if we can neglect the effect of the apparent stresses of the type /r80. 
The first term represents the centrifugal force, and the second term the 
pressure due to the normal component of velocity. The second term 
vanishes for fully developed flow, and even in the transition region is 
small compared with «*//■. 

The calculation for the fully-developed region where the second term 
may be neglected is as follows: 
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We have 

dp/dr — p « a /r. (1) 

Now we assume that the measured value of the total head is accurate 
enough for our purpose 

H=p + ip« 2 . (2) 

It follows from (2) 

P« 2 = 2 (H — p) 
and substituting in (1) gives 

dp/dr = (2/r) (H - p). 

Using the pressure at one wall, say the inner 
wall, as reference, 

d(p~ P,)/dr = (2/r) [(H - p,) - (p - />,)]. 
This is a linear differential equation of the 

first order whose solution is 

P - Pi (1 / r *) f (H - />,) 2r dr. (3) 

H is taken from the measured total head distribution, p has been measured 
at the static orifice in the inner wall with good accuracy, and the function 
(H — Pi) r is integrated graphically. As a check, the measured value 
of the outer wall pressure was in good accordance with our calculation. 

8— Pressure Drop Measurements and Resistance Law —The pressure 
drop along the channels was determined by connecting the static wall 
orifices to a multiple cock so that each orifice could be connected in 
turn to a single micromanometer. A second manometer, connected to 
the orifice at section 9 was used as reference for maintaining constant 
velocity during measurements. Pressure distribution curves at several 
speeds for channel II are shown in fig. 4. For channel I, the pressure 
drop was measured only in the curved portion of the channel, while for 
channel II, the straight section was measured as well. It is interesting 
to note for the case of channel II that the pressures at the outer and 
inner walls begin to diverge about 20 cm in advance of the beginning of 
the curvature. From this divergence point to the 30° section the pressure 
ri$es at the outer wall and decreases more rapidly at the inner wall until 
the curves proceed as parallel lines. It should be noticed that for the 
straight section the pressures are plotted against length and from the 
beginning of the curvature against angle. The reason for this is that for 



Fig. 3 
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resistance law calculations, dpjdx is used for the straight section, while 
evaluations of a curved flow arc based on the assumptions of a constant 
dp jib). That this assumption is justified in the part of the curved channel 
after the transition stage is seen from the fact that the curves of pressure 
against angle can be represented by such parallel straight lines. 

The resistance coefficient X for channel II, where measurements were 
made in both the straight and curved sections was calculated according 
to the definitions 

&“*•**■ (4) 


for the straight portion of the channel, and 



Fio. A —Pressure distribution along channel walls, curved channel II 


for the developed curved portion of the channel. In the above formulae 
5 = mean velocity, b — channel breadth, and r 0 — radius of the channel 
centre line in the curved portion. The pressure drop along the centre 
line of the curved channel was judged as being the best basis of comparison 
with straight flow. Fig. 5 shows the result. It is seen that the resistance 
coefficient for the straight entrance is slightly lower than the Blasius 
law for straight pipes with circular cross-section, and that the curved 
portion of the channel has a resistance coefficient only slightly higher. 
Higher resistance coefficients obtained in pipe bends of about the same 

2 Q 
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curvature may probably be attributed to the secondary vortices of the 
three-dimensional mean flow. 

9 —Velocity Distribution at Various Stations along Channel —The 
velocity distribution was measured at a series of stations along both 
channels for one Reynolds’ number. The velocity was calculated from the 
curves of total head and static pressure according to the equation 


H = p + iptr. 



log R 

Fig. 5—Resistance law for curved channel 11. x, straight sections; O, curved 

section 

For channel II, measurements across the channel were made at con¬ 
secutive stations from section 9. 20 cm before the beginning of the curvature, 
to 210 '. The stations were in steps of 30° of arc around the curve. A 
condition of constant mean velocity was maintained during these 
measurements. The velocity curves for the series of stations are shown 
in fig. 6. For convenience, the base line for the velocity profile at each 
station is displaced by 4 m/sec from the preceding station. The dis¬ 
tribution at section 9 corresponds well with that of a fully developed 
turbulent flow in a straight channel. The distribution of the 0° section 
shows the beginning of transition from straight to curved flow. The 
30° section shows a strongly distorted profile, with the peak of maximum 
velocity shifted toward the inner wall. This is in good agreement with 
the pressure distribution along the wall shown in fig. 4, where we have 
seen that through this transition region the pressure rises at the outer 
wall and stops at the inner wall. In a potential curved flow, we would 
expect a higher velocity at the inner wall in accordance with requirements 
of constant moment of momentum, i.e., the distribution would have the 
form 


ur ----- constant. 
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At the 30° section, however, the velocity throughout the inner portion 
of the channel has increased more than the above formula would require, 
but after this, it settles down to a steady slope somewhat less than the 
formula requires, at the 150 , 180° and 210° sections, which will be 
termed the fully developed region. 

In order to determine if there were any appreciable scale effect in 
the working range of velocities, distributions at the 210" section were 
taken at several mean speeds. The results arc shown in fig. 7, and it is 



Fig. 7— Dimensionless velocity distribution in curved channel II. O, U,„ 8-44 

m/sec; x, U m - 17-65 m/sec; A, U,„ - 25-00 m/sec 

seen that one curve can be passed through all points, so that the scale 
effect is negligibly small for the present range. 

The potential distribution, ur -- constant is also shown in the figure, 
and it is seen that the velocity profile is tangent to this curve at a region 
about 1 cm from the outer wall, denoted by x and falls only slightly 
away from it throughout a large central portion of the channel. 

The profile at the 0° section of channel I was slightly distorted from the 
characteristic fully developed profile for straight flow and the transition 
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to fully developed curved flow was quite similar to that of channel II, 
except that the slope throughout the central portion was less. 

The scale effect for the present velocity range at the 210" section of 
channel I is seen to be small, see fig. 8. This figure also shows the relation 
of the distribution to the potential distribution, ur — constant. 

It is seen that the fully developed profiles for both channels seem to be 
distorted in the direction of the potential distribution, therefore it seemed 
of interest to plot the ratio urj(ur), mx for both channels, and compare 
with u M.„ 1X for straight How, which should be the limiting case as r 



Fig. 8.Dimensionless velocity distribution in curved channel 1. •, U„, — 31-0 

m/sec; ;<, U„, 25 0 m/sec; o, U,« - 10-0 m/scc 

approaches infinity. Fig. 9f shows the comparison, and it is remarkable 
that the difference between the two channels is very small, although the 
deviation from straight flow is large. This clearly indicates the need for 
experimental data for channels of weaker curvature. 

IV Theoretical Discussion 

10— Calculation of the t Distribution for the Curved Channel —The 
distribution of the shearing stress t for a fully developed curved flow may 

t The curve labelled “ concentric cylinders ” in fig. 9 will be discussed in a later 
section. 
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be calculated from a consideration of the moments of momentum about 
the centre of curvature of the channel. 

Consider the forces acting on a small element of fluid in a curved 
channel. Fig. 10 represents an element at radius r. The flow is assumed 
fully developed, that is, there is no change of momentum in the tangential 



Fig. 9— \Jr/\Jr (max) curves for concentric cylinders and curved channel 1 and II. 
O. straight flow; x, channel I, 210° section; A, channel II, 210° section; 
□, concentric cylinders 

direction and the mean value of the normal component is everywhere — 0. 
The only forces acting are pressure and shearing stress. If we take t 
as the shearing stress, then the shearing force on the area formed by the 
arc r</6 and unit depth is t rdfl and the moment of this force about the 
centre is 


t r*d6. 
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If p — pressure, the moment of the pressure about the origin is pdr. r. 
Equating moments of force we have 

rr 2 dQ + dr dO — t r* dO = [pdr -f dO — pdr) r 

or 

Hrr*)^ dp 

TO? 80 ' 

Integrating 



Fig. 10 
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The choice of r„, has been the subject of some discussion arising from 
various physical interpretations of t. For laminar flow in a curved 
path, we have 


T 





(7) 


where g is the coefficient of viscosity of the fluid. It is customary to use 
an analogous expression for t in a turbulent flow, namely. 


T 


pe 


/ du _ u\ 

' dr 7r 


( 8 ) 


where e represents the “ apparent ” coefficient of kinematic viscosity, 
or “ exchange coefficient ” of the turbulent mixing process. From this 
point of view it would seem obvious that r — 0 when 


In his discussion of turbulent flow, Prandtlf introduces the so-called 
“ mixing length ” / or the mean distance which a fluid element travels 
before losing its identity. By means of “ /,” t may be expressed for a 
straight flow as 

t=± P l*(^f. (9) 

By an analysis (discussed more fully in section 13) in which he assumes 
that a displaced fluid element in curved flow maintains its moment of 
momentum, Prandtl gives as the expression for t in a curved flow 

?+?/■ »'»> 

whereby it is seen that t — 0 for ~ + - — 0. 

Of T 

Since most theoretical discussions involve a knowledge of the r dis¬ 
tribution, the importance of determining t experimentally is evident. 
It was for this reason that an approximate method of determining t 0 
at the walls, by means of the Stanton tube, was developed for channel II. 

11 —Measurement of Shearing Stress at the Walls —The Stanton tube 
used for the shearing stress measurements had a mouth opening of 
dimensions about 0*15 mm x 2-5 mm. For orifices of such small 
dimensions, Stanton found that the total head reading of the tube does 

t ‘ Verh. int. Kong. Tech. Mech. Zurich,’ 1926. 
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not correspond with the total head at the geometrical centre of the tube 
but with the pressure at an “ effective ” centre, at a distance 8* from the 
wall of the channel, when the tube is in contact with the wall. Stantonf 
determined the effective centre by calibrating his tubes in a channel where 
the flow was laminar in character. For the present experiments, how¬ 
ever, an approximate method was used, as follows: 

The shearing stress t 0 at the wall of the straight entrance section is 
determined by the pressure drop, 

t 0 = bj2 {dpjdx), 

where b is the breadth of the channel. In the region quite close to the 
wall we have a so-called “ laminar sub-layer,” where the shearing stress 
is given essentially by the formula 

T„ — [i. (0M/£)>)«, 

(x is the coefficient of viscosity and (dujdy) 0 represents the velocity 
gradient at the wall. 

If we define the distance from the wall to the effective centre as 8*, 
and the reading of the total head of the tube as H*, then the effective 
velocity is given as 

ip u* 2 ~ H* — p, 

where p — the measured static pressure at the wall. 

We have then for - 0 approximately 

To - p(U 

from which 8* may be calculated, since t 0 is known for the straight 
channel. Now we assume that 8* is the same function of U* and the 
breadth of the orifice of the Stanton tube in the curved channel as has 
just been found in the straight channel, when in both cases the Stanton 
tube is in contact with the wall. x 0 for the curved channel is determined 
from the measured U* and the corresponding value of 8* taken from the 
curve of 8* vs. U*. 

In each case 8* is determined at several speeds so that the value of 
t 0 can be plotted against Reynolds’ number while the other physical 
parameters involved, such as the breadth of the orifice, and p. remain 
unchanged. The Reynolds’ number is based on the mean velocity in 
the channel, and the channel breadth b. 

Curves of the distribution of t in the fully developed curved region of 
channel II, at R — 25400, on the basis of several different assumptions 

t Stanton, Marshall and Bryant, * Proc. Roy. Soc.,’ A, vol. 97, p. 413 (1920). 
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succeeding evaluation of results for channel II was made on the basis of 
the curve b corresponding to the measured wall points. (r m — 21 -7.) 

12 —Measurements with Concentric Cylinders —It was thought of 
interest to compare the flow in the curved channel with the Couette 
type of curved flow, namely flow between concentric cylinders. For this 
purpose a rotating cylinder apparatus, shown in fig. 12, was built, in 
which the inner cylinder rotated while the outer was stationary. The 
radius of the inner cylinder was 20 cm and that of the outer 25*4, so 
that the curvature was nearly the same as that for channel II. 



For comparison with the curved channel, consecutive measurements 
were made with the Stanton tube, first at the outer wall of the curved 
channel, and then at the wall of the stationary outer cylinder. In order 
to obtain equal wall friction for the two cases, the speed of the inner 
rotating cylinder was adjusted until the reading of the Stanton tube was 
the same as for the curved channel. This condition was found to occur 
when the product ur in the centre region between the cylinders, where 
approximately ur — constant, was the same as the maximum value of ur 
for the curved channel. The distribution of ur/(ur ) m , x for the cylinders. 
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compared with the curves for the curved channels, is shown in fig. 9. 
For the cylinders, (ur) llw , represents the maximum value of ( ur) excluding 
the region near the inner cylinder. 

Fig. 13 shows the measured total head and calculated static pressure 
distribution for the cylinders. It is seen that the total head is practically 
constant throughout a large region, corresponding to the condition of a 
flow with constant circulation. Dimensionless velocity distributions for 
two speeds are shown in fig. 14. 



Radius in cm 

Fig. 13—Total head and static pressure curves for concentric cylinders, x, total 
head ;-, calculated static pressure 

The distribution of t for the rotating cylinder may easily be calculated 
from the value measured by the Stanton tube at the outer wall, using the 
equation of constant moment of force 

t r — constant. 

The value of ~ { for the inner wall is then given by 

Vo lr t . 

As a check on the accuracy of the Stanton tube measurement, the 
value of for the inner cylinder obtained by the calculation first men¬ 
tioned was compared with measurements of Wendt, of Gottingen, who 
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actually measured the torque on the inner rotating cylinder in a similar 
experiment with water. The values check within 3%. 

13 —Discussion of Prandtl's Theory for Curved Flow —The influence 
of curvature on turbulent flow has been discussed by Prandtl.f His 
considerations are an extension of Rayleigh’s t investigations on the 
stability of curved flow in an ideal fluid. Rayleigh’s theory will be 
briefly reproduced below. 



Fio. 14—Velocity distribution between concentric cylinders, inner cylinder rotating ; 
outer cylinder stationary. O, U<~=22'8 m/sec; x, U< — 36-4 m/sec 
U , ----- tangential velocity at inner cylinder 

Consider the undisturbed flow of a fluid in a curved path, fig. 15. If 
a fluid element moving with tangential velocity u at a distance r from the 
centre of curvature o, be displaced by a disturbing force acting along the 
radius, the moment of momentum of the element, taken around the axis 

t ‘ Vorttfige aus dem Gebiete des Aerodynamik Aachen Ks.’ (1929), p. 1. 

} “ On the Dynamics of a Revolving Fluid,” Sci. Pap., vol. 6 (1916). 
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perpendicular to u through o, must remain unchanged, since there is no 
component of the disturbing force in the tangential direction. In the 
undisturbed flow, the pressure gradient along r is in equilibrium with 
the centrifugal force. 

p— (ID 

?/■ r 

neglecting smaller order terms, such as friction. 

Let us consider now a flow where the product ur decreases with 
increasing r. The accompanying sketch, fig. 16, shows the distribution 




Fig. 15 Fig. 16 

of centrifugal force for such a case. If a fluid element at r = r 0 , where 
it has the velocity w„, he displaced outward along r, the requirement for 
constant moment of momentum is 





where «„ is the velocity of the fluid element in its displaced position. The 
centrifugal force of the element is 




( 12 ) 


We have chosen, however, a flow with decreasing value of ur along the 
radius, so that u < for r > r a , where u is the local fluid velocity. 
Hence for the centrifugal force 



(13) 
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Substituting equations (1) and (2) in the above inequality we have 


<*l < Wl 

dr^ r 


(14) 


Hence the centrifugal force of the displaced fluid element is greater 
than the centripetal pressure gradient, and the motion is unstable, because 
the tendency is for the displaced particle to move further in the same 
direction. Conversely, if the displacement is inward, the centrifugal 
force will be less than the centripetal pressure gradient, and the element 
will be forced further inward. 

In a similar manner we arrive at the conclusion that in a flow where 
ur is increasing outward, the elements displaced from their equilibrium 
positions will be forced back to their positions, and the action will be 
stabilizing. If we are dealing with a flow where ur — constant the con¬ 
clusion is that the stability is neutral. 

Fig. 9 shows the curves uri(ur)„ mK for the curved channels and the 
concentric cylinders. Applying Rayleigh’s criterion, it is concluded that 
the flow is unstable at both walls of the concentric cylinders as well as 
at the outer wall of the curved channel, while at the inner wall of the 
curved channel the flow is stable. 


This instability criterion was first stated as far as the author is aware 
by Rayleigh (loc. at.) in 1916 and was applied and refined by taking the 
viscosity effect into consideration by G. I. Taylorf in 1923 in his work 
on the instability of laminar flow between two rotating cylinders. Later 
this criterion was found independently by Bjerknes and SolbergJ in the 
course of their meterological investigations in 1927. 

Prandtl applies Rayleigh’s reasoning to developed turbulent flow in 
the following way : he assumes that the transfer of momentum between 
circular sheets is due to a displacement of fluid particles perpendicularly 
to the mean streamlines. For this displacement it is assumed, according 
to Rayleigh’s considerations, that the product ur remains constant. The 
path of convection or mixing length will be denoted by /, and the mean 
value of velocity by u. Obviously the moment of the shearing stress vr 
is equal to the transfer of moment of momentum per unit area. This 
latter quantity is given by 

ph 

Thus we obtain the equation 



t ‘ Phil. Trans.,* A, vol. 223, p. 289 (1922). 
t * Avh. norske Vidensk Akad.,’ vol. 50, No. 7, Oslo (1929). 
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or 

T=pfc^. (15) 

The quantity 

d ( ur ) _ du u 
rdr Ir ' r 

represents the amount of vorticity at the point considered. This formula 
is identical with Prandtl’s formula for shearing stress in parallel motion 

except that the slope of the velocity is replaced by “ . In both 

cases the vorticity is the same. 

Using the expression (15) for the turbulent shearing stress, Prandtl 
concludes from energy considerations that turbulent motion can be 
permanently maintained when, assuming u > 0 

(a) ^ + -<T 0 

dr r 

or 

( b ) t + 2 >» “d %- 2 “> 0 . 

' dr r dr r 

Prandtl concludes from his energy considerations, that the stabilizing 

ti it* * 

effect depends on the value of the parameter 0 — ^ • If 0 is 

positive / is decreased (stabilizing effect), if 6 is negative / is increased 
(labilizing effect) in comparison with the value of / prevailing at a corre¬ 
sponding place in a straight channel. 

Unfortunately essential difficulties are encountered in attempting to 
apply the conclusions of Prandtl’s theory over the whole range of the 
channel. 

Firstly, the formula (15) requires that t should become zero at the 
point at which the maximum of ur is reached. If the shearing stress is 
represented by a transfer of the quantity ur by the mechanism assumed 
by Prandtl, it must have opposite sign in the ranges of increasing and 
decreasing values of ur. Accordingly the shearing stress distribution 
would correspond to curve (a) in fig. 11. 

Secondly, according to the Prandtl criterion, turbulent motion can 
only exist under the conditions (a) or ( b ) above. These are satisfied 
between the inner wall and the point y and between the outer wall and 
the point x, fig. 7. Therefore, the criterion obviously cannot be applied 
between x and >■, i.e., in the centre part of the channel. Hence, the con¬ 
clusion must be drawn that the Prandtl theory is not suitable for describing 
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the turbulent exchange in curved flow except perhaps in the neighbour¬ 
hood of the walls. 

It is easy to see that Prandtl’s parameter 6 is positive at the inner wall 
and negative at the outer, so that a stabilizing effect is to be expected at 
the inner wall and a labilizing effect at the outer one. 

We arrive at the same result if Rayleigh’s simple criterion is used as 
an indication for the stabilizing or labilizing effect. The essential 
difference is that the region of zero stabilizing effect would coincide. 


point — = + -, while 
dr r 


according to Prandtl’s conception, with the 

to Rayleigh’s criterion, it would coincide with the point 
It is not possible to decide between these alternatives, but 


according 
du _ u 
Wr r 

the experiments indicate that the general conclusions of both are valid 
in the regions near the walls. % 

t 0 has been measured for channel II so that the product h> — e, also 
called exchange factor, can be calculated. In order to carry out these 
calculations the slope du/dr has to be determined. Graphical differentia¬ 
tion of velocity curves appeared to be a rather inexact procedure, there¬ 
fore the following method, suggested by von Khrman, was used. Fig. 17 
represents 


V-To/P 


g 


log >VWp 


denoting the logjy To /p by * 


du 

dy 


/ — r d 8 1 

Vx ° l ?Tx-J’- 


Now dgjdx can be determined with a fair accuracy (cf. fig. 17) and so 


T 



can be obtained. In order to compare the exchange factors for the 
straight and curved channel the dimensionless quantity tjbu is used, 
where b — channel breadth and u = mean velocity in the channel. In 
fig. 18 the three curves are compared. It is seen that die exchange factor 
is less than for the straight flow at the inner wall, and greater at the outer 
wall, which is in accordance with our expectations of stability at the 
inner wall and instability at the outer wall. 

VOL. CXLVnt. —a. 2 R 



Fig. 17 —x, Inner wall, curved channel II; o, straight section; a, outer wall 

curved channel II 



Fig. 18— e distribution for straight and curved channel; A, straight flow; 
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The calculation of the mixing length / is somewhat uncertain, because 
the expression for the relation between the normal velocity v and / is 
not definitely known. Prandtl himself has used different expressions in 
different publications. For the straight channel, v can be expressed as 

v ~ l IFy ’ k ut ** * s difficult to see which of the generalizations for curved 

flow, namely, v — l + “j or v — l is more justified. The 

mixing length calculated for both assumptions is shown in fig. 19. 



Fig. 19. A, straight flow; o, l ~ — I x, / = / T —— 

\ aU L U A. I dU U 

\d~r + } \j dr ~ 7 


14 —The Exchange Coefficient —The difficulty of deciding between the 

expressions — + - and which has appeared in the preceding 

dr r dr r 

section is also made apparent by a discussion of the exchange coefficient 
c which was defined in section 10. Whereas, according to Prandtl’s 

reasoning we wrote 3 * c + ~ 'j, in the generalization of the equation 

for laminar flow we have to assume t proportional to the rate of shear, 


f.e,, - «=» t 
9 


du 

dr 


jj . If such an assumption is justified, then the shearing 

stress would disappear at the point where — — + 3. This point can be 
determined by drawing a tangent from the centre of curvature to the 


2 it 2 
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velocity distribution curve. The corresponding curve is given in fig. 11, 
curve c. 

The point t == 0 obtained in this way is nearer to that obtained from 
the actual measurements than the point where the vorticity = 0, 
but the difference is also too considerable to be explained by inexact 
measurements. It seems to be probable that the shearing stress in 
curved flow is not the determining factor for the velocity distribution. 
Other possible explanations for the measured velocity distributions are 
given in a later section. 

15 —Representation of Velocity Distribution for the Region Outside 
of the Wall Neighbourhood —von Karmant has shown for the straight 
channel at reasonably large Reynolds’ numbers that the function 

~ - , where « m „ denotes the maximum velocity in the centre of the 
V'To/P 

channel and t 0 the shearing stress at the walls, is independent of Reynolds’ 
number and also of the physical properties (roughness) of the walls. 
This means that, except for the immediate neighbourhood of the walls 
and the range of comparatively low Reynolds’ number, the viscosity 
has no noticeable influence on the turbulent interchange and we obtain 
a family of similar curves for all velocities, dimensions and grades of 
roughness. Dr. von K&rman suggested to the author the introduction 
of the pressure drop dp'dx instead of the shearing stress into this repre¬ 
sentation, so that the universal function becomes — - - - -- -- — . Here 

v/i/p.fi 

b represents one-half the width of the channel considered. The author 
tried to extend this method of representation to the curved channel. 
Using von Kdrman’s representation for the straight flow — u repre¬ 
sents the difference between the velocity corresponding to a uniform or 
potential flow and the actual velocity. In curved flow it seems to be 
logical to take the difference between the velocity corresponding to the 
potential flow, ur ~ constant, and the actual velocity. Accordingly, 
the curve ur ~ constant has been drawn tangential to the measured 
velocity distribution curve. The velocity corresponding to the first 
curve is denoted with u p and the difference u p ~ u is used in the repre¬ 
sentation. By this procedure the channel is divided into two unequal 
parts, and it is logical to use instead of the half breadth b, the distances 
from the point corresponding to (ur) majt to the two walls, denoted by b e . 

t ‘ Nach. Ges. Wiss. G6tt.,’ p. 58 (1930). 
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The function 


r b - 


is plotted in fig. 20 as function of yjb„ 


where y denotes the distance from the reference point (ur = (ur) nix ) to 
the walls, and r v denotes the radius of the reference point. 



Fig. 20—Dimensionless velocity distributions in curved channels ] and II. o. Channel 
1 inner; A, channel II inner; o. channel I outer; x, channel 11 outer 


It is a remarkable coincidence that a single curve can be drawn through 
the points obtained from the velocity distribution for both walls of the 
two channels of different curvature. Hence all these four velocity 
distributions appear as similar. However, it should be noted that the 
velocity distribution corresponding to the straight flow shows a distinctly 
different character. 

The author feels that before definite conclusions can be drawn from 
this similarity relation for the velocity distribution, further experiments, 
especially with weaker curvature, are necessary. 

It is evident that the above representation cannot be applied to the 

rotating cylinders, since in this case =o. However, another procedure 

was followed, whereby similarity was obtained between the cases of equal 
curvature (channel II and cylinder), namely, the outer wall of the channel 
and the outer cylinder, and the inner wall of the channel and the inner 
cylinder. For the inner rotating cylinder, the velocity relative to the 
cylinder must, of course, be used for the comparison. The representation 
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differs from that mentioned in the last paragraph in that h„ — u is divided 
by Vt o/P» where ~ 0 denotes the measured shearing stress at the walls. 
The dimension b, is the same as before for the channel, but for the cylinder it 
denotes the breadth in which the product ur changes from its value at the 
wall to the constant value which it maintains through the greater part of the 



Fio. 21. Curves of ~ u where t 0 -- measured wall friction 

O, curved channel II outer wall; x, outer cylinder; A, curved channel II inner 
wall; D, inner rotating cylinder; •, straight channel 

region between the cylinders. The breadth b t is only about 4 mm at 
the inner cylinder, and about 18 mm at the outer cylinder. The dimension¬ 
less velocity curves representing a s a function of y/b. where y 

denotes the distance from the reference point as before, is shown in 
fig. 21. 
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16 —Discussion of Taylor's Considerations of Vorticity Transport —In 
the considerations of the last section, the introduction of the pressure 
drop seems to be purely arbitrary. However, some justification can be 
found by following the ideas of G. I. Taylort concerning the mechanism 
of turbulent interchange. Taylor considers the transfer of vorticity 
between adjacent fluid layers in a turbulent flow, and shows that for a 
two-dimensional parallel mean flow, the transfer of vorticity is pro¬ 
portional to the pressure drop. In fig. 22, the distribution of vorticity 



over the cross-section is represented. First we notice that the slope of the 
vorticity has the same sign through the cross-section. We remember in 
Prandtl’s theory the difficulty that the shearing stress and the transfer 
of moment of momentum, which are supposed to be identical, pass 
through zero at very different points of the cross-section. Such a dis¬ 
crepancy is avoided in Taylor’s theory, since, as we have noted, the rate of 
change of vorticity has only one sign across the channel. It seems, 
therefore, that the consideration of the transport of vorticity governed 

t ‘ Proc. Roy. Soc.,* A, vol. 135, p. 678 (1932). 
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by the pressure drop may give a more adequate starting point for the 
understanding of the velocity distribution in a curved turbulent flow 
than the consideration of the transport of momentum and the shearing 
stress. 

17— Velocity Distributions in the Neighbourhood of the Walls —It is 
known that the velocity in the neighbourhood of a smooth straight surface 
can be expressed as a function of the shearing stress r 0 acting on the 
wall, the distance y and the two physical parameters, the density p and 
kinematic viscosity v, i.e., mF (r 0 ypv). Dimensional analysis shows 
that the only possible form of this function is 

u — Vt 0 /p . F [V T 0 /p y/v]. 

The quantity Vr 0 /p represents a velocity so that the ratio u/Vx 0 /p 
appears as a function of the dimensionless combination Vt 0 /p )’h- 1° 
order to approximate the function F [Vt 0 /p y/v] power formulae are 
frequently used von KJrm&n has shown that such power formulae 
with different exponents in different ranges of Reynolds’ number are to 
be considered as interpolation formulae for the following unique logarith¬ 
mic law which he deduced by theoretical considerations 

=* a + blog [VWp yh]. 

Nikuradsef found this relation to be substantiated very well by his 
experiments. He called it the universal velocity law in the neighbourhood 
of a wall. To be sure, the equation fails in the immediate neighbourhood 
of the wall because of th e presence of a laminar sub-layer, which apparently 
is important for Vt 0 /p y/v < 30 (cf. fig. 20). _ 

In the flow along a curved surface, we cannot expect the ratio u/V r 0 /p 
to be a function only of the above-mentioned dimensionless quantities, 
because with the curvature a new parameter with the dimension of a 
length enters. We can expect, indeed, that the deviation from the 
universal distribution i s op posite for concave and convex curvatures. 
In fig. 23 the ratio u/V t 0 /p is represented as function of V t 0 /p yh for 
channel II and the inner and outer cylinders. Unfortunately the exact 
value of t 0 has only been measured for channel II. However, the 
difference in t are comparatively small so it seemed to be allowable to 
take a value of t for channel I gained by interpolation between the straight 

t ‘Proceedings of the 3rd International Congress for Applied Mechanics, 
Stockholm (1930). 
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channel and curved channel II. The curves/ and g are obtained in this 
way and represent the dimensionless velocity distribution in channel I. 
It is seen that the deviation from the straight flow curve is, in fact, in 
opposite directions for opposite signs of curvature, and that the magnitude 
of the deviation increases with curvature. 



Fig. 23—Dimensionless velocity distribution near wall for curved channel II and 
concentric cylinder, a, Q straight; b, x curved channel II inner; c, curved 
channel II outer; d, A inner rotating cylinder; <?, ■ outer stationary cylinder; 
/, • curved channel I inner; g, v curved channel I outer 


As has been mentioned above, the velocity distribution for the straight 
smooth wall can be approximated in a certain range of Reynolds' numbers 


by a power law 


u 


— constant [V T 0 /py/v] ,/ ". 


It seemed interesting 


to try such a representation also for flow along the curved surfaces. 

In order to express the influence of the curvature, a new dimensionless 
par amet er composed of curvature, shearing stress, and the physical 
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parameters must be introduced. It is easy to see that the only such 

V 

dimensionless combination is given by — —f- where r c denotes 

wWp 

the radius of curvature. Fig. 24 represents the smooth curve obtained 
by plotting the exponent n of the above power formula against the 
dimensionless curvature parameter. Straight flow corresponds to 

— -— — 0 and for this case the value of n is 7 -2. The exponent n has 

r c V^T? 

greater and smaller values for positive and negative values of curvature 
respectively. It seems to the author that such an extension of the uni- 




Fio. 24 


versal velocity distribution near the wall to the case of curved surfaces 
has some importance especially for the calculation of boundary layers 
along such surfaces. Unfortunately the curve plotted does not represent 
a generally valid universal function since the results obtained for the 
rotating cylinders do not fit on it. 

In fig. 23 the curve e represents the velocity distribution corresponding 
to the neighbourhood of the stationary outer cylinder and curve d the 
velocity in the neighbourhood of the rotating inner cylinder. It is seen 
that these curves do not fit in the family of curves otained for the 
curved channel. For instance, the curvature in cases b and c is almost 
exactly the same as for cases d and e and the curves are distinctly 
different. It should be noted that the case of the rotating inner cylinder 
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differs from the case of the flow along a stationary wall since the action 
of the centrifugal force is quite different in the two cases. However, if 
a kind of general velocity distribution exists depending only on shearing 
stress, curvature, and on the physical constants, the curves for the outer 
concave cylinder and the outer wall of the curved channel II should be 
practically coincident. It appears that further experiments are necessary 
to clear up this point. The difference may perhaps be explained by the 
fact that, in the case of the rotating cylinder, the pressure is constant 
along the wall, while in the case of the curved channel a pressure drop 
exists. 


V Conclusion 

The measurements with these two channels of different curvatures, 
and with the concentric cylinders have shown the following general facts: 

1— There is only slight increase in channel resistance due to the present 
curvature and there are indications that previous results with curved 
pipes were probably influenced greatly by the secondary vortices of three- 
dimensional mean flow. 

2— The velocity distributions are strongly influenced by curvature and 
the flow through the centre region approaches the potential flow following 
the law ur ~ constant. 

3— Rayleigh’s stability criterion predicts instability and increased 
mixing at the outer walls of the curved channels, and stability and 
decreased mixing at the inner wall. Calculations of exchange factor 
and mixing length lend support to this idea. 

4— Two kinds of similarity may be obtained. Case (a) : The channel 

is divided into two unequal parts, at the point where — + “ = 0, at a 

radius denoted r p , and the distance from this point to the channel walls 
denoted as the effective breadth, b t . Similarity between the flow in the 
two regions of the channels may be obtained by taking the difference 
between the actual velocity and the potential velocity corresponding to 

ur - dividing by the quantity i/ p j^b,, and plotting 

against the dimensionless distance from the wall y\b t . That both 
channels appear similar is probably due to the fact that the difference 
in curvature between the two channels is not great enough to be noticeable 
for this type of representation. The rotating cylinders cannot be repre¬ 
sented in this manner, since the pressure is constant along the walls. 
Case ( b)\ by means of a difference representation, however, similarity 
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between the outer wall of the curved channel II and the outer cylinder 
and between the inner wall of the channel and the inner cylinder has been 
obtained. The representation differs from that just mentioned in that 
u — u is divided by VtJp, where x 0 =- measured wall friction. The 
inner and outer walls are now different and both differ from the corre¬ 
sponding curve for straight flow. 


The Vertical Distribution of Atmospheric Ozone in 

High Latitudes 

By A. R. Meetham, D.Phil., and G. M. B. Dobson, D.Sc., F.R.S. 

(Received October 15, 1934) 

In conjunction with Dr. Gotz we have recently given an account* 
of a new method of finding the vertical distribution of ozone in the 
atmosphere, and have used this method to determine the distribution 
above' Arosa, Switzerland. It was found that the average height of 
the ozone in the atmosphere was much lower than had previously been 
thought, and these results have since been confirmed by Professor Regenerf 
who has obtained ultra-violet spectra from small balloons up to a height 
of 30 km. So far the vertical distribution of ozone has not been found 
anywhere except in Switzerland and in view of the connection between 
the variations in amount of ozone and atmospheric pressure distribution, 
and with polar and equatorial air currents, it was of interest to know' 
the distribution in high and low latitudes also. By the kindness of 
Professor Vegard and the Norwegian Committee for Geophysics arrange¬ 
ments were made to take one of the special photoelectric spectro¬ 
photometers:]: for measuring ozone to Tromsp (latitude 69° 40' N., 
18° 57' E.) where observations were carried out at the Nordlysobserva- 
torium during May and June, 1934. It had been hoped that by taking 
observations in the early summer some days with very high ozone content 
would have been found; unfortunately this did not occur and the ozone 
content; only ranged from 0-230 cm to 0-294 cm, 13 good days’ observa¬ 
tions being obtained in all. 

* ‘ Proc. Roy. Soc.,* A, vol. 145, p. 416 (1934). 

t ‘ Phys. Z.,’ vol. 35, p. 19 (1934). 

t Dobson, * Proc. Phys. Soc. Lond.,’ vol. 43, p. 324 (1931). 
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The method of deducing the distribution of ozone which was used 
was similar to that employed in the Swiss observations (Method B) to 
which reference should be made for all details. Suffice it to say that for 
purposes of calculation both air and ozone are assumed to be con¬ 
centrated into a number of thin layers. Owing to our better knowledge 
of the distribution gained through the Arosa work it was decided to 
recalculate the results for the assumed fundamental distribution, the 
effect of the lower height of Troms0 also being allowed for. Since the 
sun never set during part of the time, it was impossible to get observations 
when the sun was on, or below, the horizon; hence the “ sunset theory ” 
used at Arosa, which gives the amount of ozone in the highest layer, 
could not be employed and we have assumed that the ozone content of 
the atmosphere above 40 km is the same as that found at Arosa. Further, 
it was decided that there would be a gain in general accuracy if it were 
assumed that the amount of ozone in the lowest layer was equal to that 
in the next higher layer, since this reduced the number of variables. 

As in the Arosa observations the values of — logl/I'* + const, for 
zenith sky-light were plotted against the zenith distance of the sunf and 
smooth curves drawn for each day’s results. The total ozone content 
of the atmosphere was obtained from observations on direct sunlight 
in the usual way. From the curves for each day the values of 
— log 1/1' + const, (for zenith skylight) were read off at certain fixed 
values of the zenith distance and were plotted against the total ozone 
content. From these curves other curves can be drawn for even values 
of the total ozone content, the value of — log 1/1' -f const, being plotted 
against the zenith distance. These form the most suitable data from 
which to calculate the distribution. The values so obtained at Troms0 
are given in Table I. The method of finding the vertical distribution 
is to calculate the values of — logl/I'+ const, to be expected from 
various assumed distributions and to find one which agrees best with the 
observations. To eliminate certain unknown constants the observed 
and calculated values must be made equal at some value of the zenith 
distance. If this is done when the sun is high it will be unaffected by the 
actual distribution. At Troms0 this had to be done when the zenith 
distance was 60° because the sun did not get higher, but this is high 
enough to avoid error. 

As in the Arosa work it was assumed that the distribution changed 
uniformly with the total ozone content and the treatment in this paper 

* I is the intensity of radiation of wave-length 3110 A, and 1' that of wave-length 
3290 A. 

t For convenience the fourth power of the zenith distance is used. 
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Table 1—Mean Values of (- log I/I' + const.) from Zenith Sky 
Observations for Even Values of Total Ozone Content 


Total ozone content in cm 


z 

Z « x 10~ 7 


- —* — 

...—-- 

* -.. 


degrees 


0-220 

0 240 

0*260 

0 280 

0*300 

60*0 

1*295 

0*529 

0*574 

0 619 

0 664 

0*708 

70*5 

2*47 

0*733 

0*795 

0-857 

0 920 

0*983 

77*4 

3*59 

0*977 

1 -046 

1*114 

1*183 

1*252 

80-4 

4*18 

1*117 

1*179 

1 *240 

1*303 

1*365 

83*65 

4*90 

1*231 

1*283 

1 *334 

1*387 

1*439 

84-85 

5*19 

1*270 

1*314 

1*357 

1*400 

1*442 

86-07 

5*49 

1*292 

1*326 

1*362 

1*397 

1*430 

87 11 

5*76 

1*281 

1*313 

1*346 

1*380 

1*411 

880 

6*00 

1*246 

1 *282 

1*317 

1*352 

1*388 

Table II 

—Distribution of 

Ozone from “ Least Square ” 

Solution 


OF " 

General Mean Umkehr Curve.” 




(Cm of ozone per layer) 




Height 


Total ozone content, cm 


Standard 

Layer 

above 





error 




v 


sea-level 

0*220 

0*240 

0*260 0*280 

0*300 



km 

cm 

cm 

cm cm 

cm 

cm 

6 

45 * 1 

0*0040 

0-0043 

0*0047 0*0050 

0*0054 

— - 

5 

35*9 

0*0268 

0*0281 

0 0291 0 0300 

0*0306 

0*0063 

4 

28*1 

0-036 

0*038 

0*040 0*041 

0*043 

0*016 

3 

20*6 

0*092 

0 104 

0*117 0*130 

0*144 

0*018 

2 

13*1 

0*028 

0*032 

0*035 0*038 

0-042 

0*005 

l 

4*9 

0*033 

0-034 

0*035 0*035 

0*036 

0*005 


is exactly similar to that described on pp. 437-438 of the former paper. 
The amounts of ozone found in each of the imaginary “ layers ” is given 
in Table 11, while the actual vertical distribution of ozone is given in 
Table 111, both in centimetres of ozone per kilometre of height and 
also as the ratio of ozone to air. Fig. 1 shows the results graphically. 

The centre of gravity of the ozone was found to be at a height of 20-8 
km above sea-level with a standard error of ±0-3 km, which is a little 
lower than the Arosa values, but unlike them it was found to be the same 
for all values of the total ozone content. 

By investigating the scatter of the individual observations, the standard 
error of observation has been deduced and found to be almost the same 
as that for the work at Arosa. Owing to a slight change in the.instru¬ 
ment, which apparently took place during transport, there is a small 
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Table III—Distribution of Ozone 


(Cm of ozone per km of height; and ratio by volume of ozone to air) 



x -*■ 

0*220 

x — 

0*240 


0*260 

x — 

0*280 

X " 

0*300 

Height above 
M.S.L. 

*? 

■il 

eg **- 
* X 

n 

E ® 

U X 

Ratio 
x 10-* j 

n 

E® 

U X 

Ratio 
x 10-* j 

7 

62 

U x 

.Si 

Vm © 
eg — 

X 

7 

62 

u . 

X 

Ratio 
x 10-* ) 

km 











45 

0*78 

5*2 

0*82 

5*5 

0-86 

5*8 

0*90 

6*0 

0*94 

6*3 

40 

1*73 

6*1 

181 

6*4 

1 89 

6*6 

I 96 

6*9 

2*04 

7*2 

35 

3 00 

4*4 

3*12 

4*6 

3*25 

4*8 

3*38 

5*0 

3*50 

5*1 

30 

4*7 

3*2 

4*9 

3*3 

5 • J 

3*5 

5-4 

3*6 

5*6 

3*8 

25 

8*4 

2*6 

9*1 

2*8 

9*9 

3*1 

10*6 

3*3 

11*4 

3*5 

20 

10 4 

1 *49 

11*9 

1*71 

13*4 

1 93 

15 0 

2*16 

16 5 

2*38 

15 

6*2 

0*41 

6*9 

0*46 

7*6 

0*50 

8*3 

0*55 

9*0 

0*60 

10 

3*6 

0*11 

3*9 

0*12 

4*1 

013 

4*4 

0*14 

4*7 

0 15 

5 

31 

0*06 

3*2 

0 06 

3*3 

0*06 

3*4 

0*06 

3*5 

0*06 

0 

3*6 

0 04 

3*6 

0*04 

3*6 

0*04 

3*6 

0*04 

3*6 

0*04 



Fio. 1—Vertical distribution of ozone at Tromso for different values of the total 
ozone content, (*). The dotted curve gives the distribution at Arosa for comparison 
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uncertainty in the values of the total ozone, but not great enough to 
affect the results. The fact that the height of the sun is changing slowly 
when it is near the horizon in high latitudes in the summer makes it 
possible to take more observations at this time, a time which is very 



Fig. 2—The curves give the observed values of (- log I/I' f const.) for even values 
of the total ozone content, x, plotted against the fourth power of the sun’s 
zenith distance. Continuous line for Trotnso, dotted line for Arosa. 

When the sun is high the observed value of — log I/I' should be independent 
of the manner in which the ozone is distributed vertically through the atmosphere 
and should depend only on the total amount of ozone present. The difference 
between the curves in the above figure when the sun is high is mainly accounted 
for by the extra air between the level of Tromsa, 100 m, and that of Arosa, 
1860 m 

important for deducing the ozone distribution. On the other hand, we 
have only 13 days’ observations at TromscJ against 46 at Arosa. 

While the height of the centre of gravity of the ozone layer is but little 
different at Arosa and at Tromso, the distributions which we have found 
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are rather markedly dissimilar. We would, however, call attention to 
the large standard errors of the amounts in the middle layers. That 
there is a real difference between the distributions at Arosa and at Troms0 
is clearly shown in fig. 2 which gives the observed values of (— log I/I' + 
const.) for even values of the total ozone both at Arosa* and at Troms0, 
the difference being larger than could be explained by errors of observa¬ 
tion. 

We are very greatly indebted to our Norwegian friends for providing 
all possible facilities for this work, Professor Vegard, Herr Harang, 
Professor Rosseland, Herr Tonsberg, and Herr Jakobsen. We are also 
indebted to the Department of Scientific and Industrial Research for a 
grant to one of us and also to the Royal Society for a grant to cover the 
expenses of transport. 


Summary 

Observations to determine the vertical distribution of ozone in the 
atmosphere—similar to those recently made at Arosa—have been carried 
out at Troms0, N. Norway, in May and June, 1934. They show that 
the average height of the ozone is very slightly lower at the higher latitude, 
and indicate that at Troms0 the ozone is more concentrated in a region 
centred at a height of 21 km above sea-level, whereas in Switzerland it is 
more uniformly distributed through the lower 30 km. 

* Owing to a change in the instrument the values of the constant in the term 
(- log I/I' + const.) was approximately 0 02 less at Arosa than at Tromso. The 
Arosa curves have therefore been corrected to make them comparable with the Tromso 
values. 
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Explosion Waves and Shock Waves 

Part II—The Shock Wave and Explosion Products 
sent out by Blasting Detonators 

By William Payman, D.Sc., Ph.D., Donald Whitley Woodhead, Ph.D., 
F.I.C., and Harold Titman, B.Sc. 

(Communicated by J. F. Thorpe, F.R.S.—Received October 6, 1934) 

[Plates 19-23] 


Introduction 

The detonation of a cartridge of a high explosive is started by firing 
a detonator, which consists of a small metal cylinder containing a com¬ 
pound or mixture which is itself readily detonated when it is heated. 
The manner in which detonators thus function is not thoroughly under¬ 
stood, and the methods used for measuring their “ efficiency ” are, in 
consequence, diverse. By some methods only the total blow given by 
the detonator, or its crushing and shattering effect, is measured; the nail 
test and the sand test are the crudest forms. The lead plate test gives a 
similar measure, and the efficiency of a detonator is judged not only by 
the depth of the impression produced, but also by the number and appear¬ 
ance of radial grooves in the lead plate produced by the disrupted metal 
casing. More precise physical methods have been adopted, such as the 
Hopkinson pressure-bar, which gives a measure of the time of action of 
the impulsive blow. A more logical method of measurement of efficiency 
would appear to be to examine the ease with which the detonator will 
set up detonation in a standard explosive or in a series of standard 
explosives. Such a method is the Esop test, in which measurement is 
made of the maximum amount of olive or cotton seed oil which can be 
mixed with picric acid without preventing its detonation by the detonator 
embedded in the mixture. Of the same type is the gap test, in which the 
detonator and a standard explosive are separated and the maximum 
distance is measured at which detonation of the explosive can be 
established. 

The efficiency of a detonator is of considerable technical importance. 
The more rapidly a detonator can set up detonation in a cartridge of 
explosive the greater will be the proportion of the cartridge which will 
detonate and the greater therefore will be the efficiency of the explosive, 
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though once detonation is effectively set up it will be independent of the 
strength of detonator used. The use of an inefficient detonator may 
result in portions of cartridges remaining undetonated and becoming a 
source of danger during the subsequent handling of the material that has 
been blasted. With the desensitized explosives that are used in coal 
mines the efficiency of the detonator may influence the safety of the 
explosive from the point of view of its ability to ignite firedamp. The 
present investigation has been carried out for that reason. 

A photographic examination of the shock wave and products of 
explosion sent out by a copper-cased fulminate detonator has been 
carried out by Payman and Robinson* * * § and by Payman and Shepherd,! 
who used the Schlieren method and the “ wave-speed ” camera. This 
work has been extended to other types of detonators by GawthropJ 
with a duplicate of our apparatus erected by one of us at the U.S. Bureau 
of Mines Explosives Station in Pittsburgh. Each of these investigations 
has suffered from the disadvantage that the detonator was enclosed in a 
steel tube to protect the surface of the stainless steel mirror used in the 
Schlieren apparatus from flying metallic fragments, which travel fast 
enough to make deep indentations in the steel. We have now found it 
practicable to fire detonators in certain positions in front of the mirror 
without serious harm to it, and hence to make an examination of the 
shock wave and explosion products in the immediate vicinity of the 
detonator. 

There are two principal types of detonators in use in this country. 
In coal-mining in Great Britain the copper-cased mercury fulminate 
detonator is used exclusively, the usual size being the No. 6. This con¬ 
sists of a copper cylinder, 35 mm long and 6 mm in diameter, closed at 
one end and containing 1 gm of a mixture of 4 parts of mercury fulminate 
and 1 part of potassium chlorate. For metalliferous mining and quarry 
work, fulminate detonators have been largely replaced by compound 
detonators, the lead azide detonator being the most popular. This 
contains a main charge of tetryl which is initiated by a priming charge 
of lead azide mixed with a sensitizing material such as lead styphnate. 
Since lead azide attacks copper, the mixture is compressed into cases 
of aluminium. The closed end or base may be flat, but often has a 
conical depression to facilitate loading in manufacture,§ and supposed 

* ' Pap. Safety Min. Res. Bd. Lond.,’ No. 18 (1926). 

t * Pap. Safety Min. Res. Bd. Lond.,’ No. 29 (1927). 

t ‘ J. Franklin Inst.,’ vol. 214, p. 647 (1932). 

§ Barab, * Explosives Engineer,’ vol. 1, p. 51 (1923). 
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to increase the efficiency of the detonator. Fulminate detonators with 
flat bases, and azide detonators with flat and with coned bases, have 
been, used for the experimental work here described. 

For coal-mining, detonators are arranged to be fired electrically, and 
for convenience all the detonators used in the present work were similarly 
constructed. The “ electric fuse,” placed in the open end of the detonator, 
consists of a cardboard tube which slips inside the detonator case; it 
contains a flashing composition which is ignited on the passage of an 
electric current through either the composition itself (in the “high- 
tension ” detonator) or a fine platinum wire embedded therein (in the 
“ low-tension ” detonator). Wires of suitable length are attached to 
the fuse head, which is held in position in the detonator by means of a 
bitumen plug. 

Gap Tests 

It is well known that the initiating effect of a detonator is directional. 
Thus Richardson* has shown that a cartridge of explosive would detonate 
when a detonator was fired at a distance of 1 metre provided that the 
base of the detonator was pointing directly at the explosive; when the 
base was pointing in a direction at right angles to a line joining the 
detonator and the explosive, the maximum distance at which detonation 
of the cartridge resulted was reduced to 20 cm; whilst in certain positions 
the detonator could be fired actually in contact with the explosive without 
igniting it. This method of obtaining by gap test the spherical distribu¬ 
tion of initiating effects of a detonating cartridge of explosive has also 
been used by Imperial Chemical Industries (Explosives), Ltd., research 
department.) We have used the method to map out the initiating effect 
round copper and aluminium-cased detonators, using as a “ receptor ” 
a cartridge of “ Polar Samsonite No. 3.” This is a gelatinous coal¬ 
mining explosive containing 56% of a mixture of nitroglycerine and 
nitroglycol. Naturally, the distance of projection of the initiating effect 
of a given detonator depends on the sensitivity of the explosive used as 
receptor cartridge, and it is essential, if the test is to be of value, to use a 
sensitive explosive. 

The necessity for using a sensitive receptor is shown by comparative 
results obtained with Polar Samsonite No. 3 and a less sensitive explosive, 
for example one containing ammonium nitrate and no nitroglycerine. 
For these experiments No. 6 and No. 8 copper-cased fulminate 
detonators were used. The former contains 1 gm and the latter 2 gm 

* ‘ Trans. Inst. Min. Eng.,’ vol. 80, p. 358 (1931). 

t Lambert, ‘ Trans. Inst. Min. Eng.,’ vol. 78, p. 68 (1929). 
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of fulminate-chlorate mixture; their relative Esop test values are 1 - 6 
and 3-4. With Samsonite No. 3 the No. 6 detonator allowed of a 
maximum separation of 15 cm in the gap test (unconfined), and the No. 8 
detonator one of 19 cm. With the ammonium nitrate explosive, the 
distance was only 9-4 cm with the No. 6 detonator, and the No. 8 
detonator had actually to be touching the receptor cartridge before 
detonation was set up. This latter result is contrary to common practical 
experience, for an ammonium nitrate explosive which on storing has 
become so insensitive that it can no longer be fired by a No. 6 detonator 
embedded in it can usually be fired by a No. 8 detonator. The ammonium 
nitrate explosive used in the test was fairly loose powder which was 
readily scattered by detonators placed at distances much greater than 
that of the effective gap. Enclosing the explosive in a metal or cardboard 
cylinder to prevent scattering did not, however, alter the result. 


Table I—Maximum 

Effective Gap Lengths in cm 


Position of cartridge 

Type of detonator, all No. 6 

relative to detonator 

Cu/fulminate 

A1/azide 

A1 /azide, 
coned 

On the axis. 

15*2 

15*2 

20*3 

22J° to the axis . 

1*3 

2*5 

1*3 

45° . 

Touching 

1*3 

Touching 

67J° . 

2*5 

2*5 

2*5 

90° 

3*8 

5*1 

5*1 

135° „ . 

At the rear of the detonator.... 
Mid way along the detonator .. 

1*3 

1*3 

Failed to detonate 
Detonated 

1*3 


The collected results of the determinations with Polar Samsonite No. 3 
are shown in Table I. The receptor cartridges used were 32 mm in 
diameter. The diameter appears to be of importance, for it was found 
that the apparent sensitivity as judged by the gap test may be different 
with receptor cartridges of different diameters. All paper wrapping was 
removed from the cartridges. The distances between detonator and 
cartridge at which tests were made differed by successive intervals of 
1*3 cm (0-5 in), and three successive ignitions of the receptor cartridge 
were taken as a criterion of the spread of the initiating effect to any one 
point. The limits were clearly cut, any one point usually giving either 
three ignitions or three non-ignitions. Occasionally the receptor cart¬ 
ridge exploded with a duller noise than usual and a marked increase in 
the volume of fumes was then observed, indicating that part of the ex¬ 
plosive had burned instead of detonating. 
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The results in Table I are shown diagrammatically in fig. 1. 

It will be seen that the maximum gap was always along the axis of the 
detonator in the direction in which the base was pointing. The minimum 
gap was in the opposite direction; the cartridge had to be pierced by the 
detonator, so that the half of the latter not containing detonating com¬ 
position was covered by explosive, before ignition could be obtained. 
It should be remembered that the upper end of the detonator was sealed 
by a solid plug not shown in the diagram. 




Fig. 1—Gap tests with detonators of different types: A, copper/fulminate; B, 
aluminium/azide; C, aluminium/azide with coned end 

The curves obtained indicate that the directive effect is either related 
to the mode of breakdown of the metallic case of the detonator, or to 
the greater explosive effect of the initiating compound where it is the 
more strongly confined, or to a combination of these effects. Greater 
mechanical strength at the edge of the base may be the cause of the 
blind effect at the corners of the detonator, where, for example, with 
the copper detonator the receptor cartridge has to be in contact before 
detonation can be set up. Indeed, the edge of the base may form a 
dividing line at which the detonator breaks up, one group of the particles 
being projected laterally and the other group axially. The depression at 
the base of the coned aluminium detonator has probably a similar 
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mechanical dividing effect; the indentation should strengthen the base 
and possibly ensures that it is projected intact. The absence of pro- 
jectional effect at the upper end of the detonator probably means that 
the explosive material is exploding here with less efficiency, presumably 
owing to the insufficient confinement at this point. 

Spark Photographs 

A series of spark photographs of the explosion of the three detonators 
suspended freely in the air was next obtained, using the method described 
in earlier work.* Since the explosive effects had to be photographed 
close to the detonator, it was necessary to devise a special switch for 
timing the exposure given by the passage of the illuminating spark. 
The breakdown of the “ illuminating gap ” at any desired instant during 
the expansion of the disturbance depended upon the production of an 
unstable electric field in the series “ control-gap " at determined times 
relative to the firing of the detonator. The method of closing the control- 
gap in bullet photography has frequently been to interpose a spring- 
controlled lever which closes an electrical firing circuit at some pre¬ 
determined point in its travel. If used in conjunction with a potential 
limiter, the method appears to be sufficiently accurate to photograph 
disturbances moving at 1000 metres per second.f The spark switch we 
have developed requires no subsidiary controls and can be synchronized 
with a shock wave travelling at 2500 metres per second. 

With a given gap the breakdown voltage depends upon the shape of 
the electrodes, being greatest with spheres of large diameter and least 
with needle points. An intermediate effect obtains with a point-sphere 
gap. With a gap of 1 to 2 cm, MarxJ and Strigel§ have shown that the 
sparking potentials are less than those for a pair of spheres 5 cm in 
diameter, slight variations being obtained according as the point is the 
anode or the cathode. If a potential rather less than that for breakdown 
is applied to a gap formed between two spheres, and the configuration 
of the gap is rapidly changed to that of a point-sphere, the potential 
will be enough to allow of immediate discharge across the gap. 

The control-gap was made from two polished brass spheres 5 cm in 
diameter and 2 cm apart, fig. 2. The upper sphere, connected directly 
with one pole of an influence machine, was suspended from an ebonite 

* Payman and Robinson, * Pap. Safety Min. Res. Bd. Lond.,’ No. 18 (1926). 
t Quayle, ‘ Bull. U.S. Bur. Stand.,’ No. 508 (1925). 
t 4 Arch. Elektrotech.,’ vol. 20, p. 589 (1928). 

§ 4 Arch, Elektrotech.,’ vol. 27, p. 377 (1933). 
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insulator secured to a heavy wooden joist. The lower sphere, connected 
with one side of the illuminating gap, was drilled centrally to receive a 
needle 1 mm in diameter and was mounted on the upper of a pair of 
insulated oak beams. 



The point of the needle had an angle of 12°, since it has been shown* 
that the sparking voltage of a needle gap is increased considerably when 
the angles of the needle points are reduced below this value. The bottom 
end of the needle was cone-shaped and rested on the upper end of a light 
ebonite rod passing vertically through aligned clearance holes in the 
beams. A screw-head on the lower end of the rod rested in a slight 
* Weicker, ‘ Z. Elektrotech.,’ vol. 32, p. 436 (1911). 
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depression formed on the face and close to the end of a steel leaf-spring 
rigidly mounted together with a simple trigger arrangement on the lower 
face of the lower oak beam. A plan view of the spring and trigger in 
the “ set ” position is shown at the foot of fig. 2. The spring, which 
undamped had a natural frequency of vibration of 1200 per second, was 
released by a smart horizontal pull on the trigger in the direction shown 
by the arrow and gave a rapid upward throw to the ebonite rod and 
thence to the needle lying within the sphere. The ejection of the needle 
point through the spherical surface resulted in the immediate breakdown 
of the gap. The initial depth of the needle point below the spherical 
surface, and therefore the time-interval between the release of the spring 
and the breakdown of the gap, could be varied at will by adjusting the 
length of that portion of the screw protruding from the lower end of the 
ebonite rod. 



It was not found necessary to ensure that the needle side of the gap 
was the anode. The behaviour of the switch was satisfactory so long 
as the needle was not buried initially more than about 5 mm. It then 
appeared that the rapid displacement of the air ahead of the needle 
accelerated the discharge. More regular results in these circumstances 
were obtained with the sphere in the form shown in two vertical sections 
in fig. 3. To allow the escape of a portion of the displaced air, transverse 
channels communicated between the narrow central orifice and a pair 
of wide vertical channels. 

The length of the trigger-bolt was also adjustable by means of a screw 
and lock-nut so that, in the “ set ” position, it just failed to make 
contact with an insulated bent leaf-spring. The points A, B and C, 
fig. 2, were points of electrical connection in the firing circuit. In the 
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“ set ” position, contact was established through A-B; the operation of 
pulling the trigger resulted (1) in establishing A-B-C, and (2) in breaking 
A-B; the break A-B occurred at the instant of release of the needle. 
The electrical firing circuit, and the sequence of circuit changes, are shown 
diagrammatically in fig. 4. In order to have an adequate voltage, the 
low-tension detonators were fired from 220-volt mains, protected in 
each lead by a 1-ampere fuse wire; the first part of the trigger movement 
was thus in effect to short-circuit the mains, but, before the fuses collapsed, 
the second part of the motion broke the short-circuit by interposing 
the detonator leads. The detonator circuit therefore received the mains 
voltage at the time of release of the needle. It was found necessary, in 
order to avoid corrosive sparking, to connect a 6-microfarad condenser 
across the break. 



An inductance of 1200 microhenries, shown in the detonator circuit 
in fig. 4, was used occasionally to produce a delay in the firing of the 
detonator, since a number of the latter, received always in particular 
batches, had extremely short time-lags. In any particular series after 
a number of experiments with various adjustments of the depth of the 
buried needle, it was possible to obtain a succession of photographs of 
the wave within the limits of the Schlieren field of the camera, i.e., within 
a distance of 15 cm of the point of origin, although, after a given small 
adjustment, a record was not always in the expected time relation. The 
use of low-tension detonators with a higher firing voltage than necessary 
may have assisted in producing regular results. The most serious 
variations in the lag appeared to be due to the way in which the detonator 





Explosion Waves and Shock Waves 


613 


had been assembled originally, that is to say, to slight variations in the length 
of the air-gap between the match-head and the surface of the detonating 
charge; the most regular results were obtained with detonators which 
had been made up in the laboratory and sealed with the inner paper tube 
containing the match-head just resting on the surface of the charge. 

Owing to the danger of hitting the mirror with flying particles of metal, 
it was found necessary to fire most of the shots with the detonator in the 
centre of the field of view. This limited the distance to which projection 
could be followed to about 15 cm in each direction. 

Plate 19 shows a series of photographs of the explosion of a No. 6 
copper-cased fulminate-chlorate detonator. Fig. 5 shows the position of 
the detonator prior to explosion and the flame sent out on explosion, the 
photograph being obtained in the following manner. The detonator was 
placed in position and the illuminating spark passed without firing the 
detonator, a black shadow impression of the detonator being thus 
obtained against a lighter background. The leading wires and bitumen 
covering of the match-head at the top of the detonator may also be 
seen.* Without removing the plate from the camera, the detonator was 
next fired with the camera shutter open, no illuminating spark being 
passed on this occasion. A flame photograph was thus superimposed 
on the shadow photograph of the detonator. From the resulting com¬ 
posite record the interesting fact emerges that the flame does not appear 
at or around the base of the detonator, as might reasonably be expected, 
but at the sides of the detonator above the explosive composition con¬ 
tained within the copper case. This behaviour of the flame is probably 
due to the comparative weakness of the detonator case at this point, 
which allows explosive material or products to be ejected before com¬ 
bustion is completed; the greater strength at the base, and the greater 
mass of material in the match-head, serve to delay the ejection of products 
at each end until the visible reaction has been completed. 

Fig. 6 is a Schlieren photograph of the products of detonation about 
0 03 millisecond after initiation. The gaseous products show as a 
central black portion. The brilliant white edge to this is not due to any 
visible flame, but to diffraction of light at the edges of the opaque mass 
of gas and possibly of solid particles. The faint streaks which appear 
to radiate from the detonator, and which are first visible outside the main 
mass of detonation products, are also not due to visible flame but are an 

* The markings on the background of the photograph are of no significance, being 
mostly due to flaws in the mirror surface produced by the large number of shots of 
high explosive which have been fired in close promixity. These flaws are visible in 
most of the photographs and should be disregarded. 
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undesired optical effect, possibly caused by spreading of the illuminating 
spark or resonance of the spark after the first discharge has passed.' At 
the stage photographed there is no apparent separation of shock wave 
and gaseous products. The latter are approximately spherical in shape, 
which indicates, when the cylindrical shape of the detonator is remembered, 
that the wave has proceeded laterally more rapidly than upwards or 
downwards. This is rendered more apparent in fig. 7 which shows a 
slightly later phase. The major and minor axes of the ellipsoidal wave 
are at right angles to those expected from a consideration of the cylindrical 
form of the detonator. It is evident that the detonator burst first at the 
sides, and the major portion of the gaseous products would escape there 
before the base was disrupted and projected. The consequent directional 
effect on the gases is evident in later photographs, and the greater speed 
of the shock wave is probably a result of this. The greater lateral velocity 
of the wave implies that the portion of the wave proceeding in that 
direction is stronger than that travelling along the axis. The separation 
of wave and products which is now apparent at the top of the products 
similarly implies an appreciable reduction in the strength of the wave in 
that direction; this is in agreement with the rapid dying down of the 
initiating effect at the rear end of the detonator. We have seen that the 
initiating effect is greater downwards than laterally; some other factor 
must account for this, and is indeed becoming apparent at the lower end 
of the detonation products as a small secondary wave passing in front 
of the main wave. That this wave is due to a solid and fairly large 
particle is evident from its appearance in fig. 8 which shows a still later 
phase. A large number of serrations in the edge of the wave at the sides, 
again indicating solid particles, are also evident in this picture. These 
photographs, studied in conjunction with the initiation diagram in fig. 1, 
indicate that the shape of the latter is due to this directional projection of 
solid particles. Figs, 9 and 10 show still later successive stages, the 
detonator being moved upwards for the last photograph. Fig. 9 shows 
that the lateral expansion continues to be appreciably faster than that 
along the axis of the detonator. Fig. 10 still shows the head-wave due 
to the particle ahead of the main wave, and also a series of secondary 
waves behind the main wave and just ahead of the gaseous products. 

The ratio of the major to the minor axes of the ellipsoidal wave at 
first increases rapidly and then appears to decrease slowly; in figs. 6, 7, 
8 and 9 the ratios are 1 '21, 1*32, 1-29 and 1 -27, respectively. This 
ratio is presumably some measure of the relative wave speeds in the two 
directions. 

The solid particles which appear to play an important part in the 
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initiation of explosion by a detonator may be composed either of metal 
torn from the case or of unconsumed detonating composition, or of 
both. That particles of copper may be projected from a fulminate 
detonator is well known, such particles being found on any solid object 
placed in line with the detonator when it is fired, and their traces forming 
the basis of part of the lead plate test. It would seem probable that 
the large particle sent out along the axis from a copper-cased fulminate 
detonator is a piece of copper from its base. Its velocity in fig. 10, as 
calculated from the angle of the conical wave, appears to be about 
900 metres per second. The probability of solid explosive being left un¬ 
consumed on the passage of the detonation wave, discussed by Audibert,* 
should be increased by the high compression at which the detonators 
are filled. 

The results of a similar series of experiments with the plain aluminium- 
cased lead azide detonator are shown on Plate 20. Fig. 11 is a direct 
photograph of the flame from the detonator, the mirror being covered to 
give maximum contrast and the detonator raised so as to obtain the 
whole of the bright flame within the field of view. The larger volume and 
greater actinic value of the flame as compared with that of a copper- 
cased fulminate detonator are at once apparent. 

The large flame is generally assumed to be due to burning aluminium 
particles, but that this is not entirely true is shown by photographs of 
the flame from paper-cased detonators described later. The flame photo¬ 
graph is remarkably similar in outline to the initiation diagram in fig. 1 (B). 
An exact correspondence of flame and distance of projection of the 
explosive effect would not be expected, since the latter depends on the 
sensitivity of the receptor explosive. Actually, the distance of pro¬ 
jection is not very different from the length of the bushy portion of the 
flame, which is roughly 6 cm from the detonator to either side, and 12 cm 
below the base of the detonator. The tongue of flame, also extending 
downwards, is approximately 24 cm long. The initiation would therefore 
not appear to be due solely to the visible flame, but the shape of the flame 
should indicate the direction in which the masses of particles, presumably 
of burning explosive and aluminium, are projected. 

The brilliance of the flame record necessitated some alteration in the 
optical arrangements of the Schlieren camera, for it is evident that this 
bright trace would be superimposed on all the spark records, obliterating 
perhaps an important part of them. It therefore became necessary to 
take steps to limit the impression of the flame without diminishing the 
* • Ann. Min. Paris,’ vol. 15, p. 213 (1929). 
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spark record. The slow plates used did not help this, since they were 
very sensitive both to the light from the illuminating spark and that from 
the flame of the detonator. Coloured filters on the camera lens were 
tried with the object of selectively absorbing the light from the flame of 
the detonator, but without any marked success. An adequate result 
was obtained finally by using what may be termed a “ flame-stop ” as 
shown in fig. 12. The diagram on the left shows the camera lens half- 
covered by an opaque diaphragm as usually arranged for Schlieren 
photography, and the normal position on the diaphragm where the 
illuminating spark is brought to a focus after reflection by the concave 
mirror. 

It was found experimentally that only a small proportion of the light 
from the spark has a vertical displacement of more than 10 mm at the 



Fio. 12—“Flame-stop ” on camera objective 


camera objective when a disturbance crossed the beam. Thus the open 
portion of the lens could be reduced considerably without interfering 
with the Schlieren light. Part of the remaining semicircle of the lens 
(//5-5) was covered by the flame-stop shown on the right in fig. 12; it 
was so arranged that the only open portion was a horizontal slit 8 mm 
wide. The stop was used for all the later spark photographs. 

Figs. 13 to 16, Plate 20, show successive positions of the wave with the 
plain aluminium-cased lead azide detonator. It will be seen that there is 
the same lateral projection of gases and particles, but the projection of 
gases downwards is more marked, this possibly accounting for the 
widening in that direction of the initiating effect. It must be remembered 
that the flame is shown at its largest size, and not at the instant at which 
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the wave was in the position shown in any one record. The difference 
in the break up of this detonator compared with the fulminate detonator, 
due to different composition and container, is very marked. The record 
in fig. 16 was taken considerably later than that in fig. 15 and there is 
visible in the upper portion a wave travelling downwards, apparently 
after reflection from an iron bar used for suspending the detonators by 
their leads, which was arranged 30 cm above the centre of the field. 
This wave is doubtless part of the original ellipsoidal wave. The detonator 
leads also are shown as having been disturbed. This record therefore 
serves to emphasize the relatively slow rate of expansion vertically of 
the gaseous products. 

The effect of the depression in the base of the cone-ended azide detonator 
is clearly shown in figs. 17 to 20, Plate 21. The lateral projection is 
similar to that shown with the plain detonators, but the projection down¬ 
ward is quite distinct. This is shown even in the direct photograph in 
fig. 17, the lateral projection of flame being similar to that shown in 
fig. 11, Plate 20. Downwards, however, the bushy flame has almost 
completely disappeared, being replaced by a long narrow flame which 
tends to vary in brightness, the difference corresponding roughly with 
that shown in the initiation diagrams, fig. 1 (B and C). The wave pro¬ 
jected downwards, shown particularly well in fig. 19, is markedly distinct 
from that shown with the plain azide detonator, and its peculiar formation 
suggests that it is produced by particles which are still burning rapidly 
and sending out pressure waves. 

It has been possible to supplement these photographs with some 
records of the explosion of open-base paper-cased detonators, containing 
lead azide as initiating compound and tetryl as basic explosive. Only 
a few of these detonators were available, but the records obtained are 
of interest and two are reproduced in figs. 21 and 22, Plate 21. Two 
important points arise from the direct photograph of the flame only, 
shown in fig. 21. First, it is evident that the highly actinic flame of a 
lead azide detonator is not entirely due to the burning of the fragmented 
aluminium case. Secondly, since the bushy flame sent downwards by 
the plain aluminium-cased lead azide detonator is also shown by the 
open-ended detonator, its non-appearance with the cone-ended detonator 
must be due to greater confinement. Owing to the greater strength of 
the case at the coned base, the detonating composition remains longer 
in situ, so that its decomposition is more complete when particles are 
ultimately projected. 

The wave photograph in fig. 22 shows a lateral particle projection 
similar to that from the aluminium-cased detonator. The effect of the 
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open base is clearly shown, an appreciable proportion of the gaseous 
products being sent out downwards through that end. There is no 
marked projection of one or more large solid particles downwards. It 
was not possible to carry out any gap tests with these detonators, as no 
further supplies were available; Gawthrop (loc. cit.) has shown, however, 
that removal of the end of the casing of a plain detonator reduces the 
distance of projection of its explosive effect axially with the detonator, 
an effect presumably due to a reduction in the number of solid particles. 

It is of interest to note that, of the four detonators examined, only the 
copper-fulminate detonators when suspended in a gas mixture containing 
9% of methane in air could be fired without causing ignition. It was 
the detonator of this type which gave the smallest flame. 

Wave-speed Camera Records 

Wave-speed camera, or continuous records, were obtained with the 
apparatus described in a previous paper.* They have a value com¬ 
plementary to that of the instantaneous records in giving velocities of the 
flame, the particles, the shock wave, and the products, and in defining 
the correct time relation of the flame to the other components of the 
disturbance. 

Plate 22 contains four such continuous records, obtained with copper- 
fulminate, figs. 23 and 24, and with plain aluminium-azide detonators, 
figs. 25 and 26. As indicated by the diagrams beneath the photographs, 
figs. 23 and 25 were obtained with the detonator vertical and figs. 24 
and 26 with it horizontal. The slit in the camera, along which measure¬ 
ments were made, was horizontal. Fig. 23 shows the symmetrical 
lateral expansion of both the wave and the opaque products. The 
expansion of the products is at first rapid, but the rate falls and approaches 
zero at the edge of the record after about 13 cm travel. In the axial 
expansion shown in fig. 24, a particle (the single large particle shown on 
Plate 19) can be seen to penetrate the wave as the latter falls in speed. 
In this direction there is also a rapid initial expansion of the products,, 
but an abrupt arrest at about 5 cm from the detonator, followed soon 
by a renewed and relatively very slow expansion. 

Figs. 25 and 26 differ from the others most noticeably as regards the 
flame which, in fig. 26, appears to take the place of the large particle in 
fig- 24; the flame has, however, a very high initial speed (rather more than 
4000 metres per second, a value which confirms that observed by Gaw¬ 
throp, he. cit.), and is the first part of the disturbance to move away from 
* Payman and Woodhead, * Proc. Roy. Soc.,’ A, vol. 132, p. 200 (1931). 
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the detonator. Clearly the case of the aluminium detonator breaks up 
earlier than that of the copper detonator. The fact that the former 
will ignite a methane-air mixture whereas a fulminate detonator will not, 
is probably due not only to the large flame but also to its projection well 
in advance of the products of combustion.t As would be expected 
from the larger number of particles, the axial wave from the base of the 
detonator is subject to great interference and is not well defined. There 
are similar abrupt retardations in the expansion of the products, but 
axially from the base the retardation is followed by a temporary retro¬ 
gression. Corresponding records obtained with coned aluminium-azide 
detonators are not reproduced. They differ from figs. 25 and 26 only 
in showing a less intense flame and a more defined shock wave travelling 
axially from the base. 

Mean velocities over the 15-cm length of the flames, particles, and 
shock waves from the three detonators are recorded in Table II. Each 
value is the mean of two determinations. 

Table II— Mean Velocities in Metres per Second over 0-15 cm 


Type of detonator 

Flame 

from 

base 

Particles 

Shock wave 

Axial 

Lateral 

Axial 

Lateral 

Cu/fulminate . 

— 

1120 

1170 

(620 ) 

(710ft 

910 

Al/azide, plain . 

. 2050* 

2050* 

1610 

1660f i 

— 

Ai/azide, coned — . — 

. 2000* 

2000* 

1640 

1640 ) 
I670t) 

— 


* Initial flame velocity about 4200 metres per second, 
t Velocities from the rear of the detonator. 


With the aluminium detonators it is impossible to distinguish the 
particle shower from the shock wave in the lateral direction. The mean 
velocity of the leading particle projected axially from the copper detonator 
is higher (1120 metres per second) than the value which was obtained by 
measurement of the conical wave angle of the large particle in fig. 10 
(900 metres per second); the velocity of this large particle may therefore 
be assumed to be falling. 

The ratio of the mean lateral to the mean axial velocities of the shock 
wave from the copper detonator over the first 15-cm length is 1-36, a 
value compatible with the ratios of the major to the minor axes of the 
} Payman, ‘ Trans. Inst. Min. Eng.,' vol. 75, p. 191 (1928). 


VOL, CXLVItl.—A. 


2 T 






620 W. Payman, D. W. Woodhead and H. Titman 

ellipsoidal wave in the spark records in Plate 19. Since the shape of a 
freely expanding shock wave is directly related to the shape of the expand¬ 
ing body of products, it appears that the ellipsoidal form arises from the 
different modes of axial and lateral expansion of the products between 
the points 5 and 13 cm distant from the detonator. This suggestion is 
in agreement with the progressive changes in the ratio of the axes noted 
previously. 

Figs. 27, 29 and 30, Plate 23, are continuous records of the detonation 
of cartridges of Polar Samsonite No. 3 by copper-fulminate, plain 
aluminium-azide, and coned aluminium-azide detonators respectively, 
arranged at a gap distance of 15 • 2 cm in each experiment. Since no 
Schlieren illuminating beam was used, the photographs registered 
only impressions received directly from the flames. Fig. 28 is a com¬ 
posite record printed from the negatives of both figs. 27 and 24, the rate 
of rotation of the drum carrying the film being the same. 

These records demonstrate conclusively that with each arrangement 
it was the leading particles which were responsible for the initiation of 
detonation in the receptor cartridge. Figs. 29 and 30, obtained with 
aluminium detonators, are also of interest in showing an intense “ reflected 
flame ” returning from the end of the receptor. 

Discussion 

The Schlieren photographs which have been described have allowed an 
analysis to be made of the mode of disruption of a detonator, and indicate 
possible reasons for the different results which may be obtained from 
tests of efficiency by different methods. The photographs show that 
the main volume of the gaseous products of explosion and the greater 
concentration of solid particles are directed laterally. These effects are 
lost in measurements such as are given by the Hopkinson pressure bar 
or axial gap test, which measure only effects in line with the detonator, 
though both may be used laterally. The same is true to a large extent of 
the lead plate test. The nail test, on the other hand is a measure of the 
lateral effect only, and the sand test cannot measure the effect of the large 
particle or particles sent out from the base of the detonator which, as 
the photographs indicate, may have such a marked effect in promoting 
initiation. 

The more direct methods of testing detonators are the spherical gap 
test and the modified Esop test. The former gives results which are 
difficult to assess. The latter has been standardized in recent years by 
the Chemische Technische Reichsanstalt, using talc as a phlegmatizing 
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agent instead of oil. Though undoubtedly the most logical and best 
founded method it also has objections. That the relative initiating 
power of different detonators depends upon the character of the receptor 
explosive used, as well as upon, for example, the diameter of the cartridge, 
has been shown by many workers and is illustrated by the results of gap 
tests reported in the present paper. Thus the results with a standard 
receptor cartridge cannot apply to all explosives. Perhaps a more 
important objection is the possibility of masking the differences resulting 
from alteration in the mode of construction of the detonator. These 
effects are eradicated by the method, in which an explosive receptor 
cartridge only 25 mm in diameter and 42 mm long is used, with the 
detonator embedded in it so that the explosive composition it contains is 
approximately at the centre of the charge. 

It is evident, however, that the only satisfactory method of testing the 
efficiency of a detonator is to measure its initiating power in some way 
in the actual explosive to be used with it, without rendering the explosive 
more insensitive by any means such as phlegmatizing. The only method 
of doing this would appear to be to measure the time taken for detonation 
to be set up in the cartridge by the detonator. A method of this type 
was developed some years ago by Mr. E. Jones, of Messrs. Imperial 
Chemical Industries (Explosives), Ltd., during work carried out for the 
Explosives in Mines Research Committee of the Safety in Mines Research 
Board, using an extension of the photographic method a description of 
which was published in 1928.* 

It has been shown that detonation is set up in line with the detonator 
by the particle sent out from the base of the detonator. The fact that 
the shock wave sent out laterally is stronger and faster than that sent 
out axially would suggest that the shock wave and gaseous products have 
only a minor or perhaps no effect in determining detonation at a distance. 
That they may nevertheless have an important effect is shown by the 
greatly increased distance of projection when the detonator and receptor 
cartridge are placed within a tube. This enclosure would not affect the 
speed of the main particle, but would cause the shock wave and gaseous 
products to maintain their speed so that all three could act on the receptor 
cartridge together. The photographs show that when the detonator is 
embedded in the explosive, the particles, the shock wave and the gaseous 
products must act on the explosive together with possibly the particles 
a little behind. 

The effect of the different possible modes of initiation on the setting 
up of detonation in the receptor cartridge is being examined in a further 

* * Proc. Roy. Soc.,’ A, vol. 120, p. 603 (1928). 
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stage of this work in order to assess the importance of each factor when 
the detonator is in contact with explosive, as in practice. 

It is evident from the photographs in this paper that the mode of 
disruption of the detonator may be varied within wide limits by alteration 
in the construction of its case. Though perhaps not feasible in practice, 
it would appear probable that a more uniform distribution of the spherical 
initiating effect would be advantageous where small cartridges are used, 
and a more directive axial effect with large, and therefore long, cartridges. 
This would apply particularly to the comparatively insensitive explosives 
used in coal-mining. For the development of such detonators the 
photographic method described in this paper combined with the spherical 
distribution gap tests would be of value. 

Summary 

A photographic examination has been made by means of the Schlieren 
method and the wave-speed camera of the shock wave and products of 
detonation from blasting detonators suspended freely in the air, so that 
records could be obtained of the wave at extremely short intervals of 
time after inception of detonation. The detonators used were of the- 
fulminate-chlorate type in copper cases, and of the compound lead 
azide-tetryl type in aluminium and in paper cases. The flame from the 
lead azide-tetryl detonator in an aluminium case is generally assumed to 
be due entirely to burning aluminium, but a large and intense flame is 
given by the same detonator in a paper case with an open base. In both 
instances the flame is sent out in advance of the main shock wave, and 
both forms of this detonator will ignite inflammable firedamp-air mixtures, 
unlike the copper-cased fulminate-chlorate detonator. 

The explosive effect of a detonator, as judged by its initiating effect at 
a distance, is most marked along the axis of the detonator in the direction 
towards which the closed end is pointing. This has been shown to be 
due to a large solid particle, presumably metal, sent off at high speed from 
the base of the detonator. On the other hand, the speed of the wave 
sent out and the volume of gases projected are greatest in a direction at 
right angles to the axis of the detonator, and may be a more important 
factor when the detonator is embedded in the explosive, as in practice. 
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Fig. 9 


Fig. 10 


Spark photographs with a No. 6 copper-fulminate detonator 
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Spark photographs with a No. 6 plain aluminium-azide detonator 
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Fig. 22 


Spark photographs with a No. 6 open base paper-azide detonator 
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Figs. 27, 29 and 30—Drum records by direct photography only of the detonation of a 2-oz. cartridge of Polar Samsonite No. 
by copper-fulminate, plain aluminium-azide, and coned aluminium-azide detonators, respectively 
Fig. 28—Composite drum record from the negatives of figs. 24 and 27 
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Some Experiments upon Artificial Transmutation 
using the Cloud-track Method 

By P. 1 . Dee, M.A., Sidney-Sussex College, Cambridge 

(Communicated by Lord Rutherford, O.M ., F.R.S.—Received 
November 1, 1934) 

[Plates 24 27] 


1—Introduction 

The investigation of the disintegration particles which are emitted 
during the bombardment of the light elements by beams of artificially 
accelerated protons or diplons has been carried out at the Cavendish 
Laboratory by two main methods involving the use either of electrical 
counting devices or of an expansion chamber. While the counting 
methods are best suited for a rapid investigation of the types and ranges 
of the particles emitted from any particular element the cloud-track 
method, once the correct set of experimental conditions has been realized, 
gives direct evidence of the ranges and relative directions of emission of 
the particles resulting from a single nuclear process. The choice of this 
set of experimental conditions is greatly facilitated by a knowledge of 
the results of the “ counting ” experiments and therefore the expansion 
chamber method has been mainly used in these researches to provide a 
stringent test of the modes of transmutation suggested by the counting 
methods. An account is here presented of the investigation of (a) the 
transmutation effects produced by the bombardment of heavy hydrogen 
with diplons, and ( b ) the short range products which are emitted during 
the bombardment of lithium with protons. Summaries of the results 
of these experiments have already appeared: they are here described in 
greater detail. 


2—Experimental Method 

The short interval of time during which an expansion chamber is 
sensitive to incoming radiation makes it essential to use beams of bombard¬ 
ing ions of very high intensity. This requirement is further enhanced 
by the necessity of using very thin and small targets of the element under 
bombardment in order that the products originating at any point of the 
target may be recorded in whatever directions they may be emitted. It 
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was therefore decided to replace the discharge tube used in the earlier 
researches of this nature by one which would be capable of producing 
more intense ion beams. The tube illustrated in fig. 1 has been suitable 



and expansion 
chamber 

Fig. 1 


for these experiments. In design it resembles closely the firstjube used 
by Oliphant and Rutherford* for work at 250 kv, various modifications 
having been made for use at the higher voltages (~ 700 kv) available. 

* ‘ Proc. Roy. Soc.,’ A, vol. 141, p. 259 (1933). 
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The two main electrodes are steel cylinders of i-inch wall thickness 
screwed rigidly into two steel end pieces with flat porcelain discs as 
separating insulators. The clearance between the two tubes is from 9-11 
mm over the whole length of the tubes (200 cm). It will be noticed that 
with this design the source of the ions is much nearer to the target than 
with the old design—the two accelerating gaps now being immediately 
adjacent. It is probable that the tube would be improved by the intro¬ 
duction of another metal cylinder in the position shown by the dotted lines, 
in order to protect the plasticene joint between the base of the lower 
glass cylinder and the base plate, and to reduce the electrical stresses in 
this neighbourhood, but the glass cylinders at present available have too 
small a diameter to permit its introduction. It has been found that up 
to 400 kv this tube is quite satisfactory but above that voltage much 
sparking occurs around the base of the lower glass cylinder. This 
sparking, however, may be prevented, by wrapping a wide sheet of semi¬ 
conducting paper around the base of this cylinder and voltages up to 
600 kv may then be safely applied. Owing to the large mass and length of 
the discharge tubes it is possible to supply a large amount of energy to them 
without producing appreciable rise of temperature of any of the plasticene 
joints. It is unnecessary to apply oil cooling to the outer cylinder even 
for prolonged energy input of 5 kw. Some trouble was experienced in 
“ out-gassing ” the electrodes but since that was accomplished the tube 
has worked satisfactorily. A steel disc placed inside the inner electrode 
at about 25 cm from its lower end was found to be an improvement in 
that it raised slightly the working pressure of the gas in the tube. Before 
its introduction the adjustment of the leak through which hydrogen was 
supplied to the discharge tube had been inconveniently critical. The 
method of use is to apply the accelerating and discharge tube voltages, 
with the hydrogen leak closed and no current passing. Gas is then slowly 
admitted until the discharge tube “ strikes ” when the expansion chamber 
mechanism is fired. The gas leak is then closed until everything is 
ready for the next photograph. The expanson chamber and its sub¬ 
sidiary apparatus is essentially the same as was used in the earlier experi¬ 
ments. 

3—The Bombardment of Heavy Hydrogen with Diplons 

The first use of artificially accelerated diplons to produce atomic 
disintegration was made by Lawrence, Lewis and Livingstone* who 
reported that a proton group of 18 cm range was emitted from every 


* ‘ Phys. Rev.,’ vol. 44, p. 55 (1933). 
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element bombarded. Subsequent work by Cockcroft and Walton* 
showed that these results were due to contamination of the targets used 
and the discovery by Oliphant, Harteck and Rutherfordtt that this 
group was emitted in enormous intensity when compounds containing 
heavy hydrogen were bombarded makes it certain that the results of 
the earlier workers should be explained by contamination of their targets 
with the heavy hydrogen used in the bombardment. It was shown further 
by Oliphant, Harteck and Rutherford that this emission of protons—of 
range 14 cm at their lower bombarding energies—was accompanied by 
the emission of a group of singly charged particles of range 1 ■ 6 cm 
and that the numbers of particles in the two groups were equal within 
the limits of measurement. They proposed for the nuclear process 
involved the reaction jH* -f ,H 4 -> jH’ + iH 3 , and showed that if the 
protons of mass 1 are associated with the observed range of 14 cm the 
range of the protons of mass 3 calculated by the application of the 
conservation of momentum would be in approximate agreement with the 
observed range of the shorter particles. 

It follows from the application of momentum considerations to this 
process that these two particles would be emitted in opposite directions 
apart from the momentum of the incident diplon. (This latter correction 
leads, as we shall see later, to an angle between the two particles produced 
in the reaction of 162° for incident diplons of 160 e-kv energy.) To test 
the correctness of these views a photographic investigation was made by 
the author. A small tube of 10 cm diameter was introduced into the 
expansion chamber and connected to the main discharge tube as in the 
experiments previously described.§ A target consisting of a thin layer 
of heavy ammonium sulphate deposited upon thin mica was supported, 
at 30° to the vertical, at the lower end of this tube. On each side of this 
target was a plane supporting grid which carried mica windows through 
which the particles emitted during bombardment passed into the expansion 
chamber. These windows had stopping powers of 11 -4 cm and 6-3 mm 
of air respectively and had to withstand the pressure of the gas in the 
chamber. The supporting grids were constructed so as to have high 
efficiency for passage of particles through them. The chamber was filled 
with an appropriate mixture of helium and air, stopping power varying 
from O'3 to 0-4 in different experiments, so that the range in the gas of 
the 1 • 6 cm group after passage through the thin windows was about 

* • Proc. Roy. Soc.,’ A, vol. 144, p. 704 (1934). 

t ‘ Nature,’ vol. 133, p. 413 (1934). 

t' Proc. Roy. Soc.,’ A, vol. 144, p. 692 (1934). 

§ Dee and Walton, ‘ Proc. Roy. Soc.,’ A, vol. 141, p. 733 (1933). 
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3-4 cm. Under these conditions the majority of the longer proton 
tracks which passed through the thick window also stopped in the 
chamber. 

The tracks were measured by replacing the plates in the cameras and 
reprojecting their images in space. The angle made by each track with 
the normal to the window through which it passed, its length and its 
inclination to the vertical were measured. 

Examination of these photographs showed only very rarely obvious 
pairs of opposite tracks as were so frequently observed in the case of the 
earlier experiments when opposite pairs of 8 -4 cm a-particles originated 
in the disintegration of lithium by protons (Dee and Walton, loc. cit.). 
This, however, is only to be expected on the hypothesis advanced since 
the light masses of the transmutation products in this case leads to the 
angle between the two tracks being about 162° for the bombarding voltage 
used, 160 kv. It is obvious therefore that in order to decide whether 
two tracks originate in the same nuclear process it is necessary to obtain 
photographs with very few tracks per expansion as otherwise, from 
probability considerations, there must be frequent occurrence of pairs 
with this angular separation. 

A further test that any two tracks originate in the same transmutation 
may be made by examining whether they pass through a point. This 
latter consideration is, however, not very selective as the whole area of 
the target was only a few square millimetres, and the accuracy of repro¬ 
jection of a track in space is not sensitive to much less than 0-5 mm. 

It was decided, however, from this run of photographs that pairs of 
tracks passing through a point and with angular separation not less than 
162° occurred about three to four times more frequently than would be 
the case solely as a result of probability.* 

Occasionally pairs are observed in which the angle between the tracks 
is very near to 180°—this no doubt being the result of transmutations 
effected by slower diplons which have lost energy by collision in the 
target. Typical photographs obtained in this run are reproduced in 
figs. 8, 9, 10 and 11, Plates 25, 26. It was felt, however, that the above 
factor of 3-4 was not so high as might reasonably have been anticipated 
from considerations of the geometry of the window system employed. 

An explanation of this fact was thought to lie in possible small deviations 
of the fast protons during their passage through the thick mica window, 
their original direction being incorrectly deduced from the direction of 
the last 2-3 cm of observed track. In order to examine this point further 


* ‘ Nature,’ vol. 133, p. 564 (1934). 
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sets of photographs were taken in which the 11 -4 cm window was replaced 
by one of < 5 cm stopping power. This has the disadvantage that the 
long proton track does not end in the chamber so that the complete data 
of a transmutation cannot be obtained from a single photograph. Experi¬ 
ments under these conditions proved quite definitely that particles of 
about 1 -6 cm range were opposite (angle > 162°) particles of range 

> 8 cm as frequently as the geometry of the windows would permit, and 
from other experiments it is quite certain that these tracks of range 

> 8 cm must in fact be the 14 cm group of the other workers. Examples 
of the photographs obtained under these conditions are given in figs. 
6, 7, Plate 24. The reaction l H 2 + X H S -> 1 H 1 -f X H 3 may, therefore, be 
regarded as definitely confirmed. 

4—The Energy Balance in the Reaction 

Before proceeding to a calculation of this energy balance in the reaction 
we will consider briefly the results to be anticipated from the application 
of the laws of conservation of energy and momentum to the process. 
Certain points of interest emerge which are of importance in accurate 
measurement, particularly in the calculation of the angle between the 
tracks which constitute a pair, and in the corrections for the energy of 
the bombarding particle. 

Let the proton of mass 1 produced in the transmutation have velocity 
v x and make an angle 0 X with the direction of the incident diplon of 
velocity v. Let v 3 , 0 3 be the corresponding quantities for the particle 
of mass 3 which is produced. 

Then it follows from the laws of energy and momentum that 

Vj •--- i {v cos 0 X ± y/V cos 2 0 t + 2 (v* + 3E)}, 

where E = Me 2 , M = mass in gm, which is converted into kinetic 
energy in the process and c — 3 x 10 10 cmfsec. This reduces approxi¬ 
mately to a linear relation between v x and cos 0 X for energies of the 
incident diplon less than 240 e-kv. 

Similarly we have v 3 = i {v cos 0 a ± i/^cos* 0 3 + j (E - v*)} for the 
H 8 particle. Graphs showing the variation of v x with cos 0 X and of v 8 
with cos 0 3 are shown in fig. 2, for three bombarding energies.* 

It will be noticed that increase of the energy of the bombarding particle 
results in a reduction in the range of the H 3 nucleus emitted at right angles 
to the incident beam. It is of interest to note that there are certain 

• In these calculations E has been taken as 4 x 10“ corresponding to an energy 
liberation of 4-1 x 10* electron volts. 
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angles near to 90° where there is very little change of velocity due to 
changes in the bombarding energy. 

The energy of the H 1 particles emitted at right angles to the incident 
beam is (£E -f iW) while the energy of the H 3 particles emitted in the 
same direction is (£E — £W). W = energy of incident diplon. 

From these equations, for bombarding energy of 160 kv, we find that 
the range of the H 1 particles emitted in the direction of the incident 



Fro. 2 

diplons — 20 1 cm, in the reverse direction the range is 11*8 cm, while at 
right angles to the incident beam the range equals 15*5 cm. The ranges 
in the same directions for the H 3 particles are 3-2 cm, 0 • 8 cm and 1 *7 cm. 

It also follows from these calculations that the angle between the 
directions of emission of the two particles does not differ from 163° by 
more than 2° for all values of 6 X from 60° to 120°. For other values of 
0j this angle lies between 163° and 180 s . 
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The photographs taken with the 6 • 3 nun and 11 -4 cm windows showed 
a number of pairs of tracks passing through a point and with angular 
separations between 162° and 1$0°. As under these conditions each 
member of a pair ended in the chamber, measurement of the ranges 
gives for each pair a value for the total energy liberated in the process. 

The mean value for the sum of the energies of the two tracks con¬ 
stituting a pair obtained in this way was 3 ■ 6 ± 0 • 3 million electron volts. 
In obtaining this figure no correction has been made for the loss of energy 



Range in cm 

Fia. 3—H 1 particles.-Tracks observed from 0 t — 60° to 90°; -trades 

observed from 0 X = 72° to 90°. 


which occurs in the passage of the particles through the layer of heavy 
ammonium sulphate used as a target. This layer consisted of a mass of 
small crytals and owing to its non-uniform character no accurate correction 
can be made for this energy loss. Rough measurements suggest, however, 
that the order of this correction would be about + 0*3 million electron 
volts. 

A more accurate value for the energy balance may be obtained from 
the range frequency distributions of the particles, since, by taking the 
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maximum ranges of each group, the effect of the finite target thickness 
may be eliminated. 

The frequency-range distributions of the H 1 and H 8 particles are shown 
in figs. 3 and 4. An attempt has here been made to show the variation 
of the range of the particles with their direction of emission with respect 
to the diplon beam. For H 1 particles this change in maximum range 
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Range in mm 

Fra. 4—H* particles.-Tracks observed from 0, ~ 60° to 90°;-tracks 

observed from 6, — 84° to 90° 

with 0j is in approximate agreement with that calculated in the above 
manner. The observed increase in range of the H 8 particles in the 
downward direction is much less than calculated, but it is believed that 
this is due to these greater ranges being overlooked, owing to the longer 
particles passing downwards out of the illuminated region of the chamber, 
whereas for the H 1 particles which are emitted downwards the effect of 
obliquity in the thick mica window is relatively much greater and partly 
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compensates their increased range so that for these particles there is 
little alteration in their actual range in the gas. 

It follows from these distributions that the range of the H 8 and H l 
particles emitted at right angles to the diplon beam are 16 0 mm and 
15 *7 cm respectively. 

We therefore have |E + iW = energy of a proton of mass 1 and range 
15-7 cm --■= 3-2 x 10 s e-volts. Whence the energy of the H 8 particles 
emitted at right angles (= £E — iW) =10 x 10 8 e-volts corresponding 
to a range of 17 -3 mm. The range velocity curve of Blackett and Lees* 
for slow protons has been used here. The observe range is 16-0 mm, in 
fair agreement with the calculated value considering the rapid variation 
of range with velocity for protons in this neighbourhood. 

The ranges measured in these experiments after reduction to zero 
bombarding energy are for H 1 — 15-3 cm, for H 8 = 17-0 mm, and the 
corrected value for the energy liberated = 4-2 x 10® e-volts, a value 
practically identical with that of Oliphant, Harteck and Rutherford.! 

5—The Emission of Neutrons 

It was suggested by Oliphant, Harteck and Rutherford J that the energy 
of the neutrons which they found to be emitted in the bombardment of 
heavy hydrogen with diplons was in approximate agreement with the 
proposed reaction 1 H !! + jH 2 -» 2 He® -f- 0 and as reported in ‘ Nature ’ 
(Dee, loc. cit.) an investigation of these neutrons using the expansion 
chamber led to a value for their maximum energy of 1 -8 x 10* e-volts. 
The value obtained by Oliphant, Harteck and Rutherfordf from observa¬ 
tions of the maximum size of the kicks produced by these neutrons in a 
linear counting chamber was about 2 x 10® e-volts. The expansion 
chamber investigation was made by replacing the target tube described 
in § 2 by a lead tube in which there was only one mica window a few square 
millimetres in area. A thick layer of heavy ammonium sulphate was 
placed in the bottom of this tube and bombarded with diplons of about 
150 e-kv energy. Observation of the 15 cm protons which emerged 
through the small window enabled one to maintain correct working 
conditions. 

The chamber was filled with 50% helium + 50% air and in a run of 
150 photographs the tracks of 30 nuclei presumably recoiling from 
neutrons were photographed. The length of each recoil track and the 

• ‘ Proc. Roy. Soc.,’ A, vol. 134, p. 658 (1931). 
t ‘ Proc. Roy. Soc.,’ A, vol. 144, p. 692 (1934). 
t ‘ Nature,’ vol. 133, p.-413 (1934). 
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angle which it made with the line joining its origin to the target were 
measured by reprojection. The results are given in fig. 5 where the ranges 
have been reduced to N.T.P. The ranges of the recoil nitrogen nuclei 
are very small even in this diluted gas mixture. 

Now for a neutron of mass « and velocity u incident upon a nucleus of 
mass M the recoil velocity of the heavy nucleus = 2 nu cos 0/(M -f n), 
where 0 = angle of projection of the nucleus relative to the direction oi 
the incident neutron. Using this expression the full lines have been 
drawn to represent the range-angle distributions to be expected of helium 
nuclei (upper curve) and nitrogen nuclei (lower curve) for incident neutrons 
of energy 1-9 x 10" e-volts. The horizontal lines represent the lower limits 



Fio. 5 

of the estimated errors of these observations. While the actual ranges 
for the helium recoil nuclei are probably accurate to 5% the estimation of 
the direction relative to the incident neutron is often difficult to determine 
especially for the shorter tracks. 

‘ The results suggest that the neutrons may be homogeneous and of this 
energy. For the reaction jH a + iH 2 -► 2 He 3 + qM 1 using the value for the 
mass of jHe 3 = 3*0163 ± 0 0004 obtained by Rutherford and Oliphant, 
of the neutron* = 1 0080 ± 0 0005 and of X H 2 - 2 0136 ± 0-0001,t 
we obtain for the total energy liberated in the reaction 0-0029 ± 0-0006 
mass units and hence a value 0-0021 ± 0-0004 mass units = 1 -9 ± 0-4 
x 10* e-volts for the energy of the neutrons. J 

* Chadwick and Goldhaber, ‘ Nature,’ vol. 134, p. 237 (August, 1934). 
t Bainbridge, ‘ Phys. Rev.,’ vol. 44, p. 56 (1933). 

$ Throughout the paper atomic masses are used in the equations—this does not 
lead to error in the calculation of the energy changes for the reactions considered. 
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The observed value for the maximum neutron energy of 1 -9 x 10* 
e-volts after correction for the energy of the bombarding particles (= 500 
e-kv) is 1-8 x 10 1 e-volts (see §4) in excellent agreement with the 
calculated value. (The neutrons observed were those emitted approxi¬ 
mately at right angles to the diplon beam, and the results of the measure¬ 
ments of individual recoil tracks do not seem to justify more than this 
general correction.) 

A recoil nucleus of helium photographed under these conditions is 
shown in fig. 12, Plate 27. 

On one of these photographs a forked track starting in the gas was 
observed, the plane of which passed through the source and hence might 
be attributed to the disintegration of a nitrogen nucleus effected by a 
neutron. 

Assuming the reaction to be 7 N 14 + „n l > a He 4 -f b B 11 (the type 
investigated by Feather) the ranges of the particles were shown to be in 
approximate agreement with this hypothesis and calculation showed 
that an energy of 0-7 x 10’ e-volts was liberated in the process. The 
a-particle track had a reduced range of 11 mm, and made an angle with 
the direction of the incident neutron of 52°. The n B u nucleus was 
emitted nearly at right angles to the neutron direction and hence enters 
only as a small correction in the balance of the forward momentum. 
From the latter balance therefore a good accuracy can be expected in 
the calculated neutron energy and the figure thus obtained was 1-9 x 10* 
e-volts in good agreement with the rest of this work. Substitution of 
the masses in the above reaction leads to an expected energy release of 
2-6 x 10 3 volts so that it must be assumed that the resulting & B U nucleus is 
excited to a level of 1 - 9 x 10* volts. Evidence of such a level has been 
obtained by Cockcroft and Walton from the protons emitted in the 
reaction 

b B 10 + x H a ^ S B U + iH 1 .* 

6—The Short Range Products of the Disintegration of 
Lithium by Protons 

The early work of Cockcroft and Walton* showed that in the bombard¬ 
ment of lithium with protons a group of particles of range < 2 cm was 
produced in addition to the 8'4 cm group of a-particles resulting from the 
reaction 3 LF -f- jH 1 -*• 2 a He 4 . It was shown by Oliphant, Kinsey and 
Rutherfordt that these particles constituted two groups of ranges 11*5 

* Cockcroft and Walton, ‘ Proc. Roy. Soc.,’ A, vol. 144, p. 704 (1934). 
t ‘ Nature,’ vol. 131, p. 23 (1933). 
t ‘ Proc. Roy. Soc.,’ A, vol. 141, p. 722 (1933). 
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and 6-8 mm, and in an expansion chamber investigation by the author* 
evidence was obtained which strongly suggested that these short range 
particles were emitted in opposite pairs. Some evidence of this fact has 
also been obtained by Kirchner.t On showing further that the 11 • 5 mm 
particles were emitted from the 3 Li 8 isotope* Oliphant, Harteck and 
Rutherford have proposed for the reaction the nuclear process 

3 Li 1 + 1 H 1 - 2 He 3 + 2 He 4 , 

the range of the two groups approximately satisfying the application of 
the momentum relations. 

In the expansion chamber investigation of this process a new method 
was employed, since, for particles of range as short as these, the method 
of bombarding a target in vacuo and allowing the products of disintegra¬ 
tion to pass into the expansion chamber through mica windows is un¬ 
satisfactory. The mica windows which may be used cannot be more than 
3-4 mm air equivalent in order to leave a reasonable length of track in 
the chamber and since these mica sheets must support the gas pressure 
in the chamber it is difficult to mount them upon grids which have a high 
efficiency for other than normally incident particles. To overcome this 
difficulty the proton beam has been made to pass through a thin mica 
window into the expansion chamber and there to be incident upon a 
thin inclined lithium target a few millimetres from their place of entry. 
For this purpose the end of a small tube was drilled with about 100 holes 
each 0-3 mm diameter and covered with a piece of mica of 2-5 mm air 
equivalent. 

The target was a layer of lithium oxide deposited on a sheet of aluminium* 
the whole being equivalent to 3-0 mm of air. A typical photograph is 
shown in fig. 13, Plate 27. 

The dense sphere at the end of the tube is due to condensation upon 
the ions produced by the entering protons while a pair of opposite short 
range particles are observed and end in the chamber. 

The disadvantage of this method is the loss of intensity of the beam 
incident upon the target and the short time of registration of tracks in 
the chamber when so much ionization is produced. There is also usually 
present a large amount of general ionization throughout the chamber due 
possibly to the emission of soft radiation near the target. Even under 
these conditions opposite pairs cannot be expected in every case as 

* * Rept. Brit. Ass.,’ (September, 1933), and * Nature,’ vol. 132, p. 818 (1933). 

t ‘ Phys. Z.,’ vol. 34, p. 777 (1933). 

t Oliphant, Shire and Crowther,' Nature,’ vol. 133, p. 377 (1934). 
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occasionally the direction of motion of a particle is such that it passes so 
obliquely through the target that its residual range is insufficient to enable 
it to show beyond the sphere of scattered protons. A great advantage 
lies, however, in the fact that this reduction of range is calculable from 
the target thickness and the absence of a particle opposite to an observed 
particle can often be attributed to this reason. Where the particles have 
to pass through a grid supporting a mica window it is impossible to 
decide whether the absence of a particle opposite an observed one is due 
to its having struck a part of the grid, or to the possibility that the process 
investigated does not give rise to particles ejected in opposite pairs. 
Of 22 tracks photographed under these conditions in a run of 150 
expansions 14 occurred in nearly opposite pairs and of the remaining 8, 
5 were emitted in such directions that corresponding opposite tracks 
would have had equivalent paths in the target greater than the maximum 
range of the observed particles. 

The values for the sum of the ranges of the members of a pair + the 
equivalent path in the target reduced to air at N.T.P. were 21-1, 20-4 
22-2, 22 0, 20-0 (26 -6, 28 • 7). It is impossible to draw any accurate 
conclusion as to the individual ranges owing to the finite thickness of 
the lithium oxide layer. The maximum observed range was 12-0 mm. 
Assuming this to be due to a 2 He 3 particle its velocity = 1-2 x 10' J cm/ 
sec whence the velocity of a 2 He 4 nucleus emitted in the opposite direction 
would be 0-9 x 10’ cm/sec corresponding to a range — 9-5 mm. Thus 
the sum of the ranges of the two particles might be expected to be 21 • 5 mm 
agreeing well with five of the observed values. The total energy liberated 
from these figures — 3-8 x 10* e-volts, or after correction for the energy 
of the incident proton ----- 3 5 x 10 3 e-volts. This figure agrees reason¬ 
ably well with that of Oliphant, Harteck and Rutherford and as they have 
shown* leads to a mass for aHe 3 of 3 0163 ± 0 0004. 

The above explanations seem, however, to be further complicated by 
the observation of Kirchner and Neuertf that the short range products 
of this transformation seem to constitute three groups of ranges 7, 9 
and 12 mm, since they leave the 7 mm group without explanation. Crane 
and LauritsenJ have attempted to explain a third group by assuming a 
possible excitation of a y-ray of 12 x 10* e-volts such a y-ray having 
been shown by them to be present at their higher voltages. But this 
explanation would seem to be invalidated by the work of Oliphant and 

* Blackett and Lees, * Proc. Roy. Soc.,’ A, vol. 134, p. 658 (1931). 

t ‘ Phys. Z.,’ vol. 7, p. 292 (1934). 

t * Rept. Int. Phys. Congress London ’ (October, 1934). 
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Fra. 6—The I • 7 cm group of H 1 nuclei is seen on the left of the target tube. The proton 
tracks which pass through the right-hand window have passed out of the chamber 
and have a range of more than 8 cm 

Fra. 7—A photograph showing an H* particle opposite a track which passes out of the 
chamber on the right and which has a range > 8 cm 
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Flop. 8-11— Examples of the emission in nearly opposite directions of H 1 and H* particles 
arising in the reaction iH* 4 iH*-* *H l 4 ,H a . The 15 cm proton tracks are on 
the left of the target tube and end in the chamber since in these cases an 11 *4 cm mica 
window was used. The short tracks which emerge on the right have passed through 
a mica window of 6*3 mm stopping power. The long tracks on the right passing out 
of the chamber are due to 15 cm protons emitted in this direction 
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Fig. 12 





Fig. 13 

Fio. 12—A nucleus of helium recoiling from a neutron originating in the target. On the 
right a group of 15 cm protons emerge through a small window in the target tube 
Fio. 13—The white sphere around the end of the target tube is due to the proton beam 
entering the gas. An opposite pair of particles emitted from a lithium target near the 
end of this tube corresponds to the reaction t Li* + ,H* -+ ,He 4 + ,He* 
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Westcott (unpublished), who have shown that there is no appreciable 
amount of y-radiation produced in this process at the low bombarding 
energies used in their experiments and in those of Kirchner. 

Throughout this paper the range velocity data for protons and 
a-particles has been taken from a set of curves issued to the laboratory by 
Duncanson and Feather. These curves were contructed from a collection 
and revision of the data at present existing. 

The high voltages used in these researches were obtained from apparatus 
installed at the Cavendish Laboratory by Cockcroft and Walton. 

I wish to express my gratitude to Lord Rutherford for his continued 
interest and encouragement. 1 am indebted to Dr. Oliphant for much 
advice in the design of the new discharge tube. Finally, I wish to thank 
Mr. Birtwhistle for his assistance throughout the whole of the work. 

Summary 

A study has been made of the tracks produced in a cloud-chamber 
when heavy hydrogen is bombarded by artificially accelerated diplons. 
It has been found that the products of the transformation are emitted in 
opposite pairs of ranges 15-3 and 1-7 cm respectively. This is in 
accordance with the reaction 

xH* + jH*-* jW + xH* 

when momentum and energy are conserved. An examination has been 
made of the effect of the speed of the bombarding diplons on the ranges 
of the particles appearing in the transformation. 

An investigation of the neutron emission during the same bombard¬ 
ment from photographs of the tracks of recoiling nuclei gives an energy 
value for the neutrons of 1 - 8 x 10 fl e-volts. The short range products 
of the disintegration of lithium by protons have also been studied with 
the expansion chamber. Strong evidence in favour of the reaction 

a Li« + ,FF- s He* + a He» 

has been obtained since the products are shown to be emitted in opposite 
pairs and the ranges to be in agreement with the energy balance of the 
reaction. 


2 u 2 



638 


On the Radioactivity of Potassium and Rubidium 

By Otto Klemperer, Cavendish Laboratory, Cambridge 

(Communicated by Lord Rutherford, O.M., F.R.S.—Received November 

1, 1934) 


1 - -Introduction 

According to Fermi’s theory of the ^-disintegration* the probability 
of the transition of a nuclear neutron into a proton depends largely on 
the energy difference involved, and therefore the lifetime of a p-emitting 
radioactive element and the upper velocity limit of its p-spectrum are 
connected by certain relations. From the experimental standpoint a 
connection of this nature is known from a paper of Sargentf who, 
plotting the logarithms of the decay constants of the p-emitting radio¬ 
active bodies against the logarithms of maximum p-energies, found that 
they lie approximately on two straight lines. For our purpose we may 
write here for these lines the following equations: 

log X — A + B log V. (1) 

If we measure the decay constant X in sec -1 and the energy V in electron- 
kilovolts, we find for the constants A and B for the two lines: 

Aj =- —14 and A 2 — —24 
Bj — 4-3-7 B 2 — 4~ 5-8. 

The first line with the constants A lt Bj contains the radio-elements RaD, 
RaB, UX, etc. According to Gamow.J in these disintegrations the 
nuclear spin is the same before and after the decay or Ai = 0 in the usual 
notation, and he calls this the “ allowed ” line. The second, the “ for¬ 
bidden,” line contains RaE, RaC, etc., and in these disintegrations the 
nuclear spin is supposed to change by one unit or Ai' — ± 1. 

If we now compare the data for potassium and rubidium we find that 
there is no fit whatever with either of the equations given above. 

In Table I I have collected, from a large number of publications on 

* ‘ Z. Physik,’ vol. 88, p. 161 (1934). 
t ‘ Proc. Roy. Soc.,’ A, vol 139, p. 659 (1933). 
t ‘ Phys. Z.,’ vol. 35, p. 533 (1934). 
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this subject, what seems to be the most reliable information about the 
radioactivity of potassium and rubidium. 

Table 1 



Mass 

Numbers of 



Element 

numbers of 

p-particles 

Decay 

Half period 


the known 

emitted per 

constant 

years 


isotopes 

gm per min 

sec 1 


K 

39,41 

1400 

1-5 x 10 21 

1-5 x 10 13 

Rb 

85, 87 

21000 

5*0 , 10 30 

4*3 x 10" 


Absorption 

Slow p-ray 

Fast 

y-radiation 

Element 

coefficient 

component 

p-radiation 

Av in 


of the p-rays 

upper limit 

upper limit 

e-kilovolt 


in cirr 1 A1 

e-kilovolt 

e-kilovolt 


K 

75, 29 

400 

700 

500, 2000 

Rb 

700, 140 

100 

250 

unknown 


The data for the total number of p-particles are taken from MiihlhofT’s* 
measurements. The values given for the decay-constants and half 
periods are calculated on the assumption that both isotopes emit 
^-particles. If, however, it is assumed that only the heavy isotope of 
potassium (abundance 5%) is radioactive, the half period of potassium 
will be 7*5 X 10 u years.t The two absorption coefficients here given 
for each element correspond to two different groups of velocities. The 
values of the absorption coefficients for the rubidium p-rays are taken 
from the paper of Miihlhoff, while the values for the potassium, not 
measured there, were adopted from an early paper of Campbell and Wood} 
which gives these values as limits of measured absorption coefficients. 
The absorption coefficients of potassium measured by later authors§ 
lie between the limits given above. The upper velocity limit of the slower 
fi-ray component of potassium, given in the next column, has been 
measured by Bocciarelli|| by means of magnetic deflection and absorption 
measurements. The velocity of the slower components of rubidium has 

* * Ann. Physik,’ vol. 7, p. 205 (1930). 

t Hevcsy, * Nature,' vol. 120, p. 838 (1927); Biltz and Ziegert, ‘ Phys. Z.,’ vol. 29, 
p, 197 (1928); Hevesy, Seith and Pahl, ‘Z. phys. Chem.,’ Bodensteinfestbd., p. 309 
(1931). 

} * Proc. Camb. Phil. Soc.,’ vol. 14, p. 15 (1906). 

§Henriot, *C. R. Acad. Sci., Paris,' vol. 148, p. 910 (1909); vol. 150, p. 1750 
(1910); vol. 152, p. 851 (1911); Harkins and Guy, * Proc. Nat. Acad. Amer.,’vol. 11, 
p. 628 (1925). 

|| * R. C. Accad. Line.,’ vol. 15, p. 686 (1932) and vol. 17, p. 830 (1933). 
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been calculated here from the absorption coefficient given in the preceding 
column, using the following relation which is taken from a paper of 
Chalmers* * * § 

R x (x = 7-5, . (2) 

where (x is the absorption coefficient given here for the inhomogeneous, 
continuous (3-radiation in aluminium and R the range of the upper 
velocity limit of this (3-spectrum in the same metal. From R the corre¬ 
sponding electron energy in kilovolts, as given in Table I, is easily calcu¬ 
lated by means of well-known empirical formula:.! The upper velocity 
limit given in Table 1 for K and Rb is also calculated from formula (2). 
The value for the upper limit of the potassium {3-ray spectrum is confirmed 
by the results of Anderson and Neddermeyer,J based on expansion 
chamber photographs in a magnetic field, while Boceiarelli (loc. cit.) 
gives a somewhat higher upper limit of 900 e-kv. As proved both by 
electric and by magnetic deflection experiments§ all particles emitted by 
potassium and rubidium are negative electrons. In addition to the 
(3-particles potassium emits also a hard y-radiation.|| Gray and TarrantH 
concluded, from measurements of the absorption coefficient, that these 
y-rays had a quantum energy of 2-0 million volts; they found that only 
3 y-quanta are emitted for every 100 disintegrating potassium atoms. 
No y-radiation has yet been detected in the case of rubidium. 


2—The Present Difficulties 

As has already been mentioned, the data on the (3-emission of potassium 
do not fit either of the relations given in (1) between the decay constant 
and the maximum energy of the (3-rays. Thus we find, using the experi¬ 
mental value for the upper limit of the (3-spectrum, a half period T x = 36 
minutes for the “ allowed ” line or T* = 25 days for the “ forbidden ” 
line; or, using the decay constant X = 10 -20 (sec) -1 we obtain 25 e-volt 
and 4-9 e-kilovolt corresponding to the “allowed” and “forbidden” 
lines respectively. One is tempted to avoid this difficulty by supposing 

* ‘ Proc. Camb. Phil. Soc.,’ vol. 28, p. 319 (1932). 

t See for instance, Klemperer, “ Einftihrung in die Elektronik,” Springer, p. 275 
(1933). 

t ‘ Phys. Rev.,’ vol. 45, p. 653 (1934). 

§ Campbell, • Proc. Camb. Phil. Soc.,’ vol. 14, p. 211 (1907) (K); Anderson and 
Neddermeyer, loc. cit. (K); Bergwitz, ‘ Phys. Z.,’ vol. 14, p. 655 (1913) (Rb). 

(I Kolhorster, * Naturwiss.,’ vol. 16, p. 28 (1928); Milhlhoff (loc. cit.). 

1 * Proc. Roy. Soc.,’ A, vol. 143, p. 695 (1934). 
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that the disintegration of potassium does not take place according to the 
usually accepted scheme, viz.: 

i.K«- 20 Ca«+ ? (3) 

but occurs in a more complicated way. 

Another reason for rejecting the decay scheme (3) is due to Aston* 
who emphasizes, as a result of his mass spectrographic investigations, 
that Ca 41 does not exist in any appreciable quantity, not even in the 
calcium samples separated from very old potassium minerals. 

Gamowf has therefore suggested three alternative schemes which 
might help to resolve the difficulty: 

(1) The (3-activity of potassium and rubidium may take place as a 

simultaneous emission of two (3-rays from every decaying atom, a 
process which has a very small probability and which would 
therefore, easily explain their extremely long period of life. 

(2) The two alkali metals may at first disintegrate by an a-decay into 

the corresponding halogen atoms Cl and Br, the a-rays having 
in order to explain the extremely long life time, a very short range. 
The halogen atoms then disintegrate rapidly to argon and krypton 
atoms respectively, emitting the fast (3-rays which are observed. 

(3) The K and Rb atoms may disintegrate into calcium and strontium 
atoms by the emission of very slow (3-particles, a process which 
would involve a long period of decay. These Ca and Sr atoms 
then decay rapidly into scandium and ytterbium respectively, 
emitting the fast (3-particles which are observed. 

These three possibilities have been carefully tested in the experiments 
which will now be described. The results show that none of these 
schemes appears to be true, and I shall suggest another way of avoiding 
the difficulty which is in better accord with the facts. 

3 —Coincidence Experiments 

In order to detect the hypothetical simultaneous emission of {3-ray 
pairs, coincidence measurements have been made. The experimental 
arrangement for the observation of coincidences has been described 
elsewhere.]: 

* * Nature,’ vol. 133, p. 869 (1934). 

t hoc. cit., and ‘ Nature,’ vol. 133, p. 746 (1934). 

J Klemperer, ‘ Proc. Camb. Phil. Soc.,’ vol. 30, p. 348 (1934). 
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A sheet of thin filter paper was thoroughly soaked in a saturated 
solution of the chloride of potassium (or rubidium) and the (3-rays emitted 
from the sheet were counted by means of two Geiger-Mfiller counters, 
each closed by a flat cellophane window of 2 cm air equivalent. Measure¬ 
ments have been made in the two positions shown in fig. 1. In the first 
the windows of the tube counters and T a were facing each other and 
the active sheet S put between them (fig. 1 a ); in the second position the 
plane of the windows included an angle of about 120° and the active 
sheet was lying in front of them, so that the P-rays counted in the two 
tubes emerged from the same surface of the sheet with a relatively small 
angular separation (fig. 1 b). In neither case were any coincidences 
observed, showing that two (3-rays cannot be emitted simultaneously or 

within an interval of less than 2 x 10 -4 secs, 
the time of resolution of the counter system. 

4—Search for an «-Decay 

Experiments previously made on the 
a-particle emission of K and Rb could only 
detect particles of considerable range, and 
such particles were not observed. Hoffmann* 
measured very carefully the (3- and the 
a-emission of KC1 and RbCl using an ioniza¬ 
tion chamber and his very sensitive duant 
electrometer. Hoffmann observed some big 
deflections which he ascribed entirely to radio¬ 
active impurities. But according to Gamow 
(loc. cit.) the a-ranges due to potassium 
and rubidium would be extremely small, only 
3 and 6 mm respectively, and Hoffmann's 
apparatus was therefore not sensitive enough to detect these relatively 
small numbers of ions.t OrbanJ used the expansion chamber to look 
for the emission of a-particles from potassium, but as the chamber was 
filled with air at atmospheric pressure, the detection of very short 
range particles would be difficult. 

If the first stage in the disintegration of potassium is the emission of an 

* ‘ Z. Physik,’ vol, 25, p. 187 (1924). 

t The author is very much obliged to Professor Hoffmann for communicating to 
him in a letter (July, 1934) that in his experiment the electrometer sensitivity was about 

8500 ion pairs per mm deflection, so that the short a-tracks would probably have 
been overlooked. 

t ‘ S. B. Acad. Wiss. Wien,’ vol. 140, p. 121 (1931). 
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«-particle, the subsequent product will be an isotope of chlorine. First, 
therefore, I tried to separate this chlorine isotope by a chemical separation. 
Half a kilogram of potassium nitrate was dissolved in warm water and 
some drops of weak potassium chloride solution were added. Then 
the chlorine ions were precipitated as silver chloride, the precipitate 
quickly collected by means of a suction filter and slightly dried. The 
precipitate, when put opposite the thin window of a Geiger-Muller 
counter, gave no detectable increase in the number of kicks. These 
chemical separations showed clearly that, if a chlorine isotope was 
produced, it could not have a life of more than a few minutes. On the 
other hand, a product of very short life would have escaped detection. 



Fig. 2—Ionization chamber for detecting an a-emission from potassium 


A more direct way was therefore used, in which it was attempted to 
detect the emission of a-particles from potassium. Details are shown in 
fig. 2. A lump of X pure metallic potassium was distilled into an ionization 
chamber, consisting of a copper-cylinder CC contained in a pyrex glass 
tube TT with a well insulated copper rod R as central electrode. The total 
surface covered with potassium was about 150 sq cm. The potassium layer 
had an average thickness greater than 1 /100 mm. After distillation, hydro¬ 
gen was admitted to the tube to a pressure of about 70 cm. The a-partide 
emission in the chamber was examined by connecting the central electrode 
to a valve amplifier and oscillograph.*! The deflections of the oscillo¬ 
graph were recorded photographically. At the most sensitive adjust- 

* Wynn-Wlllianu and Ward, * Proc. Roy. Soc.,’ A, vol. 131, p. 391 (1931). 
t The author's thanks are due to Mr. H. Nutt for his assistance in carrying out the 
measurements with die amplifier. 
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ment of the oscillograph a deflection of 1 mm corresponded to the pro¬ 
duction of about 600 ion pairs. Runs were made using different sensi¬ 
tivities of the oscillograph in order to get a complete survey of all the 
a-ray tracks of different lengths in the chamber. The following results 
were obtained:— 

a-tracks between 1 and 2 mm range in standard air — 1 -4 a per sq cm 
per hour. 

a-tracks between 2 and 3 mm range in standard air = l -2 a per sq cm 
per hour. 

All ranges greater than 3 mm in standard air = 2*4 a per sq cm per 
hour. 

If a-particles are emitted by potassium they would have an energy 
of 3 x 10 5 electronvolts calculated by Gamow’s formula from the decay 
constant,* corresponding to a range in standard air of 3 mm and an ion 
production of about 10 4 ion pairs. Assuming that one a-particle is 
emitted per every |3-particle, a short calculationt gives the number of 
a-particles escaping from the potassium surface with an air range between 
the maximum (3 mm) down to a given amount. If 

N 0 number of a-particles per gram per hour — 8-4 x 10 4 (see 
Table I); 

m mass of potassium per unit area equivalent in stopping power to 
1 mm of standard air = 0-14 mg/sq cm; 

/ = range in mm of standard air of the a-particle inside the potassium; 

then the number, N, of a-particles which emerge from a thick layer of 
potassium with an air range between (3 — /) and 3 mm is: 

N - . (4) 

The number of particles emitted with ranges between 2 and 3 mm or 
with ranges between 1 and 2 mm, will be 2-7 per sq cm of surface per 
hour. This is already much greater than the number observed in the 
experiments, which must certainly be due largely to radioactive con¬ 
tamination, as is shown by the number of long range tracks. Thus any 
a-emission from potassium cannot correspond to the number of dis- 

* ‘ Z. Physik,’ vol. 52, p. 726 (1928). Detailed data see, for instance, Mott, ‘ Geiger- 
Scheel Handb. d. Phys.,’ vol. 24, p. 807 (1933). 

t The author is indebted to Mr. M. Goldhaber for this calculation. 
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integrations, and we may conclude that this type of disintegration does 
not occur. 

When these experiments were finished there appeared a note by Hevesy, 
Pahl and Hosemann* describing experiments which were made to find 
an a-emission from K and Rb. Very careful measurements were 
made with the Geiger-Klemperer ball counter, and 1400 cloud-chamber 
exposures under reduced pressure were obtained. No a-emission was 
found. As Hevesy’s measurements refer chiefly to rubidium, they 
supplement in a very satisfactory manner the results obtained here on 
potassium. 

5— Search for Two Successive (3-Decays 

The existence of two groups of (3-ray velocities mentioned in para¬ 
graph 1 suggests perhaps the possibility of two subsequent (3-decays. I 
therefore tried to investigate whether the following process could occur: 

i»K«- (3 + 20 Ca 41 - P + *Sc“ (5) 

To half a kilogram potassium carbonate dissolved in water some traces 
of calcium chloride were added and the precipitate was filtered and 
dried within a few minutes. No activity was detectable with the tube 
counter from this precipitate. Hevesy (loc. cit.) tested within 30 seconds— 
also with negative result—the calcium oxalate precipitate from a potas¬ 
sium chloride solution. 

We conclude that the process of two subsequent (3-decays cannot take 
place so as to give a radioactive calcium isotope with an appreciable 
lifetime. 

Moreover, the process (5) would seem to be very improbable for the 
reason that a scandium isotope with mass 41 and charge 21 would con¬ 
tradict the empirical rule according to which the number of neutrons 
is always greater or equal to the number of protons inside the nucleus. 
On the other hand, a process like (5) starting with ^K 40 would be 
improbable since aoCa 40 is stable. 

6—Conclusion 

From the results of the preceding paragraph we are led to conclude 
that the most probable schemes of decay are: 

W K*°- (3 + joCa 40 

S7 Rb 6 * -*■ (3 + agSr® 6 . (6) 


♦ ‘ Nature,’ vol. 134, p. 377 (1934). 
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It must be admitted that the isotopes K 40 and Rb 88 are not known. 
However, the mass spectroscope measurements which have been made so 
far would have failed to detect an amount of less than a few parts per 
thousand of the element.* On the other hand if Ca 41 were the decay 
product of a radioactive K 41 , its concentration in geologically old potas¬ 
sium minerals should be large enough to make its detection fairly simple. 
This argument, combined with the experiments described above, is 
sufficient to show that K 41 is not the radioactive isotope. Further, if we 
combine Baxter’sf result for the atomic weight of potassium, 39-096, 
with Hevesy’s ( loc. cit.) comparison of the activity of ordinary potassium 
and his heavy potassium distillate, we are led to the conclusion that the 
activity of the potassium is due to the K 10 isotope. 

The presence of two (3-ray velocity groups, which has been mentioned 
previously, is not in contradiction with the simple scheme (6) for it may 
be that one or other of these groups is connected with the y-r&y emission, 
although this has not yet been investigated in detail. 

In view of the relatively small concentration of K 40 and Rb 88 isotopes 
in the ordinary potassium and rubidium the real half-periods must be 
considerably smaller than those given in Table I. From the data of 
Table I and from the above mentioned limit of mass spectrographic accuracy 
an upper limit for the half-period of potassium T < 10 10 years may be 
obtained, A lower limit of the half-period is given from the age of the 
earth’s crust which may be some 10 8 years old.J An appreciable amount 
of K 40 must have remained over after the decay during these very long 
times. So we may take as a lower limit a value of T about 10 8 years. 
On the other band, according to the above mentioned Fermi theory, 
the lifetime of a (3-emitting radioactive element depends on the initial 
and the final state of the nucleus. There may be many inner character¬ 
istics of these states but in the present lack of exact knowledge we shall 
attribute it entirely to the change of the nuclear spin before and after the 
decay .§ The half-period T would be expected to be increased by a factor 
of about 100* * § ' if the spin changes by A/. We calculated in paragraph 2 
from the known upper limit of the (3-spectrum a half-period T — 25 
days for A i — 1. Therefore, if A/ lies between 4 and 5 we should already 

* Bainbridge, ‘J. Franklin Inst.,’ vol. 212, p. 338 (1931) concluded from his 
measurements that there is less than 1/300 of K 40 relative to the amount of K**. 

t Baxter and MacNevin, * J. Amer. Chem. Soc.,’ vol. 55, p. 3185 (1933); Baxter 
and Alter, ‘ J. Amer. Chem. Soc.,’ vol. 55, p. 3270 (1933). 

t C/. Hahn in 4 Geiger-Scheel Handb. d. Phys.,’ vol. 22, p. 289 (1926). 

§ The author is very much indebted to Dr. H. Bethe and Mr. M. Goldhaber for 

discussions on this point. 
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trespass the lower limit of T given above. Now the nuclear spin of 
20 Ca 40 is surely i — 0, as nuclei with even mass number and even protonic 
number are known to have no nuclear spin. Then for our hypothesis 
it would be necessary to assume, that ^K 40 has / — 4 or 5. Such a large 
nuclear spin seems to be not unlikely if we consider that elements with 
odd proton numbers in the region here considered have relatively large 
nuclear spins: for example* 

2iSc 4) . i — 7/2. 

Furthermore, we can expect a large spin from the following theoretical 
reasons: In 1B K 40 we may have 9 a-particles whose closed shells do not 
contribute to the spin, 3 neutrons and 1 proton. Now, as Goldhaberf 
has pointed out, “ free ” neutrons and protons would have parallel spins. 
As three neutrons cannot be in the same shell ^K 40 would be expected 
to have one neutron and the proton in one state with parallel spins, and 
the other two neutrons with spins parallel to the previous particles, and 
therefore—because of the Pauli principle—in higher states, most probably 
with orbital angular momenta different from zero. This may lead to a 
total nuclear spin of l9 K 40 ... i ;> 4. The existence of a radioactive 
i„K 4(> isotope with a large nuclear spin seems to be not unlikely, and the 
suggestion of its existence gives as yet the only possibility for under¬ 
standing the potassium problem. 

The writer has much pleasure in expressing his thanks to Dr. Chadwick 
for his kind interest in this work. He also desires to record his gratitude 
to the British Academic Assistance Council and to the American Rocke¬ 
feller Foundation for a grant. 

Summary 

The long life of potassum (or rubidium) and the high velocity of the 
emitted {3-rays conflict with Sargent’s rules concerning the (3-emission 
and with Fermi’s theory. 

Three hypotheses (^-coincidences, a-(3-decay, (3-(3-decay) suggested by 
Gaxnow in order to explain the above mentioned contradiction have been 
tested experimentally. It has been found that no one of the processes 
suggested exists. 

* Schuler and Schmidt * Naturwiss.,’ vol. 22, p. 759 (1934); Kopfermann and 
Rasmussen ‘Z. Phys.,’ vol. 92, p. 82 (1934). 

t ‘ Proc. Camb. Phil. Soc.,’ vol. 30, p. 561 (1934). 
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Arguments are given to show that probably the relatively rare isotopes 
K 40 and Rb s ® exist and are responsible for the radioactivity of potassium 
and rubidium. 

The existence of a nuclear spin 4 or 5 of the K 40 isotope would clear 
up the above-mentioned contradiction between lifetime and ^-velocity. 
The discussion shows that such a high nuclear spin for K 40 is quite 
reasonable. 


On some Electron Properties of Tellurium and 
Wilson’s Mechanism of Semi-Conductivity 

By C. Hawley Cartwright* and M. Haberfeld-Schwarz 
(Communicated by R. H. Fowler, F.R.S.—Received October 5, 1934) 

Introduction 

In a previous investigationf it was found that the unusually high 
value for the Wiedemann-Franz ratio of tellurium could be explained as 
being only a formal anomally. The amount of heat transferred by the 
bound atoms is the same in tellurium as in conducting metals ; but, in 
tellurium, in contrast to good conductors, it is responsible for almost the 
entire heat conductivity because the heat transferred by the free electrons 
is especially small. This indicates that tellurium differs from true metals 
in that the density of free electrons is very small. Classical statistics 
is therefore applicable and the electrical conductivity is given by 

x = 4/3 eH n ( 2 nmkT)-i, (1) 

where n is the density of free (conduction) electrons and / is their mean 
free path. Taking the specific resistance of tellurium at room temperature 
as 0 3 ohm-cm and 1 as 5-2 x 10”“ cm (Sommerfeld’sJ value for silver, 
found by applying Fermi-Dirac statistics), n is 2-9 x 10 1 *, or about one 
free electron per million tellurium atoms in contrast to good conductors 
in which there is approximately one free electron per atom. Even in 
the limiting case with 1=3-2 x l0~ 3 cm (the distance between the 

* Research Fellow, C.R.B. Educational Foundation, Inc. 
t C. H. Cartwright, ‘ Ann. Physik/ vol. 18, p. 636 (1933). 
t ‘ Z. Physik/ vol. 47, p. 1 (1928). 
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tellurium atoms), n is 4-7 x lO 1 * which is about one free electron for 
every 6000 tellurium atoms. This suggests that the anomalous electron 
properties are probably due to changes in this small electron density, 
since it seems reasonable to assume that the mean free path of the electrons 
in tellurium is of the same order of magnitude as in ordinary metals and 
is not changed by more than a factor of two by the crystal orientation, 
size of the crystal or by slight impurities. Considering that in tellurium 
the electrons are so tightly bound that there is only one free electron per 
million atoms, one sees that an absolute increase of 10 free electrons per 
million atoms (due to impurities, for example) corresponds to a relative 
increase of 10-fold for the number of free electrons in tellurium and only 
to a relative increase of O'001% in good conductors. This permits us 
to expect certain changes of small absolute magnitude to appear in 
tellurium, when similar changes, occurring in ordinary metals would be 
completely masked by the greater electron density. 

In the previous investigation, it was also observed that two specimens 
of tellurium, which spectroscopic analysis showed to be identical except 
for impurities of possibly 0-01%, differed by eight times in their electrical 
conductivities. Further, the electrical conductivity was practically the 
same for single and poly-crystals and for any heat treatment. The 
difference therefore appeared to be due to impurities of about 0 01%, 
and the preliminary results of our present investigation* show that this is 
indeed possible because of the high sensitiveness to traces of antimony 
or bismuth. This result indicated that the lack of agreement among 
various investigators concerning electron properties of tellurium might 
be due to the presence of slight impurities rather than to two or more 
allotropic modifications. Allotropism was immediately suggested because 
tellurium belongs to the sulphur group in the periodic table, but it was 
not confirmed by X-ray analysis or by investigations in which the purity 
has been controlled. We have therefore studied the influence of small 
impurities of the common metals on the electrical conductivity and thermo¬ 
electric power of the purest tellurium we could obtain. Impurities of 
all metals increased the conductivity of our tellurium which was to be 
expected from A. H. Wilson’s theory of semi-conductivity, and we shall 
attempt to show the extent to which our experimental results confirm 
this theory. 

Experimental Method 

We used the tellurium, from Kahlbaum, which was vacuum distilled 
and tested spectroscopically so that its purity could be estimated to be 

* Cartwright and Haberfeld, * Nature,’ vol. 134, p. 287 (1934). 
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about 99'99%. Additional information concerning its purity is to be 
obtained from the data that follow, showing the influence on the electrical 
conductivity and thermoelectric power due to the addition of small but 
known quantities of the common metals. 

The pure tellurium and the metal to be mixed with it were put in an 
enlarged part of a thick pyrex capillary tube and connected to a high 
vacuum pump. The tellurium was melted and made to flow into the 
capillary several times to ensure a uniform mixture. It was then cooled 
slowly in such a way that the tellurium started solidifying in the end of 
the capillary ; the liquid tellurium from above exerted a pressure which 
prevented the occurrence of cracks arising from the large contraction of 
the tellurium when it changes from the liquid to solid state. Most of the 
tellurium rods so prepared were single crystals (with the main cleavage 
plane 45° to the axis of the rod) and could be pushed out of the glass 
capillary for investigation. 

The specific electrical resistance was measured with a Wheatstone 
bridge. For electrodes, copper wires were melted into the two ends of 
each rod of tellurium. The rods had a diameter of 1 - 5 to 2 mm, and 
were 20 to 60 mm long. The thermoelectric power was measured at 
room temperature by the method described by Haken.* 

Tellurium apparently does not attack tungsten and some specimens of 
pure tellurium, and tellurium with antimony were prepared in a pyrex 
capillary, 2 mm inside diameter and 60 mm long, which had tungsten wires 
sealed in for electrodes. The results obtained by this method are indicated 
in Table I and curves by “ W,” and represent the average of several 
measurements; all other specimens were removed from the glass and 
had copper electrodes. 


Results 

(1) We found that the electrical conductivity of tellurium increases 
with the addition of small quantities of foreign metals, and 

(2) The increase in conductivity is not proportional to the specific 

conductivity of the metal added. ( 

(3) The copper electrodes melted into the end of the specimens did not 
influence the conductivity because the specific resistance was independent 
of the length of the specimen and was about the same when tungsten 
electrodes were used. 

(4) Pure tellurium had a negative temperature-resistance coefficient 
which became less negative with the addition of copper and became 

* ‘ Ann. Physik,’ vol. 32, p. 291 (1910). 
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Table I—The Thermoelectric Power is Measured against Cu at 
Room Temperature, and at the Cold Junction the Current 
Flows from Te to Cu 


No 

% impurity 

P (iV/°C 

p ohm-cm 

x ohm 3 cm 

2 

— 

— 

0*37 

2*70 

3 


33*0 

0*43 

2*33 

21 

— 

69*7 

0*41 

2*44 

W 

. — 

— 

0*375 

2*67 

13 

' 0 05 Cu 

46*4 

0*140 

7*14 

6 

010 

— 

0*123 

8*14 

14 

015 

25*4 

0*095 

10*5 

8 

0-20 

20*8 

0*060 

16 7 

24 

0 30 

6*1 

0*058 

17*2 

9 

0-35 

11*3 

0*052 

19*2 

4 

0-50 

— 

0*040 

25*0 

5 

0 50 

— 

0*033 

30*3 

23 

0-60 

10 8 

0 033 

30-3 

10 

0-75 

16 l 

0 025 

40*0 

17 

0-90 

8*2 

0*017 

58*8 

11 

1*09 

— 

0*017 

58*8 

15 

1 10 

5*8 

0-014 

71*4 

20 

1*20 

3*9 

0*018 

55*6 

16 

1 50 

7*1 

0*010 

100 

W 

0105 Sb 

— 

0*00344 

291 

W 

0*21 

— 

0*00224 

447 

w 

0*68 

— 

0 00195 

512 

42 

0*113 

152*5 

0*00917 

109 

37 

0*259 

159*4 

0*00360 

278 

29 

0*561 

119*0 

0*00292 

343 

41 

0*890 

139 

0-00230 

435 

25 

0*435 Bi 

191 

0 00292 

343 

36 

0*585 Sn 

239 

0*0775 

12*9 

31 

0*994 Sn 

195 

0 1082 

9*3 

40 

0*487 Zn 

266 

0*204 

4*9 

32 

0 *899 Zn 

296 

o 

N» 

QC 

3*5 

18 

0*488 Se 

94 

0*0827 

12*1 

26 

0*972 Au 

51 

0*0465 

21*5 

27 

0 *985 Si 

43 

0*357 

2-8 

28 

0*77 Cr 

359 

0*161 

6*2 

30 

0*755 A1 

312 

0*099 

10*1 

33 

0 809 Ag 

426 

0*0278 

36*0 

34 

0*609 Pb 

462 

0*133 

7*5 

35 

0*906 Cd 

380 

0*257 

3*9 

38 

0*312 Be 

49 

0*606 

1*7 

39 

0*77 Fe 

312 

0*0116 

86*3 
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positive, as for metal conductors, with the addition of more than 0-3% 
antimony. 

(5) The thermoelectric current flowed from tellurium to copper at the 
cold junction and generally increased with the addition of a foreign 
metal.* 

(6) Usually the electrical resistance of our specimens increased after 
having been warmed and cooled, or even after having remained for some 
time at room temperature. 

(7) This increase in resistance with time or moderate heat treatment 
appeared to be due to the occurrence of small cracks, because the original 
resistance could be reattained by instantaneously passing a large current 
through the specimen or by mechanically pressing it together with a 
pressure of about 400 kg/cm 2 . 

(8) The electrical conductivity of a film of evaporated pure tellurium 
was increased by illumination from a quartz mercury lamp while the 
same total luminosity from a tungsten lamp did not change the con¬ 
ductivity. 

Discussion of Results 

Results 1 and 2 are shown in the curves in fig. 1 which are plotted from 
the data in Table I. An increase in conductivity was predicted by 
Wilsonf and it may be well to review three possible cases of semi¬ 
conductivity according to Wilson’s mechanism as presented by R. H. 
Fowler 4 

In fig. 2 are represented two bands of allowed energy levels of tellurium 
with a band of allowed energy levels of a foreign atom lying between the 
tellurium bands. For pure tellurium, the lower energy band is probably 
almost completely filled by the two s and four p electrons, and the upper 
band is almost entirely empty (probably less than one electron per million 
atoms). 

According to Fowler (A) if there are no foreign atoms present, the 
free (conduction) electrons are due to thermal energy raising electrons 
from the lower occupied band 1 to the upper unoccupied band 2; (B) if 
foreign atoms are present having a completely filled band of allowed 
energy levels between the tellurium bands, as in fig. 2, electrons from 

* The values for the thermoelectric power given in Table I are only to be regarded 
as average values. The crystal orientation must play a role for one specimen of pure 
Te had a thermo-electric power varying from 4-50 to —45 (xV/ e C along a length of 
60 cm, but this specimen was an exception. 

t ‘ Proc. Roy. Soc.,’ A, vol. 133, p. 458 (1932); vol. 134, p. 277 (1932). 

t ‘ Proc. Roy. Soc.,’ A, vol. 140, p. 505.(1933). 
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the foreign atoms can go to the higher tellurium band 2. That is, the 
foreign atoms can furnish negative free electrons to tellurium; and 
(C) if the energy band of the foreign atom is not completely filled, electrons 
from the lower tellurium band can enter the foreign atom band. These 
electrons are absorbed by the foreign atoms and the remaining “ holes ” 
in the lower tellurium band are free to move and can be regarded as 
positive electrons. 



Fig. 3—Conductivity of Te with addition of Sb 

A represents the condition of electrical conductivity in perfectly pure 
tellurium; B and C are models which explain the increase in conductivity 
by the addition of the foreign atoms as stated in result 1. 

Result 2 finds an explanation in cases B or C for the increase in the 
number of conduction electrons depends essentially on the structure of 
the foreign atom band and its relative position with respect to the two 
tellurium bands. 

If foreign atoms mixed with tellurium are furnishing free electrons, 
then it is to be expected that the electrodes on the two ends of the sped- 
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mens would also furnish free electrons. With copper electrodes the 
concentration of copper atoms decreases gradually from copper to 
tellurium so that the electrodes would be expected to have an excellent 
opportunity to provide free electrons to the tellurium. The conditions 
at the electrodes are therefore not to be compared with the sharp boundary 
conditions under which the photo-conductivity of rock salt is investigated. 
Result 3 can be explained by assuming that the electrodes do furnish free 



electrons, but their mean free path is less than a millimetre as in all metals 
above the temperature of superconductivity. 

In B or C, the number of free electrons should increase with the square 
root of the quantity of foreign atoms added (this will be discussed further 
on). Neglecting the scattering due to the foreign atoms, this should 
cause the electrical conductivity to increase proportionally to the square 
root of the quantity of foreign atoms added. As is seen in figs. 3 and 4, 
which are plotted from data in Table I, our experimental data do not 
permit us to decide the law of increase in conductivity. 
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Generally in metallic compounds when the concentration of one 
metal is decreased to less than about 3%, the metals regain their individuali¬ 
ties and form a metallic solution. Whether this is so for small con¬ 
centrations of metals in tellurium we did not investigate, but, with the 
exception of zinc and aluminium, the crystal structure did not appear to be 
altered by the addition of less than 1% of foreign metals. For an increase 
of conductivity according to Wilson’s theory, it is immaterial whether 
the foreign atoms remain in chemical combination with the tellurium 
atoms or whether they go into solution, but the dependence on the increase 
in conductivity with the qualtity of foreign atoms could be changed. 
This might explain the lack of better agreement of the data of figs. 3 
and 4 with Wilson's theory, as well as the occasional dependence on 
heat treatment sometimes observed. 

The negative temperature-resistance coefficient in result 4 is evidently 
due to the thermal energy producing more free electrons, according to 
A, B, or C. The fact that it becomes less negative with the addition of 
foreign atoms must be due to scattering of electron waves by foreign 
atoms and will be discussed later. 

The direction of the thermoelectric current permits us to decide whether 
the foreign atoms are acting according to B or C. Result 5 shows that, 
except possibly for copper, foreign atoms of metals act according to C. 
It is rather to be expected that metal atoms would act according to C 
rather than B because their conductivity is due to their energy bands not 
being completely filled. 

When tellurium goes from the liquid to the solid state it contracts about 
5% which makes it technically difficult to avoid the occurrence of cracks 
in preparing specimens. Specimens which revealed no cracks by micro¬ 
scopic investigation often increased in electrical resistance with time or 
after heat treatment, as Exner* has observed. This result 6 is shown 
graphically in fig. 5. The mechanical strength of this specimen of pure 
tellurium seemed to be the same after the electrical resistance had increased. 
This was also true for another specimen that increased its electrical 
resistance a hundred times. However, since, as in result 7, the original 
conductivity could be regained by moderate pressure or by the sudden 
passage of a heavy current, it seems that the increase in resistance was 
due to the occurrence of cracks. For specimens that increased in 
resistance, Ohm’s law was only valid for small currents. The current 
necessary to restore the conductivity only warmed the specimen a few 
degrees, but we might assume that heat was locally developed at the 
points of high resistance which melted the cracks together. 

* ‘ Ann. phys. Chim.,* vol. 158, p. 625 (1876). 
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We could not decide whether the cracks were irregular (according to 
Smekal) or if they formed a regular secondary crystalline structure 
(according to Zwicky). Although we consider it improbable, foreign 
atoms, if they do not furnish free electrons to tellurium, could increase 
the electrical conductivity in result 1 as stated below. 

(1) The foreign atoms lie on the surface of Zwicky-blocks and (a) 
form a better electrical connection between the blocks, which themselves 
are good conductors, or ( b ) they make the surface of the blocks better 
conducting. Our result 2 and the high thermoelectric powers rather 
deny such mechanisms as being the principal cause of the increase in 
conductivity. 



Fig. 5—Dependence of resistance on temperature of pure tellurium 

(2) The foreign atoms influence tellurium mechanically (as several 
elements influence iron) so that cracks (which would be responsible for 
the high resistance) do not occur so easily. Against this hypothesis is 
the observation that specimens containing foreign atoms increased in 
resistance with time or heat treatment about the same as pure tellurium. 

If foreign atoms can furnish free electrons to tellurium by Wilson’s 
mechanism, it seemed probable that ultra-violet light should raise electrons 
from the lower energy band, fig. 2, to the upper conducting levels. That 
this is so and that the additional free electrons are not simply due to a 
warming of the surface or to a thermoelectric current (which has some¬ 
times been mistaken for photo-conductivity in tellurium) is shown in 
our result 8. The same experiment was performed using a film of evapor¬ 
ated silver, but no increase in conductivity was observed. However, 
owing to the small original conductivity of the tellurium film, it was 
very much easier to detect a certain increase in its conductivity; that is. 
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from our experiment the light could have produced as many free electrons 
in silver. 


General Discussion 

On the Anomalous Properties of Tellurium and Allotropism —The large 
increase in the conductivity of tellurium by the addition of foreign atoms 
explains the lack of agreement among investigators as to the specific 
resistance of tellurium. This is clear in fig. 3 which shows that the entire 
conductivity of so-called pure tellurium can be accounted for by the 
presence of less than 0 01% of antimony impurities. From these data, 
too, we can draw the conclusion that the tellurium used in our investiga¬ 
tion certainly contained less than 0 01% of antimony or bismuth, less 
than 0 03% copper, etc. The influence of foreign atoms on the thermo¬ 
electric power also furnishes additional information concerning the 
purity of tellurium for, as shown in Table I, a fraction of a per cent, of 
most metals considerably increases the thermoelectric power. The 
values for the thermoelectric power of our pure tellurium are of a 
smaller order of magnitude than had previously been reported; this 
might indicate that our tellurium was relatively purer.* * * § In fact, the 
thermoelectric current in tellurium flows in the opposite direction pre¬ 
dicted by Sommerfeld’s theoryf which is, according to R. H. Fowler, J 
only possible by the action of foreign atoms. 

Haken§ found very strong evidence for two allotropic modifications of 
tellurium; one form stable above 352° C (the melting point is 452° C) with 
a specific resistance of 0-20 ohm-cm and a thermoelectric power of 
about 500 [xV/°C, and the other form stable at lower temperatures with 
a specific resistance of 5-6 x 10~ 8 ohm-cm and a thermoelectric power 
of 160 nV/ Q C. Other investigators|| who found an influence due to 
heat treatment do not reproduce Haken’s results, and investigators^ 
who have tested the purity of their tellerium find practically no influence 
due to heat treatment. It should be remarked that tellurium is particu¬ 
larly difficult to purify and the mark “ Kahlbaum ” is not always sufficient 

* Petrikaln and Jacoby,' Z. anorg. Chem.,’ vol. 210, p. 195 (1933). 

t ‘ Z. Physik,’ vol. 47, p. 1 (1928). 

t' Proc. Roy. Soc.,’ A, vol. 140, p. 505 (1933). 

§ * Ann. Physik,’ vol. 32, p. 291 (1910). 

|| Cohen and Kroner, ‘ Ann. Chem. Phys.,’ vol. 82, p. 587 (1913); Lange and Heller, 
‘ Phys. Z.,’ vol. 30, p. 419 (1929); Wold, ‘ Phys. Rev.,’ vol. 7, p. 163 (1916). 

If Damiens, * C. R. Acad. Sci. Paris,’ vol. 174, p. 1344 (1922); Kraus and Johnson, 
‘ J. Phys. Chem.,’ vol. 32, p. 1281 (1928); Petrikaln and Jacoby, ‘Z. anorg. Chem.,’ 
vol. 210, p. 195 (1933); Cartwright, ‘ Ann. Physik,’ vol. 18, p. 656 (1933). 
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to ensure its purity. Thus, Koeber and Hashimoto* analysed a sample 
of “ Kahlbaum Tellur ” and found it to contain 0-15% antimony, 0-29% 
copper, and 0-09% iron. The tellurium we obtained from Kahlbaum 
was certainly much purer and it did not change its conductivity after 
having been vacuum distilled. 

Probably the most convincing evidence that there is only one modifica¬ 
tion of metallic tellurium is obtained from the X-ray analysis. Grotht 
lists only one form of tellurium which is trigonal and isomorphous with 
metallic selenium. Bradley! and Slattery§ agree in finding only one 
form of tellurium which they describe as rhombohedral with the angles 
between the rhombohedrian edges being 86° 47', corresponding to an axial 
ratio of 1: 33. Tellurium forms a triangular lattice with sides of the unit 
basal triangle equal to 4-44°A with three atoms grouped at each corner. 
01shausen|| found the same structure given above, but he also observed 
four weak lines that did not belong to a triangular scheme. These four 
weak lines can be attributed to slight impurities of selenium (which occurs 
in nature with tellurium and is especially difficult to remove) for Bradley 
showed that three interpenetrating lattices of selenium and tellurium 
fit together to form a structure almost simple cubic. 

We are of the opinion that the anomalous properties of tellurium 
arising from heat treatment are due to either (1) a change in the state of 
the foreign atoms'll and thereby their capacity to furnish free electrons 
(or holes), or (2) the heat treatment produces cracks in tellurium con¬ 
forming to our result 6. 

Electrical Conductivity —The electrical conductivity of a pure homo¬ 
geneous material can be expressed quite generally as 

, = C i Z (2) 

x NS’ K) 

where C is a constant that depends on the statistics applicable (Fermi- 
Dirac’s for conductors; Maxwell's for tellurium), N the number of 
atoms per cm® (N = 3-0 x 10 22 for tellurium), Z is the average number of 
free electrons per atom (Z — 1 for good conductors, but probably less 
than 10 -3 for pure tellurium) and S is the reciprocal of the mean free 

* ‘ Z. anorg. Chem.,’ vol. 180, p. 114 (1930). 

t ‘ Chem. Krystallog.,’ vol. 1, p. 34 (1906). 

t ‘ Phil. Mag.,' vol. 48, p. 477 (1924). 

§ ‘ Phys. Rev.,’ vol. 25, p. 333 (1925). 

H ‘ Z. Kristaliog.,’ vol. 61, p. 463 (1925). 

f Tellurium forms compounds with practically all metals and the stability of these 
compounds may depend on temperature and their concentration in tellurium. 
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path of the conduction electrons and can be considered as the average 
scattering power of the atoms for the de Broglie waves. 

To take into account the addition of foreign atoms, formula (2) can 
be modified as follows: 


„ n NZ + A 
* NS+~B’ 


(3) 


where it is understood that so relatively few foreign atoms are added 
that, to a first approximation, N is unchanged and that the addition of 
foreign atoms produces, firstly, an increase, A, in the density of free 
electrons, and, secondly, an increase, B, in the scattering of the electron 
waves. Formula (3) permits the foreign atoms either to increase or 
decrease the conductivity. For good conductors, NZ > A and the 
scattering term, B, causes a decrease in conductivity in agreement with 
the Matthiessen rule. For semi-conductors, NZ can be so small that A 
plays a relatively greater role and can cause an increase in the con¬ 
ductivity for any reasonable increase in the scattering B. For the two 
cases, however, A and B could have the same values, and only Z (which 
defines whether a substance is a conductor or not) be different. 

According to Wilson’s theory,* 

A = FN,s, 

where N, is the number of foreign atoms per unit volume, and F is a 
factor which depends on (1) the temperature, (2) the relative position of 
the energy bands, see fig. 2, and (3) the structure of the energy bands. 

A lower limit for the distance between the two tellurium bands can be 
estimated by the formula for intrinsic semi-conductivity: 

NZ - (ra ira8 )i hr* {2tt (jn x m$ kT}' e-‘* w - /iT , (4) 

where m x is the statistical weight of an electron of mass m x entering the 
upper tellurium band, - 2 and m a are the corresponding quantities for the 
lower tellurium band and AWj is the energy difference between the two 
bands. Taking for pure tellurium Z — 10" 9 free electrons per atom and 
assuming v x = m 2 -— 2 and m x — m 2 — 9‘0 x 10 - * 8 ,, we obtain 

AWj — 0-35 e-volts. 

We can expect AW X to be somewhat greater than 0-35 e-volts because 
ideally pure tellurium, such as is necessary for formula (4) to be valid, 
probably has fewer free electrons than is assumed. 


* R. H. Fowler, ‘ Proc. Roy. Soc.,’ A, vol. 140, p. 505 (1933), gives a complete 
treatment of the formulae which follow. 
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When the foreign atoms furnish electrons to the upper unoccupied 
energy band of tellurium (normal extrinsic semi-conductivity), 

A = N, 3rr,S h~> (Ir.mfTf (5) 

where AW' is the energy difference between the foreign atom band and 
the upper tellurium band. For a numerical example, we shall consider 
that tellurium with 0 1% antimony has an electrical conductivity of 
300 ohm -1 cm -1 , r?! — 2, m x =- 9-0 x 10 as g and S = 7 x 10 3 cm 1 
(corresponding to a mean free path of 5-2 x 10~ 8 cm as in silver). 
NZ can be wholly neglected compared to the factor A, and if we neglect 
the scattering of the foreign atoms, B, we obtain 

AW' — Oil e-volts. 

This value would only be slightly altered by assuming a different mean 
free path and The thermoelectric power for this mechanism is about 
— 190 (xV/°C and the current should flow in the opposite direction than 
is observed. We can, therefore, expect that AW' is greater than 0*11 
e-volts. 

When the foreign atoms absorb electrons from the lower completely 
occupied energy band of tellurium (abnormal extrinsic semi-conductivity), 

A = N/o 2 */rS(2wM*A-T)S <r** w - ,CT . (6) 

Making the same assumptions as before, we obtain 

AW 2 = 011 e-volts. 

The thermoelectric power for this mechanism, in its simplest form, is 

P=i.(2A + (7) 

and amounts to about 190 (xV/°C. This is in fair agreement with our 
data. Also the direction of the thermoelectric current agrees because 
the “ holes ” are producing the conductivity (that is, e is positive). 

If we treat copper impurities in the same way and take the increase 
in conductivity of tellurium due to 0-1% copper to be 6 ohm -1 cm -1 , we 
obtain for the normal extrinsic semi-conducting process 

AW' = 0-28 e-volts, 

and for the abnormal extrinsic semi-conducting process 


AWj = 0-28 e-volts. 
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This leads us to expect that 

AWj >0-56 e-volts. 


By either mechanism for the foreign atoms to produce conduction 
electrons, one might expect a closer relation between conductivity and 
the thermoelectric power than is shown in Table 1. Thus, copper 
increases the conductivity less than antimony, but does not give as high 
a thermoelectric power. It may be that the processes described by 
equations (5) and (6) are both present with the abnormal extrinsic semi¬ 
conducting process predominating for most impurities. These two 
mechanisms would both contribute to the conductivity, but would oppose 
each other in producing a thermoelectric current. 

For Maxwell statistics to be applicable, the degeneration factor* 
\nhP {2mkT) '> should be much smaller than unity. For 0-1% antimony, 
under the assumptions for the previous examples, this factor is about 
0-2. There is then a question whether the formulae used here are 
applicable to tellurium with an impurity of as much as 0 • 1% antimony for 
the electron gas may not obey classical statistics. 

Temperature Resistance Coefficient —As the temperature of a material 
is increased, the number of free electrons as well as the scattering of the 
electron waves are increased so that the temperature resistance coefficient 
can be either positive or negative, depending on which factor increases 
with the higher power of temperature. In pure conductors, the scattering 
power increases with temperature more than the number of free electrons; 
but, as discussed by Wilson,f the opposite can be expected in semi-con¬ 
ductors. We seem to meet theoretical difficulties, however, in attempting 
to explain our result that the addition of antimony or copper caused the 
temperature resistance coefficient to become less negative and finally 
positive for more than 0-3% antimony. 

It appears to us that any explanation requires the assumption of two 
processes either for producing free electrons or scattering electron waves. 
In equation (3), NZ and A follow different temperature laws, but NZ is 
too small compared with A to be considered. The two mechanisms for 
A, described by equations (5) and (6), follow the same temperature law, 
and if they act together it seems reasonable to assume that the dependence 
on temperature would remain the same. One explanation is to assume 
that in equation (3) the term B increases more rapidly with temperature 


* Sommerfeld, * Z. Physik,’ vol. 47, p. 1 (1928). 
t * Proc. Roy. Soc.,’ A, vol. 134, p. 277 (1932). 
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than S. For B to play a sufficiently large role, its value would have to be 
about 0-5N,. For this assumption, the foreign atoms would probably 
not cause direct scattering as much as to produce a deformation of the 
lattice structure, thus causing additional scattering from the tellurium 
atoms. 

We are grateful to fhe University of Brussels and particularly to 
Professor Jacques Errera for their hospitality and generous help. We are 
also indebted to the Fonds National Beige de la Recherche Scientifique 
for very kindly providing the equipment for this research. 


Summary 

The electrical conductivity, thermoelectric power, and temperature 
resistance coefficient of tellurium with the addition of small quantities of the 
common metals were investigated. The addition of practically all metals 
increased the electrical conductivity, but the increase in conductivity 
was not proportional to that of the metal added. The conductivity of 
the purest tellurium could be accounted for by the presence of less than 
0 01% of antimony or bismuth. It seems probable that ideally pure 
tellurium would have a much higher electrical resistance than has been 
observed. This conclusion is also supported by the thermoelectric 
power always being observed as abnormal in its direction, which, accord¬ 
ing to Fowler, is only possible by the action of foreign atoms. 

The high sensitiveness of the electron properties of tellurium to the 
presence of foreign atoms furnishes an explanation for the various values 
reported for the specific resistance, and thermoelectric power, and for 
the anomalous effects that have sometimes been attributed to the existence 
of two or more allotropic modifications of metallic tellurium (not con¬ 
firmed by X-ray analysis). 

The tendency for cracks to occur in tellurium (which are probably due 
to strains produced by the large contraction when it goes from the liquid 
to the solid state) explains a difficulty in obtaining reproducible results. 
This also explains some of the anomalous effects due to heat treatment 
that make tellurium appear allotropic. 

Our results are analysed in the light of A. H. Wilson’s theory of semi¬ 
conductivity. General agreement with Wilson’s theory is obtained by 
assuming the two mechanisms for semi-conductivity as presented by 
R. H. Fowler. The upper unoccupied energy band of tellurium is about 
0-6 e-volts above the lower completely filled band. The top of the 
Sommerfeld distribution for antimony electrons lies about O il e-volts 
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above the lower tellurium band and produces abnormal extrinsic semi¬ 
conductivity. An allowed band of electrons in copper appears to lie 
almost halfway between the two tellurium bands; thus permitting two 
processes to contribute to the electrical conductivity but to oppose each 
other in producing a thermoelectric current. 

Because of the relatively few free electrons present in pure tellurium, 
certain mechanisms can be postulated which might also occur in the 
same absolute magnitude in ordinary metals, but be masked by the 
presence of the greater electron density. Thus, the increase in the 
number of free electrons by foreign atoms if it occurred in conductors 
would be masked by the additional scattering. 


The Crystal Structure of the Alums 

By H. Lipson and C. A. Beevers, George Holt Physics Laboratory, The 

University of Liverpool 

(Communicated by W. L. Bragg, F.R.S.—Received November 8, 1934) 

[Plate 28] 

1—Introduction 

The literature on the structure of the alums is fairly extensive, for 
though the formula is complex, the problem is greatly simplified by the 
high symmetry of the crystal. Nevertheless, none of the proposed 
structures has been fully supported by X-ray measurements. 

The first published work was that of Vegard and Schjelderup,* * * § but, 
though they arrived at the correct unit cell, their structure involved an 
improbable arrangement of atoms, in which the identity of even the S0 4 
group was lost. On this ground it was strongly criticized by Schaefer 
and Schubert,f and Niggli} showed that it was also incompatible with 
space-group theory. From Vegard and Schjelderup’s measurements he 
assigned the alums to the space-group T, ( a (Pn3), but Wyckoff,§ by means 

* ‘Ann. Physik,' vol. 54, p. 146 (1917). 

t ‘ Ann. Physik,’ vol. 55, p. 397 (1918); vol. 59, p. 583 (1919); also vol. 58, p. 291 
(1919). 

t ‘ Phys. Z.,’ vol. 19, p. 225 (1918). 

§ • Amer. J. Sci.,’ vol. 5, p. 209 (1923). 
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of Laue and rotation photographs, showed that this was incorrect, and 
that the space-group was T ft fi (Pa3). 

This was verified by Cork,* who further made absolute measurements 
of reflections from various alums, and attempted to deduce therefrom 
the positions of the heavier atoms. He partly succeeded, and suggested 
possible arrangements of atoms in the complete structure. One of his 
proposals was supported by Vegard and Esp,f from a study of powder 
photographs, but they did not adduce any conclusive X-ray evidence in 
its favour. 

We have attempted from a study of various hydrated crystals}: to 
deduce some general laws concerning the nature of water of crystallization, 
and it appeared to us that none of the proposed structures substantiated 
our theories. It was thus considered desirable to make another attempt 
to solve the problem. 

2—Unit Cell and Space-group 

The alums are a series of double salts of which the formula may be 
expressed as 

R'R m (R v 1 0 4 ) 2 . 12H a O, 

in which R 1 is a monovalent metal, R m a trivalent metal, and R vl sulphur, 
selenium or tellurium. The number of salts so included is very large, 
Groth§ giving a list of 40 members on which crystallographic observations 
have been made. The crystals belong to the pyritohedral class of the 
cubic system. 

Several different crystals have been included in the X-ray investigations 
previously referred to, and Table I gives a summary of the measure¬ 
ments of the edges of the unit cell. 

Our measurements were made by the powder method described by 
Bradley and Jay,|| and are believed to be accurate to 0-002 A. 

The unit cell contains 4 (KA1 (S0 4 ) 2 .12H 2 0} (taking potassium alumin¬ 
ium sulphate as typical of the series). 

The halvings which identify the space-group as Pa3 are those of hkO 
when h is odd. These were observed by Wyckoff and by Cork, and were 
verified by us from oscillation photographs with the crystal rotating about 
one of the crystallographic axes. 

* • Phil. Mag.,’ vol. 4, p. 688 (1927). 

f ‘ Ann. Physik,’ vol. 85, p. 1152 (1928). 

t ‘ Z. Kristallog.,’ vol. 82, p. 297 (1932); vol. 83, p. 123 (1932); and ‘Proc. Roy. 
Soc.,’ A, vol. 146, p. 570 (1934). 

§ * Chem. Krystallog.,’ vol. 2, p. 565 (1908). 

II • Proc. Phys. Soc.,’ vol. 45, p. 507 (1933). 
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Table I 


Crystal 

V. & S. Cork 

V.&E. 

L.&B. 

NH 4 A1(SO,)j . I2H f O .... 

12-00 12-18 

12-11 

12-215 

KAl(SOJj. 12H a O . 

12 08 12 14 

12-08 

12-133 

KCr(S0 4 ) a . 12H.O . 

11-93 12-14 

1203 

12-171 

RbAKSOd,. 12H a O. 

12-20 

— 

12-220 

CsAl(S0 4 ) a . 12H s O . 

12-31 

— 

12-333 

T1A1(S0 4 ),. I2H*0 . 

12*21 

— 

12-207 

NH 4 Fe(S0 4 )j. J2H s O .... 

— — 

12-165 

12-293 

KAl(Se0 1 ),.12H,0. 

— — 

— 

12-351 

(V. & S. — Vegard and Schjelderup; V. & E. = Vegard and Esp; L. & B, — Lipson 
and Beevers.) 

The general equivalent points are* : 

(xyz) 

(zxy) 

(yzx) 


(xyz) 

( zxy) 

(ylx) 


(i + x, \ — y, z) 

(i + z,\- x,y) 

(i + y, i - 

Z, X) 

(i - i + y, z) 

(i — z, i -f x, y) 

(i - y, i + z, x) 

(i - x,y,i + z) 

(i - z, x, i + y) 

(i - y, z, i + x) 

(i + x, y, i - z) 

(i 4- 2 , x, \ - y) 

(i + y, Z, i 

-X) 

(x, i + y, i - z) 

(I, £ + x, \ — y) 

( y, i + Z, i 

-X) 

(x, i -- y, i + z) 

(z, i ~ x, i + y) 

(V. i - Z> i + x) 


These are 24 in number, so that the 48 water molecules of the unit cell 
must He on two sets. There are 32 oxygens and these must build up 
tetrahedra on the triad axes with 24 in general positions and 8 in the 
following special positions (on the triad axes): 

(uuii) (i + U, i - U, u) («,} + «,!- u) (i — u, u, i + u) 
(mum) (i - m, i + M, u ) (u, i - u, i + m) (i + m, m, i — u). 

The sulphur atoms also lie on these special positions and the K and A1 
on the centres of symmetry, /.<?., on the sets: 

(000) (Oil) (M) (HO) 

and 

(Hi) (ioo) (OiO) (ooi). 

* Wyckoff, “ Theory of Space-Groups,” 1st ed., p. 127. 
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While the more general parameters are still unspecified it is immaterial 
which set is occupied by K or Al. 

3—Cork’s Structure 

Cork (loc . cit.) assumed that the potassium was at the origin and then 
attempted to find the sulphur parameter by determining the electron 
distribution projected on to 

(a) the cube edge, 

( b ) the face diagonal, 

(c) the cube diagonal. 

The latter only can fix the sulphur uniquely, for in (a) and (b) the pro¬ 
jections of K and Al coincide. Thus Cork published only the latter 
Fourier synthesis, obtaining the signs of the terms by comparison of the 
crystals shown in Table I as measured by him. This showed a large 
peak at 0 = 124°* which he naturally attributed mainly to the sulphur, 
but he observed that the parameter so obtained did not agree at all well 
with that derived from the other two Fourier syntheses. 

He adduced from this evidence the two possible orientations of the 
sulphate group which would explain the apparent shift of the sulphur 
peak along the (111) diagonal, and thence built up possible structures by 
grouping the remaining atoms as closely as possible about the triad 
axes. 

These structures involved the contacts of one water to two oxygens 
of the same SO* group. Now we believe that a water molecule cannot 
do this, as it means a valence angle O—H a O—O of about 60°, and there 
is good evidence that this angle is about 120°.f 

4 —Determination of the Structure 

We first made an estimate of the sulphur parameter by using a large 
number of reflections from KAl(SO*)j,. 12H a O. These reflections, 
however, did not include any of the h odd, k odd, / odd type, and it 
follows, therefore, that no distinction can be drawn between a parameter 
value of u and of i — u. It was assumed that the effect of the oxygens 
and waters would in general be small, and thus the sulphur parameter 
which determines intensities was easily found as 0-31 (or 019). This 
compares with Cork’s estimate of 0-322. The discrepancy may be 

♦ u = 0*35 in fig. 4. 

f Bee vers and Upson, ‘ Proc. Roy. Soc.,’ A, vol. 146, p. 570 (1934). 

2 Y 
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attributed to the few reflections used by Cork, for the effect of the oxygens 
and waters is bound in certain cases to be large. 

The F’s of all the (MO) planes were then estimated from our spot 
intensities. Some of these spots (namely the MX)’s and the WiO’s) had 
been measured by Cork, and therefore could be used to relate the value 
of 0P to the spot intensity. A family of curves was constructed relating 
0F 2 to 0 for the strong spots, the medium spots, and so on. From these 
curves the 0F* for any spot could be read off. We were fortunate in 
obtaining some (unpublished) absolute measurements by Parker and 
Whitehouse in Manchester, and found that these agreed well with our 
estimations. 

The signs of the F’s were found by the comparison of reflections from 
three different alums. Since the potassium and aluminium atoms have 
no contribution to the reflections with k odd, the signs of the F’s of 
these planes cannot be found by comparison of crystals in which these 
atoms only are substituted. Recourse was therefore had to selenium 
alum, KAl(Se0 4 ) a . 12H a O. Since the difference between the atomic 
numbers of S (16) and Se (34) is considerable, the signs of most of the 
F’s were quite definitely indicated. If the F value was increased by the 
change S to Se then its sign was taken to be that of the S contribution, 
which could be calculated from the S parameter (0 -31 and 0 19 give 
the same sign here since the h odd, k odd, / odd planes are not involved). 
In some cases, however, the contribution of the sulphur was too small 
for the change to show. Photographs were therefore taken with chrome 
alum, KCriSO*)*. 12H s O, which gave the signs of those F’s with k even, 
and it was considered then that the signs known would be sufficient to 
give an approximate structure from which the remaining signs could be 
found. Using the method described by us* for a two-dimensional Fourier 
synthesis we proceeded on these lines. The final F’s used (corresponding 
with one molecule of KAl(S0 4 ) a , 12H a O) are shown in Table II. 

The signs of all these F’s proved to be the same as the signs of the 
contributions from K, A1 and S. 

The resulting contour map of electron density is shown in fig. 1. 

In estimating atomic positions from such a projection certain possi¬ 
bilities of error must be borne in mind. These may be divided into four 
types: 

(a) Errors in the magnitudes of the F’s will produce irregularities 
which may affect the positions of the peaks. Probably errors of this 
type are particularly large in this case, since many of the F’s were esti- 


* ‘ PhiL Mag.,’ vol. 17, p. 855 (1934). 
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mated only from rotation photographs, which will give the smaller F’s 
with fair accuracy, but the larger ones with appreciable errors. 

(b) The omission of F’s outside a certain range of 0 will produce 
diffraction effects* which, however, do not seem to be noticeable in this 
particular case. 

Table II—Values of 

F**o = Fam when k is even and Faao = — Faw when k is odd 

h 



16 

14 

J2 

To 

8 

6 

4 

2 

0 

2 

4 

6 

8 

10 

12 

14 

0 

9 

6 

0 

19 

0 

40 

40 

0 

124 

0 

40 

40 

0 

19 

0 

6 

1 


0 

8 

9 

8 

17 

32 

18 

0 

18 

32 

17 

8 

9 

8 

0 

2 


6 

8 

0 

J7 

20 

27 

43 

0 

43 

27 

20 

17 

0 

8 

6 

3 


0 

0 

9 

0 

0 

0 

8 

0 

8 

0 

0 

0 

9 

0 

0 

4 


5 

8 

9 

10 

25 

17 

0 

40 

0 

17 

25 

10 

9 

8 

5 

5 



0 

0 

0 

9 

0 

0 

0 

0 

0 

9 

0 

0 

0 


6 



0 

9 

0 

29 

12 

34 

40 

34 

12 

29 

0 

9 

0 


7 



9 

0 

0 

20 

0 

9 

0 

9 

0 

20 

0 

0 

9 


8 




0 

19 

12 

18 

26 

0 

26 

18 

12 

19 

0 



9 




0 

0 

8 

Ti 

9 

0 

9 

11 

8 

0 

0 



10 




8 

0 

12 

0 

0 

19 

0 

0 

12 

0 

8 



11 




0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 



12 





5 

0 

8 

8 

0 

8 

8 

0 

5 




13 






0 

0 

0 

0 

0 

0 

0 





14 







5 

8 

6 

8 

5 






15 









0 








16 









9 









(c) The omission of F’s below a certain value will produce errors which 
may be quite considerable, but in those cases in which some of the heavy 
atoms lie on special positions these errors may be allowed for. Alum 
may be considered a typical example. The K. and A1 atoms have no 
contribution to certain reflections, and these will in general be weaker 
than those which include K and Al. Therefore, more of these reflections 

* Bragg and West, ‘ Phil. Mag.,’ vol. 10, p. 823 (1930). 

2 v 2 
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will be omitted as being below a certain strength. Hie K and A1 positions 
have a higher symmetry than the structure as a whole, and the resulting 
Fourier projection will tend to have this higher symmetry. For alum 
each peak will have faint reflections in the lines x — 0, 0-25, etc. The 



Fra. 1—Contour map of electron density projected on to a cube face. Contours are 
drawn at 100 (lower side shaded), at 150 (dotted), at 200, and then at intervals 
of 100 


sulphurs, for example, being the heaviest atoms not on the centres of 
symmetry, have quite.definite “ ghosts.” One can be seen in fig. 1 at 
(0-19, 0 19). A similar ghost can be seen in the Fourier synthesis of 
copper sulphate pentahydrate.* 

* Beevers and Lipson, * Proc. Roy. Soc.,’ A, vol. 146, p. 570 (1934). 
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(d) In projecting through as large a distance as 12 A the projections 
of many atoms are bound to be irresolvable and the parameters thus not 
accurately measurable. 



O O O 

K+Al S 0 

Fio. 2—Atomic positions corresponding with fig. 1 

Bearing these considerations in mind the following interpretation was 
made of fig. 1. 

The existence of a large peak at (0-31, 0*31) and at other related 
positions, verified the value of the sulphur parameter. 
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The oxygens in special and general positions are easily identified by 
the known shape and size of the S0 4 group. 

The remaining peaks in the projection are in two sets, corresponding 
with the two sets of general waters. Considering them as grouped about 
(000) and (00$), i.e., (00) in the diagram, one set of peaks must have 
parameters (x x >>,), (y t zj, (z x xj, and the other (x a y^, (y t Zg), (z 2 x t ). 
This is because the triad axis through (000) is the zone axis [111] while 
the triad axis through (00$) is the zone axis [111], and it enables a dis¬ 
tinction to be made between the two sets. 

In the final determination of parameters some assistance was gained 
from interatomic distances. In particular, the general oxygens of the 
S0 4 group were somewhat close together and parameters had to be 
slightly modified to give the usual distances. These modifications (which 
never exceeded 0 02) gave better agreement of intensities also. Putting 
the atoms exactly on the Fourier peaks ought, of course, to give perfect 
agreement of the hkO intensities. Actually the agreement was very 
good, but three reflections out of ninety were definitely wrong. 
Modifying the parameters to improve distances made the three erring 
intensities very much better and brought the agreement as a whole to 
within experimental error. 

Fig. 2 shows the positions adopted. 

In this method of arriving at the structure no immediate distinction 
could be drawn between K and Al, since both these atoms coincide in 
the projection. However, the atoms comprising the group round the 
origin were found to be at about 2 A from the origin, whereas those round 
($$$) were at a distance of 3 A from that point. Since the usual radius 
of Al is 0-65 A and of K, 1-35 A, this strongly suggests that it'is the 
aluminium atom which is at (000) and the potassium which is at ($$$), in 
contradiction to Cork’s result. 

We may, of course, continue to regard the K as being at the origin 
but then the S parameter must be taken as 0-19 instead of 0-31. Adopting 
this point of view for the time being we carried out a Fourier synthesis 
along the cube diagonal of selenium alum, in order definitely to prove the 
S position. The F’s of the hhh planes of selenium alum were measured 
by us at Manchester and are shown in Table HI, in comparison with 
Cork’s results for the sulphur alum. 

The signs can be deduced with certainty from comparison with Cork’s 
results. 

The resulting Fourier curve is shown in fig. 3, together with the corre¬ 
sponding curve for KA1(S0 4 ),. 12H t O, derived directly from Cork's 
measurements. It will be seen that the two curves are almost identical 
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except for the region around u — 0-19. This is quite definite proof that 
if the sulphur parameter be taken as 0-31 then it is the aluminium atom 
which is at the origin. 



Table III—F’s of Orders of (111) 


Order 

Se alum 

S alum 

Order 

Se alum 

S alum 

1 

12 

9 

5 

29 

12 

2 

13 

4 

6 

25 

21 

3 

16 

31 

7 

4 

8 

4 

0 

1 

8 

0 

4 



0 01 0-2 0-3 0-4 0-5 


u 

Fig. 3—Electron density, projected on to the cube diagonal of KAl(SOt),. 12H f O 
(full line) and KAl(SeO t ),. 12H,0 (dotted line) 

The complete structure is expressed by: 

4Alon(000),(0H)(i0i)(ii0); 

4 K on m) (*00) (OiO) (00*); 

8 S on (0*31 0*31 0-31) and 7 associated points; 

8 O on (0-24 0*240*24) and 7 associated points; 

24 O on (0 - 30 0 * 27 0 *43) and 23 associated points; 

24 H t O on (0 *02 0 02 0* 16) and 23 associated points; 

24 H|0 on (0*04 0*13 0*30) and 23 associated points. 
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The comparison of intensities calculated on this structure with observed 
intensities is shown in Table IV. 


Table IV— Calculated Intensities in Order of 6 


h 

/c 

/ 

OF 8 

Ohs. 

1 

1 

1 

440 

w.-m. 

2 

0 

0 

18 

o. 

2 

1 

0 

3400 

m.-s. 

2 

2 

0 

9800 

v.s. 

1 

1 

3 

320 

m., w.-m. 

2 

2 

2 

280 

V. 

2 

3 

0 

480 

w. 

4 

0 

0 

14000 

v.s. 

4 

I 

0 

2000 

s. 

1 

3 

3 

3500 

s. 

4 

2 

0 

2200 

s. 

2 

4 

0 

210 

V, o. 

2 

2 

4 

1000 

m. 

4 

3 

0 

43 

V. 

1 

1 

5 

65 

0. 

2 

5 

0 

62 

v, o. 

4 

4 

0 

1100 

m. 

1 

3 

5 

430 

w.-m., w. 

1 

5 

3 

35 

w., V. 

2 

4 

4 

34 

0. 

6 

0 

0 

3500 

s. 

6 

1 

0 

2500 

m. 

6 

2 

0 

2200 

m. 

2 

6 

0 

4600 

s. 

4 

5 

0 

0 

o. 

2 

2 

6 

350 

m., w.-m. 

6 

3 

0 

90 

V. 

4 

4 

4 

180 

o. 

1 

I 

7 

330 

w.-m. 

1 

5 

5 

8 

0. 

6 

4 

0 

710 

m.-s. 

4 

6 

0 

160 

w.-m. 

2 

7 

0 

190 

w. 

2 

4 

6 

1200 

w.-m. 

2 

6 

4 

1500 

m., w.-m. 

1 

3 

7 

340 

V. 

6 

5 

0 

250 

w. 

8 

0 

0 

9 

0. 

8 

1 

0 

140 

w. 

4 

7 

0 

6 

0, 

8 

2 

0 

950 

m., w.-m. 


h 

k 

/ 

8F* 

Obs. 

2 

8 

0 

1400 

m.-s. 

4 

4 

6 

90 

w. 

6 

6 

0 

2200 

s. f m.-s. 

2 

2 

8 

12 

o. 

8 

3 

0 

UO 

o. 

1 

5 

7 

76 

, w.-m., w. 

2 

6 

6 

200 

w.-m., w. 

8 

4 

0 

270 

w. 

4 

8 

0 

690 

m. 

1 

1 

9 

43 

o. 

2 

4 

8 

170 

w.-m., w. 

2 

8 

4 

60 

V. 

2 

9 

0 

150 

w. 

6 

7 

0 

1300 

m.-s., m. 

4 

6 

6 

740 

m. 

8 

5 

0 

70 

o. 

1 

3 

9 

54 

o. 

4 

4 

8 

440 

w.-m. 

4 

9 

0 

no 

w.-m., w. 

6 

8 

0 

160 

w.-m. 

8 

6 

0 

18 

V., 0. 

10 

0 

0 

660 

m. 

10 

1 

0 

260 

w. 

10 

2 

0 

64 

0. 

2 

10 

0 

170 

o. 

2 

6 

8 

440 

w.-m. 

2 

8 

6 

1200 

m*, w.-m. 

1 

5 

9 

9 

o. 

2 

2 

10 

36 

w. 

10 

3 

0 

320 

w., V. 

8 

7 

0 

4 

o. 

10 

4 

0 

360 

w. 

4 10 

0 

1 

o. 

4 

6 

8 

200 

w.-m., w. 

4 

8 

6 

100 

o. 

6 

9 

0 

220 

W., V. 

2 

4 10 

120 

0, 

1 

1 

11. 

0 

o. 

2 11 

0 

1 

0. 

10 

5 

0 

49 

o. 

8 

8 

0 

730 

m., w.-m. 
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Table IV— (continued) 


h k 

/ 

6F 8 

Obs. 

h 

k 

/ 

6F* 

Obs. 

1 

3 

11 

4 

0. 

12 

5 

0 

0 

0. 

2 8 

8 

36 

o. 

2 

13 

0 

1 

o. 

4 4 

10 

4 

0. 

4 

4 

12 

620 

w. 

i0 6 

0 

440 

w. 

1 

3 

13 

no 

0. 

6 10 

0 

400 

w.-m. 

12 

6 

0 

180 

V., o. 

4 11 

0 

0 

0. 

4 

8 

10 

6 

o. 

2 6 

10 

64 

V., 0. 

10 

9 

0 

260 

V. 

12 0 

0 

30 

o. 

8 

11 

0 

90 

o. 

8 9 

0 

9 

o. 

4 

13 

0 

50 

V. 

12 

1 

0 

360 

w. 

2 

6 

12 

440 

w.-m., w, 

2 12 

0 

140 

w. 

12 

7 

0 

310 

w.-m. 

10 7 

0 

0 

0. 

14 

0 

0 

68 

w. 

2 2 

12 

630 

w. 

14 

1 

0 

120 

0. 

4 6 

10 

190 

w., V. 

14 

2 

0 

480 

w. 

4 10 

6 

250 

V* 

2 14 

0 

760 

w.-m. 

12 3 

0 

90 

0. 

2 

2 

14 

430 

w., V. 

6 11 

0 

90 

V., 0. 

14 

3 

0 

290 

V. 

12 4 

0 

360 

w. 

6 

13 

0 

320 

o. 

4 12 

0 

530 

w.-m., w. 

4 14 

0 

270 

w. 

2 4 

12 

70 

w., V. 

14 

4 

0 

500 

w. 

10 8 

0 

1 

0. 

2 

4 

14 

240 

w. 

8 10 

0 

5 

o. 

4 

10 

10 

470 

w. 


5—Reconciliation with Cork’s Work 

We have seen in the previous paragraph that the structure requires the 
sulphur atom to be nearer to the potassium than to the aluminium on 
the same triad axis, and it remains to show that the structure accounts 
for Cork’s determination of the projection parallel to (111), which at 
first sight seems to require the sulphur to be nearer to the aluminium. 

We have repeated Cork’s three Fourier syntheses using his values of 
the F’s but without multiplying them by a factor of the form as 

Cork did. Those of our curves projected on to the cube edge and the 
face diagonal have peaks which, of course, agree with a sulphur para* 
.meter of 0-31 or 0 19, but the projection on to the cube diagonal has a 
large peak with a parameter of 0 35. This latter curve is shown in 
fig. 4, in comparison with Cork’s curve (i.e., the curve obtained by using 
the “ reduced F’s ”). 

It will be seen that although Cork’s curve has a suggestion of a peak 
at 0-19, ours has a much more pronounced one. This peak is quite 
big enough to be the S peak. In fig. 4 the projections of all the atoms of 
the unit cell are shown. The peak at 0* 19 is-a 3S one, whUe that at 0-50 
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is a 4A1 one. Thus the relative heights of the two peaks are about 
right. It will be seen that a large number of oxygens and waters combine 
to give the very large peak at 0-35. 


6—Discussion of the Structure 

We shall describe first of all the nature of the groupings around S, Al, 
and K, and then the manner in which the groups fit together. 



Fla. A —Electron density, projected on to the cube diagonal, of KAKSOJi. 12H.O, 
estimated by us (full line) and by Cork (dotted line), both from Cork’s measure¬ 
ments. The projections of the various atoms are shown by the small arrows 
above 

Around S are four O’s, one special and three general, forming a tetra¬ 


hedron with the following distances: . 

S—special O.,.... 1-47 

S—general O. 1*54 

SpecialO—generalO .. 2*45 

General 0-—general O............. 2* 53 
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Having regard to the limits of accuracy we may therefore say that the 
sulphate groups are regular tetrahedra of side 2 • 5 A. 

The waters around A1 are six in number with the parameters (0*02 
0*02 0-16), etc. The distance Al-H a O is therefore 1 *97 A and the 
grouping is a very nearly regular octahedron, the two H a O-H a O distances 
involved being 2-81 and 2-77 A. Such a group is very similar to the 
groups of 60 around A1 in the silicates. 

The second set of waters having the parameters (0-04 0-13 0-30) form 
much more open groups of six waters around K. The distance H a O-K 
is 2*94 A, while the smallest H a O-H a O distance in the group is 3*23 A. 
This latter is too large to be regarded as a contact so that the arrangement 
of the H a O’s around K is governed solely by their external contacts. 

The nature of the contacts between the groups may be best understood 
by consideration of that potassium at the centre of the unit cell, fig. 5, 
Plate 28. This has six Al*s at a distance of 6 07 A, these six being 
related by the trigonal axis through K and by the centre of symmetry. 
There are eight sulphate groups in the unit cell, six at 5-80 A and two 
at 4-03 from K. The latter are on the same trigonal axis, and although 
the nearest, have no direct contacts to the K waters. The K waters thus 
make contact with six A1.6H a O groups, and six S0 4 groups. 

The exact way in which these contacts are made may be seen from a 
stereoscopic view of fig. 5, Plate 28. Each K. water touches one A1 water, 
one special O of the S0 4 group, and one general O. Each A1 water, on the 
other hand, touches beside the K water, only one (general) O. It follows 
that each general O touches one K water and one A1 water, and each 
special O touches three K waters. Diagrams of the arrangements of 
these contacts or bonds for the two different kinds of water molecules are 
shown in fig. 6. The K water has a tetrahedral disposition of bonds 
while the A1 water has its three bonds almost exactly coplanar. A “ bond 
structure ” which gives the strengths of these bonds can easily be devised, 
and is shown in fig. 7. The function of the K waters seems to be to 
average out, as it were, the trivalency of AI and monovalency of K, 
and so present to the S0 4 groups surfaces more or less uniformly charged. 

The behaviour of the water of crystallization in alum fits in very 
beautifully indeed with the ideas gained from the study of other hydrated 
crystals,* and with the theoretical model of Bernal and Fowler, t It is 
necessary to postulate that water is a spherical molecule with an arrange¬ 
ment of two positive bonds and two negative bonds winch is tetrahedral 

* ‘ Free. Roy. Soc.,’ A, vol. 146, p. 570 (1934). 
t ‘ J. Chero. Phys.,’ vol. 1, p. 515 (1933). 



678 


H. Lipson and C. A. Beevers 


but is subject to considerable modification under certain conditions, 
especially as regards the negative bonds. Thus die aluminium ion is 
able to attract both the negative bonds of six waters and so forms a 
co-ordination group. The potassium, on the other hand, can satisfy 



0 (special) 

<«> (b) 

Fig. 6—Disposition of the bonds from (a) each A1 water, ( b ) each K water. (Not 

to scale) 



Fig. 7—The electrostatic bond structure 


only one of the negative bonds and also the positive ones must be satisfied 
externally, and the spatial conditions required to do this obtain for the 
alums, but cannot obtain for many other structures. Thus the associa¬ 
tion of six waters with a potassium atom is rare. 
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The structure explains to some extent Table V* which shows whether 
or not various combinations of mono- and trivalent metals form an 
alum. The general rule is that the ability increases with the radius of 
the monovalent ion from Na (1 0 A) to Cs(l • 65 A). Now we have seen 
that a distance of about 3 -0 A from the monovalent ion to its adjacent 

Table V—Ability of Various Combinations of Mono- and Trivalent 





Metals to Form 

Alums 






A1 

Cr 

Fe 

Co 

Ga 

In 

V 

Ti 

Mn 

Rh 

Ir 

Na 

1 

J 

0 

0 

0 

0 

0 

0 

0 

0 

0 

K 

1 

1 

1 

0 

1 

0 

1 

0 

0 

1 

1 

nh 4 

1 

I 

1 

0 

1 

1 

1 

0 

0 

1 

1 

Rb 

I 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

Cs 

1 

1 

1 

t 

1 

1 

1 

1 

1 

1 

J 

T1 

1 

1 

1 

1 

1 

0 

1 

0 

0 

1 

1 


waters gives a reasonable disposition of the water bonds, and it is there¬ 
fore to be supposed that this distance must be approximately maintain ed. 
If we assume a water radius of 1 -35 A Cs fits in perfectly and the others 
less and less so as the radius decreases. 

Our thanks are due to the University of Liverpool, which, through 
Professor Wilberforce, provided the apparatus necessary for our research. 
Also we have to thank Professor Bragg who permitted us to make some 
measurements with one of the ionization spectrometers at Manchester 
and Messrs. Parker and Whitehouse who allowed us access to the results 
of their work on potash alum. 

Acknowledgment must also be made to Dr. Bradley and his co-workers 
at Manchester for their assistance in the measurement of the lattice 
spacings. 

7—Summary 

The study of the structure of the alums had been left in an unsatis¬ 
factory state by previous workers, particularly in view of the fact that the 
water molecules in the structures suggested by Cork did not have the 
properties ascribed to water molecules in other hydrated crystals. 

A solution to the problem was obtained by the method of two- 
dimensional Fourier synthesis of electron distribution projected on to 
the cube face. The signs of the F’s were obtained by the comparison 
of reflections from three different crystals. 

* Mellor, ** Treatise on Inorganic Chemistry,” vol. 5, p. 341. 
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The complete structure is expressed by : 

a 0 ~ 12-13 A. Space-group ~ Pa3. 

4 A1 on (000), etc., 

4 K on (Hi), etc., 

8 Son (0-31 0-31 0-31), etc., 

8 0 on (0-24 0-24 0-24), etc. 

24 0 on (0-30 0-27 0-43), etc., 

24 H s O on (0-02 0-02 0-16), etc., 

24 HjO on (0-04 0 • 13 0 • 30), etc. 

In this structure the two sets of waters are of essentially different 
natures. One set forms octahedral groups around the aluminiums, each 
of the waters having a plane distribution of its three bonds. The other 
set links together the S0 4 tetahedron the A1.6H a O octahedra, and the 
K. atom. Each of these waters touches two oxygens, one A1 water and 
one potassium atom, and the arrangement of the bonds is approximately 
tetrahedral. 

Some of the properties of the alums are discussed. 

Description of Plate 

Fig. 5 —Model of the structure of alum. (The two pictures should be viewed stero- 
scopically.) The potassiums and aluminiums are arranged on a rock-salt 
lattice (an aluminium being at the origin). The octahedral groups around the 
two front lower aluminiums are inserted in the model, but apart from these only 
the atoms actually within the unit cell are included. The sulphate groups may 
be seen on the triad axes. A more complete description is given in the text. 
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The Diffusion Coefficients of Dye Solutions and their 

Interpretation 

By Conmar Robinson, The Sir William Ramsay Laboratories of Inorganic 
and Physical Chemistry, University College, London, and Imperial 
Chemical Industries, Ltd. 

(i Communicated by F. G. Donnan, F.R.S.—Received August 9, 1934) 

In a previous theoretical paper Hartley and Robinson* have pointed 
out what very misleading results are obtained in calculating the particle 
size of a dye from the diffusion coefficient if the Stokes-Einstein equation 
is used and the electrical forces are neglected. The complicating effect 
of the electrical forces on the diffusion coefficient has, of course, been 
realized in researches on other colloidal electrolytes. Thus Svedberg,f 
Tizelius,J Northrop,§ McBainJI and others have taken them into account 
in the case of proteins, while McBain and Liuf pointed out that the 
diffusion coefficient of soaps is given by an extension of the Nemst 
equation. But in experiments with dyes, although many diffusion 
measurements were reported, this aspect of the matter had been entirely 
overlooked. An investigation of the diffusion coefficients of dyes is, 
therefore, of particular interest and also because of the light it throws 
on the more general problem of determination of the particle size of a 
colloidal electrolyte, where the particle (unlike that of the protein, which 
appears to be a simple molecule) consists of a number of ions in 
association. 

Many dyes are colloidal electrolytes containing multivalent complex 
ions. Their diffusion coefficient is consequently largely determined by 
the mobilities of the ions. It was shown that a minimum value for the 
diffusion coefficient can be calculated from the conductivity. It follows 
that all dyes that have high conductivities—this seems to include most, 
if not all, substantive dyes—must have high diffusion coefficients. Con¬ 
sequently, as was shown, it is not possible to obtain even a qualitative 
measure of the particle size from the diffusion coefficient and the Stokes- 
Einstein equation. 

* ‘ Proc. Roy. Soc.,’ A, vol. 134, p. 20 (1931). 

t * Kolloid Z.,' vol. 36 Brganzungsband, p. 62 (1925). 

t Tizclius and Gross,' Kolloid Z.,’ vol. 66, p. 11 (1934). 

$ Northrop and Anson, ‘ J. Gen. Physiol.,’ vol, 12, p. 549 (1929). 

|| McBain, Dawson and Barker, ‘ J. Amer. Chetn. Soc.,’ vol. 56, p. 1021 (1934). 

H • J. Amer. Chem. Soc.,’ vol. 53, p. 59 (1931), 
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When a colloidal electrolyte such as a dye is allowed to diffuse freely 
into water, the rapidly diffusing non-colloidal ions tend to diffuse away 
from the slowly diffusing oppositely charged particles, so that a potential 
gradient is set up in the solution. This potential gradient causes the 
diffusion coefficient to be very different from that which would be 
expected from the Stokes-Einstein equation. If, however, a large quantity 
of electrolyte is added to the dye solution and it is allowed to diffuse 
into water containing the same concentration of electrolyte, no potential 
gradient will be set up when diffusion commences in this highly conducting 
medium. Consequently, in this case, as was explained in the theoretical 
paper, the colloidal ions (particles) diffuse independently of the non- 
coUoidal ions and it is possible to obtain the particle size by applying 
the Stokes-Einstein equation. 

In the present paper we shall describe not only measurements of the 
diffusion coefficients of pure dyes, some of which were referred to in the 
theoretical paper, but also the corresponding measurements in the 
presence of electrolytes. From these latter experiments it was sometimes 
possible to obtain a figure for the particle size. It would seem that this 
is the first time that the diffusion coefficients of pure dyes have been 
measured when sufficiently free from electrolytes to give the true value. 


Apparatus 

Since in the Stokes-EinStein equation the diffusion coefficient is 
inversely proportional to the radius and hence to the cube root of the 
particle size, it is desirable to determine the diffusion coefficient with as 
high a degree of accuracy as possible. Consequently, if it had been 
applicable, the method developed by Northrop ( loc. cit.) and McBain 
{loc. cit.) in which the substance is allowed to diffuse across a sintered 
glass disc would have been very suitable as not only does this method 
give highly accurate results, but, being a steady state method, allows 
diffusion coefficients to be obtained which correspond to definitely 
determinable concentrations,* which is not so in, for example, the Oholm 
method. Some experiments on “ meta ” benzo-purpurine carried out by 
Hartley in an apparatus-used by him for measurements on ordinary 
electrolytes, not yet published—showed that the apparent diffusion 
coefficient varied considerably with the pore size of the glass disc, which 
shows that adsorption seriously affected the results, and therefore another 
method had to be used. 

* Onsager, ‘ Chem. Rev.,’ vol. 36, p. 2767 (1932). 
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The apparatus used for the experiments we are about to describe was 
a modification of the micro-diffusion apparatus developed by Furth, 
Ullman and Nistler.* This, although not giving as high a degree of 
accuracy as would be desirable, has the advantage that experiments can 
be carried out in a comparatively short time and that no great precautions 
have to be taken to avoid errors due to vibration. The diffusion is 
observed over very small distances. This greatly reduces the time for an 
experiment, since the time of diffusion is proportional to the square of 
the distance over which the diffusion takes place. An experiment can 
be completed in from 15 to 30 minutes, when with the Oholm method 
it would take several days. 

In describing the apparatus we shall deal chiefly with the points in 
which the Nistler apparatus was modified.* - ) 

In the apparatus the diffusion cell and a cell containing a more dilute 
solution of known concentration are observed simultaneously by means of 
an optical system consisting of two objectives and an arrangement of 
prisms, which allow the images of the two cells to be seen side by side 
through the eye-piece. By means of a movable slit, whose width can be 
adjusted to the most convenient opening, and a scale, both fitted at the 
focus of the Ramsden eye-piece, it is possible to determine colorimetrically 
the height at which the dye (diffusing upwards into the water) has reached 
a concentration equal to that in the comparison cell. After a number of 
readings have been made the height is plotted against the square root of 
the time and the diffusion coefficient calculated (using the tables published 
by Nistler) from the slope of the straight line so obtained. 

For greater rigidity the apparatus was made entirely of metal. A 
Ramsden eye-piece was used and two objectives of 0 - 4 numerical aperture. 
The magnification was found on measurement to be 108. The scale in 
the eye-piece was 1 cm long and divided into tenths of a millimetre. 
Consequently one division on the scale corresponded to 1 /108 mm in the 
diffusion cell. The whole apparatus was enclosed in a wooden box, the 
air temperature inside of this being read with a thermometer. It was 
found of no advantage to keep the apparatus in a thermostat as the 
temperature could be determined and kept constant in this way to within 
half a degree, so that any error due to temperature variations is less than 
1%. This is less than the error inherent in the colorimetric estimation 
of the concentration (if there is an error of 1% in determining the con¬ 
centration of the dye, this would make an error of about 2% in the 
diffusion coefficient). 

* * Kolloid. Beihefte,* vol. 28, p. 296 (1929). 
t ‘ Kolloid. Beihefte,* vol. 31, p. 1 (1930). 
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The back and sides of the diffusion cells and comparison cells were 
made out of specially obtained glass with plane parallel sides. The sides 
were made by cutting pieces of approximately the right size and shape 
and then carefully grinding the edges until they were rectangular. The 
cells were put together with paraffin wax as described by Nistler. Nistler 
used a celluloid strip for the shutter which separated the dye from the 
water before diffusion is allowed to begin. Such a strip, if made of 
celluloid, has to be comparatively thick to allow the necessary rigidity. 
The thickness of the shutter introduces an error in determining the zero 
value when measuring the distance diffused. It is therefore necessary 
to have the shutter as thin as possible. Consequently we used a thin 
metal strip. Difficulty was found in cutting a thin metal strip which 
would be sufficiently uniform in width to prevent appreciable leaking. 
Eventually, after many attempts to get over this difficulty, about 2 yards 
of silver ribbon (0 • 1 mm) thick was rolled out for this purpose by a maker 
of silver braid. By going over the whole of this ribbon with a microscope 
we managed to obtain four pieces about 3 cm long which did not deviate 
from the width required (0-9 mm) by more than 6 |x throughout their 
length. These were used as the actual shutters. The pulling out of the 
shutters at the commencement of an experiment was effected by means of 
a sliding arm in the cell carrier which gripped the end of the silver strip 
by means of a cam. It was found that when using a thin metal strip there 
was always a very slight leak past the shutter, which necessitated the 
following procedure. The cell was filled with dye, the shutter closed 
and any dye remaining above the shutter was removed by a capillary 
pipette and then by strips of ash free filter paper. It was not necessary 
to wash the upper part of the cell, as if the cell was clean before introducing 
the dye, the filter paper was found quite sufficient to remove the least 
traces of dye. The cell was then placed in position and the upper section 
filled with water (previously brought to the same temperature as the 
apparatus) by means of a capillary pipette only when all other prepara¬ 
tions had been made. In this way it was possible to begin the experiment 
by pulling out the shutter within half a minute of having added the 
water, during which time the amount of dye leaking past the shutter was 
quite negligible. 

An experiment that started badly either by reason of leaks or the silver 
strip not being perfectly straight and parallel to the bottom edge of the 
cell when it was withdrawn showed up in the drawing of the graph by the 
curve not passing through the origin. Such results were rejected. In 
all the experiments straight lines were obtained which passed through the 
origin (except in one or two cases referred to below), showing that the 
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diffusion remains constant throughout the experiment. From this we 
were able to conclude that no appreciable error was introduced through 
variations in the temperature during the experiments or by convection. 
The cells were taken to pieces and cleaned after each experiment. If the 
diffusion cell was badly put together, even the slightest leak during the 
experiment could be seen from the graph, the slope of the curve getting 
less as the experiment progressed. 

In the experiments where •£% dye was allowed to diffuse into water, 
three comparison cells were used containing 1/64%, 1/32% and 1/16% 
respectively. The concentration in the diffusion cell at the beginning 



Flo. 1—x, 1 /64% “ meta ” benzopurpurine, □, I/64% benzopurpurine 4B, O, t/384% 
Bordeaux extra, A, t /64% Congo red 

of the experiment will be referred to as the initial concentration, and that 
of the comparison cell as the final concentration. In general, the results 
for the most dilute comparison cells were the most reliable—the colori¬ 
metric accuracy being highest. The results corresponding to 1/16% were 
similar to those given in the tables, but were not sufficiently reliable to 
be worth reporting. The more dilute final concentration results have 
been chosen for the curves in fig. 1. 

Unfortunately there is no simple way of determining to what con¬ 
centration the diffusion coefficient, as calculated, corresponds. It will 
be between that of the initial and final concentration, but its exact value 
cannot be determined in any simple manner. 


2 z 2 
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Purification of Dyes 

Congo Red— This was the same sample as used by Robinson and Mills* 
for osmotic pressure measurements, which had been purified by repeated 
salting out with sodium acetate followed by washing out the sodium 
acetate with absolute alcohol. 

“ Meta ” Benzopurpurine and Benzopurpurine 4 B —Prepared from pure 
intermediates by the Dyestuffs Group of Imperial Chemical Industries, 
Ltd., and freed from electrolytes by five times salting out with sodium 
acetate followed by five times boiling up with absolute alcohol and 
filtering. The benzopurpurine 4B which is referred to in the next section 
as “ further purified ” was given the following treatment in which more 
opportunity is given for the removal of impurities which are completely 
salted out by the sodium acetate; filtered through a No. 42 Whatman 
filter, precipitated with sodium acetate, washed with water, precipitated five 
times with sodium acetate, twice washed with a mixture of about equal 
proportions of alcohol and water (which removed most of the sodium 
acetate and left the product with sufficiently high solubility for the next 
operation), three times “ recrystallized ” from alcohol-water mixture, 
three times boiled with absolute alcohol and filtered. The reason for 
recrystallizing from alcohol and water instead of water was that the dye 
had a higher solubility in this mixture and filtering was much less difficult. 
This process, though giving a very poor yield, seems to have given a 
highly pure product. 

Bordeaux Extra —Purified by sodium acetate method as described by 
Robinson and Moilliet.t 

Congo Rubin —Purified by sodium acetate method followed by two 
recrystallizations from alcohol-water mixtures. 

In order to prevent contamination by CO a , all the dye solutions were 
kept in pyrex flasks fitted with syphons and soda lime tubes so that con¬ 
tamination with atmospheric CO a is prevented (benzopurpurine may be 
precipitated by blowing exhaled air through it). 

OstwaldJ has recently criticized the sodium acetate method of puri¬ 
fication on the grounds that the sodium hydroxide formed by the hydro¬ 
lysis if the sodium acetate “ etched ” (“ angeatzt ”) the dye, leaving it 
more nearly in true solution than it would otherwise have been. Provided 

* ‘ Proc. Roy. Soc.,’ A, vol. 131, pp. 576, 596 (1931). 
t ‘ Proc. Roy. Soc.,’A, vol. 143, p. 630 (1934). 
t ‘ Kolloid Z.,’ vol. 68, p. 42 (1934). 
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free acid dye does not exist in the solution, there is, however, no evidence 
that small traces of sodium hydroxide have any marked effect on the 
properties of the dye solution (e.g., benzopurpurine 4B). [The effect 
of traces of NaOH on the diffusion coefficient, as discussed here, is of 
course another effect which is not connected with changes in the micelle.] 

A dye solution, which has been contaminated with atmospheric C0 2 
and shows by its colour the presence of free acid dye, may be brought 
back to its original condition by the addition of NaOH in a concentra¬ 
tion of less than N/20,000. If still more NaOH is then added in small 
quantities, no further change in the solution is brought about. This 
can be shown both by conductivity and viscosity measurements. 

A more probable explanation of the difference between the properties 
of our benzopurpurine 4B and Ostwald’s preparation seems to be that 
the latter contains the excess of insoluble acid dye peptized by the soluble 
dye. This is suggested both by the properties he describes (ageing, etc.) 
and the method of preparation, which was dissolving acid dye in sodium 
hydroxide and filtering off the excess of acid dye. Experiments we 
carried out showed that a considerable quantity of acid dye can be taken 
up by a solution of pure benzopurpurine 4B, much of this acid dye 
remaining in suspension even after passing the solution through a No. 42 
Whatman filter. The resulting solution, after filtering, had a relative 
viscosity of about 2 -Ocompared to 1 -035 for the pure solution, and showed 
ageing phenomena and thixotropy (i.e., the apparent viscosity decreased 
with successive passages through the capillary). 

Standardization of Apparatus 

Some difficulty was found in choosing a substance of known diffusion 
coefficient which had suitable properties (e.g., sufficient depth of colour) 
to allow its diffusion to be determined in the apparatus. Eventually 
KMn0 4 was chosen. This was several times recrystallized, the crystals 
separated on a Jena sintered glass filter, washed with water on the filter 
and a solution made from these wet crystals, the concentration being 
determined afterwards by titration. The diffusion coefficient was calcu¬ 
lated from the value of the conductivity at infinite dilution. As the 
values reported in the literature for these latter differ widely, this was 
redetermined (the conductivity apparatus and technique used was similar 
to that described by Robinson , and Moilliet). The value at infinite 
dilution was obtained by plotting the equivalent conductivity againt the 
square root of the concentration and extrapolating to zero. This gave 
138 for K at 25° C. Since the ion conductivity of potassium is 75, we 
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have u — 75 and v = 63. Substituting these values in equation (3) 
(Hartley and Robinson) we obtain D == 18-3 x 10~*. Three deter¬ 
minations in the micro-diffusion apparatus (initial concentration 0-1 M, 
final concentration 1/32 xO-1 M, determined at 22° C, and corrected 
to 25° C) gave 191, 19 2, 18-2, mean = 18*8 x 10-*, which agrees 
within the experimental error. 


The Diffusion Coefficients of Pure Dyes 

In Table 1 are given the diffusion coefficients obtained for pure dyes. 
Some of these results have already been referred to in the earlier theoretical 


Talbe I— Diffusion Coefficients of Pure Dyes 



Initial 

Final 

D x 10' fl 

No. of 

Mean 

Dye 

concen¬ 

tration 

0/ 

concen¬ 

tration 

mean 

value 

experi¬ 

ments 

deviation 

Benzopurpurine 4B . 

/o 

i 

/o 

1/64 

4-94 

3 

0*46 


i 

1/32 

4-62 

3 

0*45 

Benzopurpurine 4B (further 

i 

1/64 

6-82 

3 

013 

purified) 


1/32 

6-32 

3 

0*30 

“ Meta M benzopurpurine .. 

\ 

1/64 

5*43 

6 

0*16 


i 

1/32 

5*91 

6 

0*16 

Congo red . 

i 

1/64 

5-67 

2 

0 20 


i 

1/32 

5*68 

2 

0*05 

Congo rubin . 

1 

1/64 

5-59 

2 

0-15 


i 

1/32 

5*51 

3 

0*03 

Bordeaux extra . 

i 

1/64 

6*07 

3 

0*16 


i 

1/32 

5*65 

3 

010 

Bordeaux extra (further puri¬ 

i 

1/64 

5*42 

3 

0*29 

fied) 

i 

1/32 

5*49 

3 

0*31 

»♦ 

1/12 

1/384 

5*55 

4 

0*22 


1/12 

1/192 

5*66 

4 

0 20 


paper. There it was explained that the high diffusion coefficients obtained 
were to be expected and that it was possible to calculate from the con¬ 
ductivity of any particular dye a minimum theoretical value for the 
diffusion coefficient. In the one case, benzopurpurine 4B, where the 
experimental result did not exceed the minimum theoretical value it was 
suggested that this was due to imperfect removal of the electrolyte 
impurities, e.g., sodium chloride, this dye being particularly difficult to 
free from the last traces of such impurities. This explanation proved to 
be correct. The dye was still further purified (as already described) 
and eventually a product was obtained which gave a diffusion coefficient 
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of the expected high value (6 • 82 x 10~®, minimum theoretical 5 -6 x 10“** 
This result emphasizes the great difficulty sometimes encountered in 
preparing a colloidal electrolyte sufficiently free from other electrolytes 
to give the true diffusion coefficient, very small quantities of electrolytes 
being sufficient to reduce it considerably, as will be seen from the following 
section. It is, however, unlikely that the values for D here given are 
appreciably below the true figures (for evidence of the purity of some of 
these dyes see Robinson and Moilliet.t The benzopurpurine 4B there 
referred to was of the same standard of purity which we describe here 
as “further purified"). The Bordeaux extra on further purification, it 
will be noticed, gave a slightly lower diffusion coefficient. The first 
preparation was shown by ultrafiltration to contain a highly conducting 
coloured impurity (loc. cit.). This may have accounted for the difference 
which was rather more than the experimental error. 

This point is also brought out by the results on Congo rubin. Most 
of the large number of results obtained for the diffusion coefficients of 
dyes by Nistler in his micro diffusion apparatus! are of little quantitative 
value as they were carried out on impure dyes containing unknown 
quantities of electrolytes. Congo rubin, however, was the one dye which 
he submitted to a process of purification. His result (D — 1 -86 x 10“*), 
however, comes well below the minimum theoretical (5-2 x 10“*).* 
Our value for a sample purified as described above was 5-59 x 10 *. 

The results for benzopurpurine 4B, “ meta ” benzopurpurine and 
Bordeaux extra illustrate how little can be concluded directly from the 
diffusion coefficients of the pure solutions. Thus while all other evidence 
(including that given in the next section) points to Bordeaux extra being 
less colloidal than the two benzopurpurines, we find that not only do 
all three dyes have high diffusion coefficients (as can be predicted from 
their high conductivities) but that the diffusion coefficient of Bordeaux 
extra is actually lower than that of benzopurpurine 4B. 

The Diffusion Coefficients in the Presence of Electrolytes 

Although we can conclude nothing about the particle size from the 
diffusion coefficient of the pure dyes, in the presence of a considerable 
excess of electrolytes the particles will diffuse in accordance with the 
Stokes-Einstein equation. Hence we can obtain a measure of the size 
of the particle as it exists in the presence of the electrolyte. In some dyes, 
however, which are sensitive to electrolytes, the particle size in the presence 

* Hartley and Robinson, ‘ Proc. Roy. Soc.,’ A, vol. 134, p. 20 (1931). 
t ‘ Proc. Roy. Soc.,’ A, vol. 143, p. 630 (1934). 
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of electrolytes will be larger than that in the pure solution. If, however, 
we find that on adding increasing quantities of electrolyte the diffusion 
coefficient, after first decreasing, reaches a value which remains constant 
over a considerable range of electrolyte concentration, we may assume 
that this constant diffusion coefficient will also give a measure of the 
particle size in the pure solution. This is so with “ meta ” benzopurpurine 
as shown in fig. 1 and Table II. Here the diffusion coefficient remains 


Table II— “Meta” Benzopurpurine (|% Initial Concentration) 

in Sodium Chloride 


Final 

concen- 


NaCl concentration tration 

of dye 

% 

0 004 N . 1/64 

0 004 N . 1/32 

001 N . 1/64 

001 N . 1/32 

0 025 N . 1/64 

0 025 N . 1/32 

0 05 N . 1/64 

0 05 N . 1/32 

01 N . 1/64 

0 1 N . 1/34 

0-2 N . 1/64 

0-2 N . 1/32 

0-25 N . 1/64 

0-25 N . 1/32 

0 004 N with H s O above- 1/64 

0-004 N with HjO above .... 1/32 


D x 10* 
mean 

No. of 
experi¬ 
ments 

Mean 

deviatio 

2-56 

1 

_ 

2*64 

1 

— 

2*39 

2 

0*22 

2*35 

2 

0*20 

1*67 

3 

0*14 

1*57 

3 

0*11 

1 34 

1 

— 

1 *35 

1 

— 

1 -39 

2 

0*10 

1 -34 

2 

0 05 

1*33 

4 

0* 15 

1*24 

4 

012 

1 * 19 

1 

— 

Ml 

1 

— 

2*68 

1 

— 

2*58 

1 

— 


constant within the limits of experimental error between 0-05 and 0-25 N 
NaCl (the dye containing a given concentration of sodium chloride 
being allowed to diffuse into sodium chloride of the same concentration). 
With the higher concentrations of electrolyte the experiments became 
more and more difficult to carry out as, after the diffusion had proceeded 
for some time, the dye solution would suddenly stream upwards into the 
electrolyte solution making further readings worthless. The point at 
which this disturbance made itself felt (which was quite sudden) could 
be easily detected either by the straight line relationship on the graph no 
longer holding, or by observing the cell with the naked eye from the 
back of the apparatus. After this point was reached convection was 
very rapid; consequently in these experiments it was only possible to 

















Diffusion Coefficients of Dye Solutions 691 

use the readings made in perhaps the first 15 or 20 minutes. With a 
concentration of NaCl above 0-25 N it was impossible to obtain a figure 
for the diffusion coefficient. This effect was also found with NaOH. 


Table 111—*% “ Meta 

” Benzopurpurine in Sodium Hydroxide 

NaOH 

Final concentration 

D x 10* 

concentration 

of dye % 

0*002 N 

1/64 

3*15 


1/32 

3*22 


The investigation of the other properties of these dyes has given indirect 
but convincing evidence that Bordeaux extra is more nearly in true 
solution than “ meta ” benzopurpurine. A direct measure of the particle 
size of Bordeaux extra is, therefore, of considerable interest. The 
results obtained are also shown in fig. 1 and Table IV. Determination 


Table IV—1/12% Bordeaux Extra in Sodium Chloride 


NaCl concentration 


001 N 
001 N 
0 025 N 
0 025 N 
0 07 N 
0-07 N 


Final 
concen¬ 
tration 
of dye 

o/ 

D x 10* 
mean 
value 

No, of 
experi¬ 
ments 

Mean 

deviation 

/o 

1/384 

318 

5 

0 08 

1/192 

305 

5 

0*08 

1/384 

3-25 

4 

0 21 

1/192 

3-55 

3 

016 

1/384 

3-20 

3 

0 15 

1/192 

2-91 

3 

0*08 


of the flocculation value of Bordeaux extra at different concentrations 
showed that it was impossible to use sufficiently high concentrations of 
sodium chloride with a dye concentration of more than 1/12% and even 
here concentrations as high as those used with the “ meta ” benzopurpurine 
could not be reached. The diffusion coefficient for the i% pure dye (the 
highest concentration which could be reached in the pure solution) is, 
however, also given for comparison. 

The two curves show very convincingly that the particle size of the 
“ meta ” benzopurpurine is considerably bigger. 

The diffusion coefficient of benzopurpurine 4B, which, although only 
differing from the “ meta ” benzopurpurine by the position of two CH a 
groups, shows such markedly different colloidal properties, unfortunately 
could not be measured in sufficiently high concentrations of sodium 
chloride on account of its flocculating. The results are given, however, 
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for 0 004 N NaCl (Table V). The curve is, however, here so steep that 
little indication is given as to how the limiting value (if measureable) 
would have differed from that of the “ meta ” benzopurpurine. 

Table V —\% Benzopurpurine 4B in Sodium Chloride and 
Sodium Hydroxide 



Final 





concen- 

D x 10 6 

No. of 

Mean 

deviation 

Concentration 

tration 
of dye 

mean 

value 

experi¬ 

ments 

0*004 N NaCl. 

% 

1/64 

2*32 

2 

001 

0*004 N NaCl. 

1/32 

2*43 

2 

0*01 

0 01 N NaOH . 

1/64 

1 *94 

1 

0*01 N NaOH . 

1/32 

2-43 

1 

— 


In Table III some figures are also given showing the influence of NaOH 
on “ meta ” benzopurpurine. 

The curves in fig. 1 show how sensitive is the diffusion coefficient to 
small quantities of electrolytes, more than half the fall to the final value 
having taken place at 0 004 N NaCl. Since so many measurements of 
diffusion coefficient have been reported in the literature on dyes, which 
admittedly contained salt present as an impurity, it is interesting to 
speculate how great the effect would be. In such a case the dye con¬ 
taining the salt would be allowed to diffuse not into a salt solution of the 
same concentration, as in our experiments, but injto water. For sodium 
chloride, the mobility of the chlorine ion (65-41 at 18°) is greater than 

Table VI —\% Congo Red in Sodium Chloride 

Concentration Final concenUafion D x 10* 

0 025 N NaCl 1/64 2-00 

0 025 N NaCl 1/32 2-17 

that of the sodium ion (43-39 at 18°) and consequently, when diffusion 
commences, a diffusion potential will be set up in the opposite direction 
to the diffusion potential which is due to the sodium ions diffusing faster 
than the dye micelles. Consequently there will be a second reason for 
the sodium chloride to lower the diffusion coefficient of the pure dye and 
we might, therefore, expect the lowering to be more easily brought about 
in this instance than when there is a uniform concentration of salt through¬ 
out the cell. On the other hand, after diffusion has taken place the final 
concentration of salt in the former case will be very much lower. The result 
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given in Table V shows that, for 0-004 N NaCl, the drop due to this 
initial concentration of salt in the dye alone was nearly as great as with 
the same concentration throughout the cell. 

In Table VIII is given the radius calculated from the limiting diffusion 
coefficients in the presence of electrolytes, using the formula 

D - RT i 

6k7)N ' r ’ 

that is to say, assuming the particles to be spherical and that Stokes’ 
law holds. In the fourth and fifth columns the particle weights are given, 
assuming the density to be 1-0 and 1-5 respectively, the latter figure 
being the density of the solid dye. The molecular weights and anion 
weights of the various dyes are given in Table VII. The figures for 


Dye 

Bordeaux extra . 

** Meta ” benzopurpurine 

Congo red . 

Benzopurpurine 4B .... 
Congo rubin . 


Table VII 

Molecular weight 

700 

726 

698 
726 

699 


Single anion weight 

654 

680 

652 
680 

653 


benzopurpurine 4B and Congo red are taken from the one point deter¬ 
mined on the diffusion curve in each case, assuming that these curves 
run parallel to that for “ meta M benzopurpurine. The particle weights 
for these two last dyes are consequently very uncertain. The figures, 
however, are of interest in suggesting that the particle size of benzo¬ 
purpurine may be as much as 50% greater than that of 4i meta ” benzo¬ 
purpurine, while at the same time showing clearly the difficulties met 
with in determining a difference in particle size of this order. 


Dye 

Table VIII 

D x 10* r x 10* 

Particle weight 

Bordeaux extra . 

3*25 

6*2 

Density - 1 
600 

Density =1*5 
900 

“ Meta " benzopurpurine 

1-35 

14*8 

8200 

12300 

Congo red . 

1*70 

11*75 

4100 

6150 

Benzopurpurine 4B .... 

1-20 

16*7 

12000 

18000 


The difference in the limiting diffusion coefficients of “ meta ” benzo¬ 
purpurine and Bordeaux extra is very great. Bordeaux extra, it would 
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seem, is either in true solution or very nearly so. The transport number 
measurements of Robinson and Moilliet showed appreciable aggregation, 
although much less than in “ meta ” benzopurpurinc. For the diffusion 
coefficients it must be remembered that we had to deal with quite dilute 
solutions, initial concentration 1/12%, final concentration 1/192% and 
1/384%. 1/384% is less than N/10,000, so that although the exact 

concentration corresponding to the diffusion coefficient given is doubtful, 
as already explained, it certainly corresponds to the lower concentrations 
in Robinson and Moilliet’s curves where aggregation is presumably just 
beginning. With “ meta ” benzopurpurine we have definite evidence of 
a high degree of association. The particle weight as calculated, assuming 
a density of 1 • 5, corresponds to 17 simple anions. This is in reasonable 
agreement with the result obtained from osmotic pressure measurements 
in the presence of salt. This is as would be expected, unless the particle 
shape was very asymmetrical (when the diffusion meaurements would 
have given a greater value, the two results from osmotic pressure and 
diffusion coefficient corresponding closely to the results obtained by 
Svedberg’s sedimentation equilibrium and sedimentation velocity respec¬ 
tively) or the hydration so large as to have appreciably affected the osmotic 
pressure in the concentrations dealt with. From the osmotic pressure 
we concluded that the number was over 10, the limiting pressure not 
having been actually reached. For the diffusion measurements the 
actual figure that should be taken as the density is, of course, open to 
doubt. 


The Mobility of the Particles 

We meet with more difficulty in trying to correlate the diffusion results 
with the mobility measurements of Robinson and Moilliet.* If the 
particles are assumed to be spherical the mobility would be proportional 
to zjr, where z is the charge and r the radius of the particle, if the effect 
of the interionic forces in reducing the mobility were negligible. Even if 
we take the density as equal to 1, the values of z for “meta” benzo¬ 
purpurine will be 22, if 11 ions constitute one particle as is indicated by 
the diffusion measurements and the included sodium is neglected. 
Robinson and Moilliet estimated the included sodium as not more than 
25% in the higher concentrations dealt with. Even if this figure was 
considered open to doubt as a maximum value, it could not possibly be 
more than 30% or it would be impossible to account for such a high 
value having been obtained for the osmotic pressure, in the absence of 

* 1 Proc. Roy. Soc.,’ A, vol. 143, p. 630 (1934). 
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electrolytes. So that the value of z must be at least 15 if n — 11. It 
follows that z/r for “ meta ” benzopurpurine must be at least three times 
the value of z/r for Bordeaux extra. The mobility on the other hand was 
found to be less than 50% greater. 

The effect of the interionic forces on the mobility would to some extent 
reduce this discrepancy, the mobility of multivalent “ meta ” benzo¬ 
purpurine particle being reduced much more than the low valency Bor¬ 
deaux extra particle. Another factor which has not been taken into 
consideration is the possible aysmmetry of the particles. This would 
make the radius as calculated from the diffusion coefficient higher than 
the true value. Only further investigations can show whether all the 
difference is due to these factors. 

Our thanks are due to Mr. G. S. Hartley for his valuable advice on the 
interpretation of this work. 


Summary 

Diffusion measurements with pure dyestuffs are described. The 
diffusion coefficients in all cases were very high as was to be expected 
from the theoretical considerations of Hartley and Robinson as discussed 
in a previous paper. No indication of the particle size can be obtained 
from the diffusion coefficient of the pure dye. 

Diffusion measurements were also carried out in the presence of added 
electrolytes. The fall in the value of the diffusion coefficient with 
increasing quantity of electrolyte is at first very rapid, but, in the case 
of those dyes which are not easily flocculated by electrolytes, reaches a 
constant value at higher concentrations. From this constant value a 
measure of the particle size may be obtained. 

From such measurements it would appear that Bordeaux extra is very 
nearly in true solution, but that the particles of “ meta ” benzopurpurine 
contain more than 10 anions. This is in agreement with osmotic pressure 
measurements in the presence of electrolytes. 

The information obtained by Robinson and Moilliet from the mobilities 
suggests that “meta” benzopurpurine could not be so large as this. 
Whether this discrepancy can be accounted for by the interionic forces 
and the asymmetry of the particles, can only be decided by further 
investigation. 
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Band Spectrum of Aluminium Bromide (AlBr) 

By H. G. Howell, B.Sc., Armstrong College, Newcastle-on-Tyne 
(<Communicated by W. E. Curtis, F.R.S.—Received October 25, 1934) 

[Plate 29] 

Introduction 

Our knowledge of the band spectra of the diatomic halides of Group 
ITI of the Periodic Table is confined at present to boron chloride (BC1) 
and aluminium chloride (A1C1). Whilst the data concerning BC1 are 
fragmentary and uncertain, the vibrational structure of the A1C1 molecule 
has recently been investigated by Mahanti* and by Bhaduri and Fowler.f 
An examination of known halide spectra shows that for a given 
positive radical the spectra all lie in the same wave-length region and 
are usually of the sequence type. With increasing halogen mass the 
system origin moves towards longer wave-lengths and the corresponding 
vibration frequencies progressively decrease. To illustrate these points, 
the relevant data for the calcium halides is shown in Table I,J calcium 
being chosen as being the nearest element to aluminium whose halide 
spectra have been investigated. 

Table I 


v, to' ca" 

CaCI . 26556 330 360 

CaBr . 25527 261 281 

Cal . 23740 206 241 


where v e represents the system origin and w', w" the vibration frequencies 
of the upper and lower states respectively, all in cm -1 . 

The percentage changes in these quantities as we pass from CaCI to 
CaBr are— 

V, Ci)' Ci)" 

3-9 20-9 21 -9 

Assuming that the halides of aluminium behave in a similar manner, 
the vibration constants of AlBr can be estimated from the A1C1 data. 
This gives for AlBr: v, = 36770, w' = 356, cd" — 376, i.e., the band 

* ‘ Z. Physik,’ vol. 88, p. 550 (1934). 

t ‘ Proc. Roy. Soc.,’ A, vol. 145, p. 321 (1934). 

X Data obtained from Jevon’s “ Report on Band Spectra of Diatomic Molecules,’* 
p. 278 (1932). 
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system origin should be near X 2720. By means of a high-frequency 
discharge in vapour of aluminium bromide AlBr, a band spectrum 
stretching from X 2750 to X 3000 was obtained. It will be shown later 
that the constants in question have the values— 

v„ = 35883-5, «' = 299-31, w" ^ 379-21. 

The resemblance of the spectrum to that of the diatomic molecule A1CI 
suggests that it is due to AlBr. The vibrational analysis and measure¬ 
ments of the isotope effect confirm this conclusion. 

Experimental 

The quartz discharge-tube employed was 12 cm long, 2-5 cm in dia¬ 
meter, and had a short central capillary about 1 mm in diameter; plane 
windows were fused on to the ends. It was exhausted with a Cenco 
Hyvac oil-pump and charcoal cooled in liquid air, and was baked out by 
passing an intense high-frequency discharge through it for some time. 
The aluminium bromide was distilled into the tube from a side limb. 

A 500-watt oscillator working at a frequency of the order of 10 7 cycles 
per second provided the excitation energy, which was applied to the 
tube by means of external electrodes consisting of strips of thin iron 
plate. These were first attached directly to the tube, but as the brush 
discharge which took place from the edges of the electrodes eventually 
punctured it, they had to be separated from it by a thick layer of asbestos. 

The discharge had a deep blue colour and was so intense that exposures 
of only a few seconds were necessary to photograph it on a Hilger small 
quartz spectrograph. With the Hilger El quartz spectrograph which 
was later used exclusively, exposures ranged from half a minute for the 
brightest region about X 2790, to half an hour for the weaker bands. 
The dispersion, which averaged 4 • 1 A per mm over the region covered 
by the spectrum, was sufficient to resolve some of the rotational structure, 
and also to enable measurements of the isotope effect to be made. Ilford 
Monarch plates were used throughout. 

Iron arc lines served as standards, their wave-lengths being taken from 
the tables published by the International Astronomical Union (1933), 
and supplemented where necessary by the measurements of Burns. * 

Measurements have been made on three plates and it is considered 
that the wave-lengths obtained are reliable to within 0-03 A for the 
sharpest heads (the R heads) and to within 0 -07 A for those less favour¬ 
able for measurement. 

* ‘ Pub. Univ. Cal.,’ vol. 8, No. 247 (1913). 
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Description of the Spectrum 

Most of the bands tabulated appear in the plate, a small number 
being too weak to show in the reproduction. They are degraded to the 
red and grouped in sequences, the strong heads being double owing to 
the presence of R and Q branches, although the Q branches may have 
P branches superposed on them. The bands remote from the origin 
at X 2786 exhibit another doubling, with each component of equal 
intensity. These heads are due to the molecules AlBr 7# and AlBr w 
which are present in equal numbers. The R branches are short and 
have stronger heads than the Q branches which extend farther and show 
a certain amount of structure. The presence of strong heads of both 
isotopes has enabled some weak bands to be included in the main system. 
These appear as doublet lines, but their wave-lengths are in close agree¬ 
ment with those calculated for expected bands in that region, and further¬ 
more each doublet has the predicted isotope separation. 


Vibrational Analysis 

The disposition of the bands in well-marked sequences enabled them 
to be readily arranged in a v\ v" scheme, which is given in Table II. 
The most intense group of heads at X 2800 was taken as the sequence 
Av — 0, and this arrangement was fully confirmed later by the agreement 
between the calculated and observed isotope effects. Each group of 
bands in the scheme comprises the R heads of both isotopes and the 
more refrangible Q head, where measured, which was only possible with 
the stronger bands. It was not possible to make any definite observa¬ 
tions on the isotope effect on the Q heads, although a slight broadening 
was usually present. 

To distinguish the R heads, R' refers to the AlBr 78 molecule. The 
differences Aw’ and Aw" are shown for both R and Q heads. The 
vibrational transitions producing the band system are shown diagram- 
raatically in the plate. The Q head when present is marked by a short 
line. 

The wave-numbers of the Q heads have been found by using the 
method of least squares to be represented by the following formula— 


v = 35883 5 + 299-31 ( v' + i) - 8-560(t/ + if - 0-122(v' + if 

- {379 -21 (v” + i) - l • 560 (»" + *)»}. 
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A comparison of the measured values with those calculated from this 
equation can be made by examining Table III, which contains the observed 
minus calculated differences. 

Table III— Observed — Calculated Wave-numbers of Q Heads 

\ v" 


\ 

' \ 

0 

1 

2 

3 

4 

5 

6 7 

0 

-10 

- 10 

—1-3 

—0*8 




i 

0-4 

-01 

~0*6 

-0*2 

-0*7 



2 

0*4 

0*7 

0*1 

1*5 

M 

1*0 

o 

1 

6 

3 



0*3 

-01 

2*1 

-1*8 



Inspection of the v', v" scheme shows that, although there is a well- 
developed v" progression with v' — 3, no bands involving higher levels 
of the upper state appear. The plate clearly demonstrates this fact, 
for it can be seen that each sequence is limited to four members. At 
first it was considered possible that the fifth member of each sequence was 
too weak to show up against the more intense members of the over¬ 
lapping neighbouring sequence. The intensity of the sequencies Av — 0, 
— 1 and —2 is sufficiently large for this, but examination of the intensities 
of the bands in the sequence At> -- — 3 suggests that there should be a 
fifth member which would be stronger than the bands in the At> = — 4 
sequence. This band, however, is not found, so it appears that there is 
a real breaking-off of the bands at the level v’ — 3. It is thus probable 
that predissociation occurs in the upper state at the level v' — 4. 


Separation of R and Q Heads 


The separations of the R and Q heads which are given in Table IV 
show that these values increase in a v" progression and decrease in a 
v' progression in accordance with theoretical expectations. The A1C1 
spectrum contains a few bands which are degraded in the opposite 
direction to the majority, this being due to the reversal in sign of the 
difference in the rotational constants B' — B". It can be determined 
here whether the AlBr spectrum should exhibit the same phenomenon, 
using the same procedure that Curtis* suggested for A1C1. 


The theoretical separation is v a — v g = 


(B' + B")». 
MB' - B") 


* Bhaduri and Fowler, loc. eit. 


3 a 2 
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Since B' + B" probably varies slowly with v, the reciprocals of v R — v Q 
will be roughly proportional to B' ~ B". When these values are 
examined their decrease with v" is found to be rather slower than a 
linear decrease, and extrapolation shows that the B' — B" value will be 
zero or slightly negative for the bands 0, 7 and 1, 9. These bands are 
not observed and indeed inspection of the intensity distribution given 
later suggests that the probability of these bands being excited is exceed¬ 
ingly low. 

Table IV —Separations of R and Q Heads 


\ V ” 

\ 

v ' \ 

0 1 2 

3 

4 

5 6 7 

0 

5-8 72 9-9 

130 



1 

31 3-3 59 

8*3 

11*0 


2 

2 0 2-8 

4*0 

6*6 

7*4 8*7 9*0 

3 



3*0 

50 


The Isotope Effect 



As already recorded, the doubling of the R heads is due to the presence 
of the molecules AlBr 79 and AlBr gl , these being of equal abundance. 
The magnitude of the vibrational effect has been calculated from the 
formula:* 


V<„v - v,.,.. = (p - l){(v vV . - V,) - *>', (V' + *)* + X". (v" + m 

where v*„ v . and v cV . represent the wave-numbers of the isotope heads, 


represents the system origin, and p — .* / Ji, where \i and \l* represent 


the reduced masses of the two molecules. The symbols with the index 
“ / ” usually refer to the less abundant molecule, but in this case it refers 
to the molecule AlBr„. 

The calculated value of p = 1 *003165 and therefore 


V*,-,- ~v, =0-003165 {(v vV .-35883-5)—8-56 (t/+i)*+ 1 -56(t/'-f*)«} 

As the heads due to the heavier molecule are always displaced towards 
the system origin, an AlBr- 9 head on the red side of the origin will be the 
long wave component of the isotopic pair. The observed isotope separa¬ 
tions of the R heads are collected in Table V where the calculated values 
of the vibrational effect are added in brackets for comparison. The 


* Jevons’ “ Report," p. 213. 
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observed value is usually slightly larger than the theoretical, this being 
due probably to a systematic personal error of setting on the heads. 

The Intensity Distribution 

The intensities of the R heads are arranged in Table VI in the usual 
manner. The values, which were estimated visually, are based on a 
scale of 10 for the strongest to 0 for the weakest. Since the vibration 

Table VI—Intensity Distribution 
0123456789 10 

0 10 8 6 1 

1 8 9 8 7 3 2 1 

2 1 8 8 8 7 5 3 1 0 

3 1735553100 

frequencies are both of the same order, the Condon parabola would be 
expected to be very narrow. This means that in a given v" progression 
there should be two intensity maxima very close together. Actually, 
in each of the first three v" progressions there is only one maximum, 
which may be due to the maxima coinciding, i.e., the two limbs of the 
parabola narrowing into a straight line. This could only happen if the 
potential energy curves of the two states were of the same shape and had 
the same value of r„ the equilibrium nuclear separation. The empirical 
relation w/, 8 = constant, would also entail the w,’s being almost equal, 
and since they are definitely unequal (<*>', — 299 and co", = 379 cm -1 ), it 
would appear that the above relation does not hold for AlBr. 

An examination of the intensity distribution of the v' — 3 progression, 
however, provides an alternative explanation of the absence of a well- 
defined Condon parabola. Here it will be seen that there is a slight 
minimum at the 3, 3 band, indicating the possibility of the apex of the 
parabola being just above it. The main body of the parabola would 
then be below this band, but as bands of higher progressions do not 
appear this is not observed. 

Classified Bands 

All the bands which have been fitted into the v\ v" scheme are collected 
in Table VII in order of wave-length. The only bands whose classification 
is in doubt are 33590(0) and 33232(0) together with their isotope 
partners 33582 (0) and 33223 (0), their intensities being in brackets. 
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Table VII— Classified Bands 


x (Intensity) 

V 

Classification 

3029*75 (0) 

32996*4 

3,10 R* 

3029 *07 (0) 

33003*9 

3,10 R 

2997*61 (3) 

33350*2 

3,9 R* 

2997*07 (0) 

33356*2 

3,9 R 

2988*04(0) 

33457*0 

2,8 R 4 

2987*50 (0) 

33463*0 

2,8 R 

2966*14 (1) 

33704-0 

3,8 R‘ 

2965 *52 (1) 

33711*1 

3,8 R 

2956*24 (0) 

33816*8 

2,7 Q 

2955 *96 (1) 

33820*1 

2,7 R* 

2955*46 (1) 

33825*8 

2,7 R 

2947*58 (0) 

33916*2 

1,6 R* 

2947*01 (0) 

33922*8 

1,6 R 

2935 *03 (3) 

34061*3 

3,7 R 4 

2934*53 (3) 

34067*1 

3,7 R 

2925*06 (3) 

34177*3 

2,6 Q 

2924 *80 (3) 

34180*4 

2,6 R* 

2924 *32 (3) 

34186*0 

2,6 R 

2916*34 (2) 

34279*6 

1,5 R‘ 

2915 *98 (2) 

34283*8 

1,5 R 

2904 *39 (5) 

34420*6 

3,6 R* 

2903 *99 (5) 

34425*3 

3,6 R 

2894 *45 (4) 

34538*8 

2,5 Q 

2894 *20 (5) 

34541*8 

2,5 R* 

2893 *82 (5) 

34546*2 

2,5 R 

2886 *25 (2) 

34636-9 

1,4 Q 

2885 *68 (3) 

34643*7 

1.4 R* 

2885 *33 (3) 

34647*9 

1,4 R 

2879*16(1) 

34722*2 

0,3 Q 

2878 *39 (1) 

34731*4 

0,3 R‘ 

2878*08 (1) 

34735*2 

0,3 R 

2874 *32 (3) 

34780*7 

3,5 Q 

2875*22 (5) 

34781*9 

3,5 R 4 

2873*90(5) 

34785*7 

3,5 R 

2864 *28 (6) 

34902*6 

2,4 Q 

2864 *02 (7) 

34905*7 

2,4 R‘ 

2863*74(7) 

34909*2 

2,4 R 

2855 *94 (6) 

35004*5 

1,3 Q 

2855*52 (7) 

35009*7 

1,3 R 4 

2 $55 -26 (7) 

35012*8 

1,3 R 

2848*85 (6) 

35091*6 

0,2 Q 

2848*29(6) 

35098*5 

0,2 R 4 

2848*04(6) 

35101*5 

0,2 R 

2844*28 (4) 

35148*0 

3,4 Q 

2844*22 (5) 

35148*7 

3,4 R‘ 
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Table VII—(continued) 


X (Intensity) 

V 

Classification 

2844 03 (5) 

35151*0 

3,4 R 

2834*46(7) 

35269*8 

2,3 Q 

2834*32 (8) 

35271*5 

2,3 R* 

2834*13 (8) 

35273*8 

2,3 R 

2826*10(8) 

35374*0 

1,2 Q 

2825*79 (8) 

35377*9 

1,2 R* 

2825*63 (8) 

35379*9 

1,2 R 

2818*86 (9) 

35464*9 

0,1 Q 

2818*42 (9) 

35470*4 

0,1 R* 

2818*29 (9) 

35472*1 

0,1 R 

2815*05 (3) 

35512*9 

3, 3 R 

2805 13 (8) 

35638*5 

2,2 O 

2804*98 (8) 

35640*4 

2,2 R 1 

2804*91 (8) 

35641*3 

2,2 R 

2796*58 (9) 

35747*4 

1,1 p 

2796 32 (9) 

35750*7 

1, 1 R 

2789 *29 (10) 

35840*8 

0,0 Q 

2788*84 (10) 

35846*6 

0,0 R 

2786 *00 (7) 

35883*2 

3,2 R 

2775*97 (8) 

36012*8 

2,1 Q 

2775*82 (8) 

36014*8 

2,1 R 

2775*75 (8) 

36015*7 

2,1 R* 

2767 *50 (9) 

36123*0 

1,0 Q 

2767 *26 (9) 

36126*1 

1,0 R 

2767*21 (9) 

36126*8 

1,0 R* 

2757*31 (1) 

36256*5 

3,1 R 

2747 *30 (1) 

36388*6 

2,0 R 


These are so faint that it was difficult to make accurate settings on them 
and there is probably considerable uncertainty in their values. 

The following lines were also measured on the plates, the intensity 
and origin of each being added: 2816-2 (5) A1II, 2839*0 (3) Sn, 2863*3 (3) 
Sn, 2881 *6 (10) Si, 2967*3 (2) Hg, 2916*2 (1) Hg. A doublet at 2943-44 
may be due to Ga. 

Unidentified lines are 2985 *8 (0), 2986*7 (0), and 2986*7 (0).* 

* After the completion of this work, E. Miescher (‘ Hcl. Phys. Acta,’ vol. 7, No. 4, 
p. 462 (1934)) published a general account of his work on the halide spectra of boron 
and aluminium, in which he discusses the predissociation in AlBr and refers to a short 
note of Crawford and Ffolliott (‘ Phys. Rev.,’ vol. 44, p. 953 (1933)) on the aluminium 
halide spectra which had escaped the notice of the present author. They give the 
following formula for the band heads of AlBr *. 

v ~ 35850*1 + 288 * 5 t>' — I5v'*~ 375*1 v" + 9*25 v"\ 
but do not say whether this refers to the R or Q heads. 
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Summary 

A band system stretching from X 2750 to X 3000 has been produced 
by a high-frequency discharge in aluminium bromide. The great 
similarity of the spectrum to that of A1C1 and the vibrational analysis 
show that it is due to the diatomic molecule AlBr. The bands are 
degraded to the red and have Q and R heads; the latter are double owing 
to the presence of both AlBr, a and AlBr 61 molecules, the isotope separa¬ 
tion being in agreement with theoretical expectations. No bands involving 
the level v' — 4 are observed, presumably owing to predissociation in 
the upper state. The vibrational analysis shows that the system origin 
v 8 .-v- 35883 • 5 cm 1 and that the vibrational constants have the following 
values in cm -1 :— 

y c M c 

Upper state . 299 -31 8-560 0 -122 

Lower state . 379-21 1-560 — 

The intensity distribution does not exhibit a typical Condon parabola, 
but rather a straight line through the strongest bands. This may be 
due to the parabola being very narrow, or because all the bands which 
might otherwise have completed it are not present owing to predissocia¬ 
tion. 
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The Internal Conversion of y-Rays with the Production 
of Electrons and Positrons 

By J. C. Jaeger, Trinity College, Cambridge, and H. R. Hulme, Gonville 
and Caius College, Cambridge 

(Communicated by R. H. Fowler, F.R.S.—Received November 2, 1934) 


§ 1 Introduction 

A y-ray emitted from the nucleus of a radioactive atom may be 
absorbed by one of the outer electrons, with the production of a fl-ray. 
This process has already been treated'at length! and fairly satisfactory 
results have been obtained. If the energy of the y-ray is greater than 
2mc t it is possible for the y-ray to be absorbed by one of the electrons 
in a state of negative energy. This electron is then emitted with an 
energy hv 0 — j E' |, where hv 0 is the energy of the y-ray and E' the 
energy of the electron in the negative energy state. We are thus left 
with an electron of energy Av 0 — | E' j, and a hole, or positron, of energy 
| E' |. The problem has been treated by Oppenheimer and Plesset,! 
who gave an approximate answer in the form 

I ~ * S Z S , 

where I is the Internal Conversion Coefficient, that is, the number of 
pairs created for each y-ray emitted from the nucleus, a is the fine struc¬ 
ture constant and Z the atomic number of the nucleus. The approxi¬ 
mations used were very rough, and as the problem could be treated 
rigorously it was decided that an accurate computation would be worth 
attempting. 

While these calculations were in progress, Oppenheimer and Nedelski§ 
gave another calculation of I, in which they found that for high energies 
it was almost independent of the atomic number of the nucleus emitting 
the y-ray. They therefore neglected completely the electrostatic field 

t Hulme, ‘ Proc. Roy. Soc.,’ A, vol. 138, p. 643 (1932); Taylor and Mott, ‘ Proc. 
Roy. Soc.,’ A, vol. 138, p. 665 (1932); vol. 142, p. 215 (1933), referred to as I and II 
respectively. 

t * Phys. Rev.,’ vol. 44, p. 53 (1933). 

§ ’ Phys. Rev.,’ vol. 44, p. 948 (1933). 
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of the nucleus. According to these authors the method should be valid 
when 

Zc/137 v < 1, 

(where v is the velocity of the particles emitted) but, owing to the neglect 
of the electrostatic field, it will not give any asymmetry in the numbers of 
electrons and positrons emitted with given energies. In the nuclear 
field we should expect the positrons to be repelled, and their average 
energy to be greater than that of the electrons, which are attracted. 

In the following we shall consider the nucleus as a fixed radiating 
dipole or quadripole, corresponding to y-r&ys produced by the two 
different types of transition in the nucleus, as shown by Taylor and Mott 
(loc. cit., I). These authors (loc. cit., II) have introduced a correction 
to take account of the fact that the nucleus cannot be considered as a 
strictly closed system, but this will not be considered here, as the effect 
is only appreciable for large values of I. We shall consider the case of 
an atom with atomic number 84, which will give us a good idea of the 
magnitude of the effect in radioactive elements. The results obtained 
show that the probability of this process is of the order 10 s —10 4 , and 
an effect of this magnitude has recently been observed by Alichanow and 
Kosodaew.t 

In § 2 we discuss the wave functions for electrons with energies less 
than —me 2 , and in § 3 we give the perturbation theory. § 4 contains the 
actual calculation of the matrix elements involved and the results are 
given in § 5, together with a discussion of the experimental data. 


§ 2 The Wave Functions for the States With Negative 

Energies 

We shall write the wave equation of the electron as 

| ? A, + Pl («, p + * A) + p s /mc]t - 0, (1) 

where E is the energy of the system, A 0 and A the scalar and vector 
potentials, p the momentum vector (/>*, p y , p t ) and o the vector (a x , 
a y , a t ), and e > 0. The quantities g x , <t v , a„ p lt (p a ) and p, do not 
commute with each other and may be conveniently represented by certain 
matrices of four rows and columns which obey the same non-com- 
mutability relations. In this representation the wave function 'V has 
four components. . 


t ‘ Z. Physik,’ vol. 90, p. 249 (1934). 
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The explicit form of the wave functions depends upon the matrices 
chosen to represent o and the p’s in (1), and in the following we shall use 
those given by Dirac. The solutions are then found to be of two typest 

— *F*P*\ i 

4*3 ik + u + 1) G/fP/t 

and 

4i = — i (k + 4 2 

4s — G-it-iP* 44 

where F A and G A . satisfy 

(A* + T) F* + 

(B* - I)G* + - 

with 

A 2 == ^ (me -f - 

h \ a 

B 2 = (me- ~ 
h \ c 

and P* is the associated Legendre 
P“ (k — u) ! sin“ 6 

w and k being any numbers such that the Legendre functions involved 
have a meaning. In this representation the axis of quantization is the 
z-axis. When E < me 2 , suitable solutions of (3) can be obtained in the 
form of polynomials for a set of discrete values of the energy. In addition 
there exist solutions when E > me 2 or E < — me*. The former represent 
spherical waves, and correspond to the hyperbolic orbits of the older 
theory, and the latter are similar solutions representing electrons whose 
total energy is negative. 

Equations (3) may be solved by a method given by Hulme.J We first 
transform them into a standard form by writing 

™ AF k — BG* j 

= AF fc + BG fc )" (5) 

t Darwin, * Proc. Roy. Soc.,’ A, vol. 118, p. 654 (1928). 
t ‘ Proc. Roy. Soc.,’ A, vol, 133, p. 391 (1931). 


4a » - 1-F.PSti [ 

44 = (-^ + m)G*p?« j 

-i(-k + u + 1) ) 

G~*. |P* +l j 


(2a) 


, (2b) 


dC, k 
dr r 


G* = 0 


+ k -±-l F k = 0 

dr r 


(3) 


T ™ 


2w*Z Z 
ch 137 


(4) 


s function given by 

/ d \ k+u (cos* 6 - 1)* , 

• d cos V 2 k k ! 
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We then find 

8f* — C [(A: — s) 4- i (b -f c)] r'e 2 '+ 2 1 (1 — u)’~ tb ( 1 -f u) *+*®+i e <«™ fa 

•» “ C [(& — .v) - i (b + c)] r'a^+z e~’ b | '(1 — u)’ ib + l (1 + u) ,+ib e iaru du 

for states of type (2a), and ^ ^ 

i = D [(b — c) — / (k - 1 — /)] r* a 2t + 2 e-’ b 

j (1 - u) , ih (1 +«)'+*« e i tru du 

©-t-i = D [(b — c) + » (& — 1 — 0] r* a v + 

J ' (1 - (1 + u)' +ib e iaru du (6b) 


for states of type (2 b), where 
AB — ia. 


■V Vi(k + l) 2 - Y 2 } - 1. 


1 f A B 

2 B + A 


, - V {k 2 - y 2 } - 1, 


and so far the constants C and D may have any values. When E > me* 
we see from (4) that A is real and B a pure imaginary, so that $ and § 
are conjugate complex quantities (from (5)) and we must restrict C and 
D to be purely real. On the other hand, when E < — me 2 , B is real 
and A is a pure imaginary, so that (5) gives $♦ = — <£> and we must 
restrict C and D to be pure imaginaries in order to satisfy this condition. 
It is convenient to take 


C ** e" b a~‘~ 2 , D = e nb a~ t 2 for E > me 2 
C == ie wb a - * -2 , D = ie nb a"* ' 2 for E < — me 2 


giving 


= [(* - s)-i(b + c)] (ar)‘j *(1 — «)-'* 11 (1 + u)’ +ib e Uru du 

(E > 1MC 2 ) 

% k , = i[(k'- s >)-i(b' + c')){a'ry 

( +1 (1 - «)*- tt +1 (1 + w)*’ 4tt ' e ia ru du (E < - me*) 
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and corresponding expressions for etc. We have distin¬ 

guished the negative energy states by a dash, s', a' and c' are still given 
by (7) and have the same values as s, a, c in the state with energy E; b', 
however, changes sign and we have b' (— | E |) = — b (| E |). 

With these expressions for etc., the normalizing factors for states 
of type (2a) are given by 


l(E, k) 


(2na | E | ,* 2 | AB | 

Ac* / (| A |* + | B I*) 1 




(2 Icy ( 2 tc I p \/hy / 


-l 


where | p | is the momentum of the electron at great distances 
from the nucleus, 


( 10 ) 


A = x /{(k - sf +(b + c)*} | T (j + ib + 1) | *-■** 2* +1 

and 

5 (k, u) = (4it (k + u + 1)! (k — u) !}“*. 


We have expressed the normalizing factor as a product of t; (E, k), the 
normalizing factor for the radial part of the wave function, and 5 ( k , u), 
that for the angular part. 

To obtain the corresponding normalizing factors for the solutions 
<6b) we replace k by k — 1, s by t and c by — c in the above. For 
negative energy states we have the same normalization factors with s', 
a’, b', c' replacing s, a, b and c. 

This normalization represents electrons entering or leaving a large 
sphere with centre at the origin, at a rate of one per unit time. 


§3 Perturbation Theory 

Let us now consider the probability that a y-ray emitted from the 
nucleus will be absorbed by an electron with energy E' < — mc s , the 
electron being raised to an energy h\ + E' — E, where E > me*. We 
shall replace the mechanism emitting the y-ray by a radiating dipole or 
quadripole as explained, considering first the case of a dipole. 

Let us take as the unperturbed system an electron under the influence 
of a central charge Ze. We have then A = 0 and A 0 = Ze/r. The 
perturbing potentials may be found from the Hertzian vector of the 
dipole which we shall take to be n, -f n,*, where 


n, = eB 0 exp (-- 2wv 0 f -f iqr)liqr, 
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q — 2«v 0 /c and the asterisk indicates that the conjugate complex value 
be taken. This yields for the perturbing potentials the following values:— 


Ao — 


eB 0 exp (— 2rch 0 t + iqr) cos 0 



+ conjugate complex 


A, — — <>B 0 exp (— 2niv u t + iqr)jr + conjugate complex 
A, ~ A v — 0 


, (ID 


where 0 is measured from the z-axis. 

We may omit the conjugate complex part in the calculation of the 
transition probabilities, since it is only important for transitions where a 
y-ray is emitted. (If hV denote the increase of energy of the system, 
this part of the perturbation occurs with (v 0 -f v') in the denominator, 
which is therefore always very large in the case of absorption.) Treating 
the Hertzian oscillator as a classical system we find that the amount of 
energy radiated per unit time is 4B 0 2 e 2 cq L \2> ergs, or %nB^qj3h quanta. 

Suppose we have solved equation (1) for the undisturbed model atom, 
and let represent the normalized wave function for the initial state of 
the electron (E' < — me 2 ), and that of a possible final state (E > me 2 ). 
By using a method of variation of parameters we may find the number of 
electrons which are transferred from energies E' to E — E' -f /rv 0 . With 
the normalization given above we find that the number transferred per 
unit time from a stream of electrons entering a large sphere round the 
origin at a rate of one per unit time is given by 

l-eA.-eA.hu, | <|i, I) 2 - (12) 

If we divide by the number of quanta which the Hertzian oscillator 
would emit, we obtain the probability of the absorption of one quantum, 
when there is one encounter per unit time. If there are N (E') dE' 
encounters per unit time of electrons with energies between E' and 
E' + dE' and quantum numbers k, u we must multiply by N (E') dE', 
and then we shall have the probability of a quantum being absorbed 
and an electron emitted with energy lying between E' + Av 0 and 
E' + dE' + /»v 0 . This we shall call the internal conversion coefficient, 
I (E\ v) dE\ and we have 

1 (E '> v#) “ 1 (*/1 - - «w. i i) i* (i3) 
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where we must sum over all possible final states, and the time factor has 
now disappeared from A 0 and A,. 

Assuming that all the states with negative energies are occupied, we 
may calculate N (E') as follows. In each element of phase space, of 
volume dx, dy, dz, dp x , dp v , dp z , there are 

(2jff) dx dy dz dp x dp v dp, 

possible states for the electron. On transforming to polar co-ordinates 
in momentum space this becomes 

(2/A 3 ) p 2 dp da dx dy dz, (14) 

where « is the element of solid angle. Let us now consider a nucleus at 
the origin, and assume that its presence does not affect the number of 
possible states. We wish to find the intensity of the electron stream, or, 
more precisely, the number of electrons with energies between E' and 
E' + dE' and with quantum numbers k, u, which collide with the nucleus 
in unit time. A uniform stream of electrons with momentum between 
p and p + dp, moving in a solid angle du along the 2 -axis may be repre¬ 
sented by 

+ — A exp ( iar cos 0), (15) 

where A is a matrix of one row and four columns if we are using the 
Dirac wave functions. If this is to be the same as (14) we must have 

AA* — (2/A 3 ) p % dp dot. (16) 

We can expand (15) as 

*-A @ £ i*OL+J J t + 1 (ar)P fc (cos0), (17) 

\ ar k - o z 

where P* (cos 0) is the ordinary Legendre function, and each term corre¬ 
sponds to electrons with a definite angular momentum about the origin. 
Also as r -> » we have 

A (~ f J, + i (or) -* A 1 cos (ar-Uk-l) *). (18) 

Now when the nucleus is present the asymptotic form of the radial wave 
function, representing a stream of electrons entering a large sphere at 
the rate of one per unit time, is 

(?*IE | fl) 1 JLcos (ar + b log r + 8), 


(19) 



Internal Conversion of y-Rays 


715 


which is of the same form as (18), if we omit the logarithmic term which 
expresses the influence of the nucleus. The normalizing factor for P t (0) 
is 4ir/(2& + 1) so that we may write (17) as 

<1# = £A {(2k + 1) he*/ 2 | E | a}^ k , (20) 

where 

“ i* fcf J k+i (ar) \Vi±l f P t (cos 0) (21) 


and represents a unit stream of electrons, with angular momentum 
khjliz about the origin, entering the large sphere. The square of the 
coefficient in (20) then gives the number entering per second in solid 
angle t/«. This gives 

2(2 k + 1) 4t z he* p* dp 12 | E | ah s 


on integrating over the solid angle, and reduces to 

2 (2k + I) dE/h. 

As there are exactly 2(2 k+ 1) states with quantum number k 
(2k -f- 2 of type (2a) and 2k of type (2b)), we see that for a given k and 
«, the number of electrons entering in unit time is just dE/h. Hence 


and 

1 (E i v 0 )i>: p'.if 


N(E') = 1 jh 


- 21 
k' 

«, k 


8nqB ( 


ipt 


<2n * 

■ h I 


(+/1 “ I < M | 2 - ( 22 ) 


the summation being taken over all initial and final states. 

Where we consider the nucleus to be a radiating quadripole the corre¬ 
sponding field is given byf 


A 0 — — t'C/ -1 exp (iqr — 2nhj) 2P 2 (cos 0) 


1 + 


3/ 


+tl 1 


qr q*r* 

+ conjugate complex, | 

3eC(/ _1 exp (iqr — 2rc/v„f) cos 0 [1 +i/qr] 

+ conjugate complex. 


(23) 


A„ =~ A„ - 0 


and the number of quanta emitted by such a field is 


24e a C>7/5/». 


3 B 


vol. cxlviii;—A. 


t Taylor and Mott, loc. cil. 1. 
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Corresponding to expression (22) we obtain 


I (E , ) v o)Qnaitr; 


ipolo 


w\ k ‘ 

«, k 


24it?C 0 V i ' h 


ItI’K+zI 


M a - fA.p.o,[-(,,)!■ (24) 


the summation being taken over all initial and final states. 


§4 Calculation of the Matrix Elements 

Let us consider the evaluation of the matrix elements in (22) and (24), 
which are given by integrals of the form— 

| | | (“ eA 0 --- ^A 2 p x a.) <J/,r 2 sin 8 rfft d<f> dr. (25) 

We shall take the axis of the dipole or quadripole along the z-axis, and 
we shall assume that the atomic system is quantized about this axis. 
It is to be noted that the final result will be the same if we fix the axis of 
quantization and then average over all directions of the dipole. This is 
so because we are summing the matrix elements over all values of the 
magnetic quantum number u, in both initial and final states, and may 
therefore be inferred by an appeal to the principle of spectroscopic stability. 
With the representation used we find 

0 0 -1 [ 

0 0 0: 

1 0 0 ' 

Consider first a dipole. We should expect some accurate selection rule, 
valid for all values of v 0 , and we find, in fact, that only two final states are 
possible, namely those given by 

Au = 0, Ak - ± 1, A, «* ± 1, 0, (26) 

where j is the average of the subscripts of the four harmonics occurring 
in the wave function (see Darwin, loc. cit.). 

Let us take first the case when both initial and final states are of type 
(2 a). Neglecting, for the moment, the normalizing factors we have, from 
the solutions (2a) 

+*• = f,* F k - (p*+i* pf\\) 

+ G/ G*. {(* + u + D (At' + «' + 1) P? * P£ 

+ (-* + «)(- k' + «') P* +l * P»' +1 } 


Pi 


0 

0 

1 

0 
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and 

+**Pi «r.<lv - lF t * G k {(*' + «' + 1) Pi +t * P£ 

-(- k' + u') P?:+'} 

+ *' o** F,. {- (k + u+ 1) P2* Pi, fl + - (k + If) Pi ' ** Pj:ji}. 

Putting these in the expression (25) for the corresponding matrix element 
and integrating with respect to 6 and <f> we obtain the following values 
for the matrix element — 


when k — k' — 1, u — u' 
l (E\ k'. A') E, (E, k' - 1, A) 


y/{{k' + u' + 1) (k' — u')} 
2k' + 1 


I t(F fr F,. + G, G, ) (r - 1 jiq) + 2iF t G* r] x e iqr dr, 

Jo 


(27) 


when k — k' f 1, u = u 

l (E\ k\ A') l (E, k' + \. A) «L+^^ZSL±Ii} 

f [(F, F a , + G* G „■) (r - 1 >iq) - 2 i G k F r r] e<” dr (28) 

Jo 


and zero for all other values of k and u. (A and B are used here to 
indicate states of type (2a) and (2b) respectively, and should not be con¬ 
fused with the A and B defined in equations (4)), This is in accordance 
with the selection rule given by (26). We shall write the expression (27) as 


?&0L±jl± MLzjQ) 

2k' + 1 


M(A\ k'\ 


A, k' - 1) 


with an obvious notation, and we shall use corresponding expressions 
when k ==. k! + 1, or the B states are involved. In the formula (22) for 
I (E', v) these expressions occur squared, and have to be summed over 
all values of u. Performing this summation we find— 


I(E', v 0 ) ( , (|1 „ ;i . l M ( A '> k ’> A ’ k ' - ‘)l 2 


37ce 2 

W t L3W+1T 


+ 2( y 2 A: 1 ' ) +3r 2 ' |M (A '’ k ' 1 A ’ k ' + ,)|2 

>*.' |M (B', k';B, k'~ 1)|* 

+ |M (B\ k'; B, k' ■+• l)| a 


+ 

+ 


2k! 

3 (2 k' - 1) (2/c' + 1) 
2 (k' + 1) 

J(2FT1TT2FTT) 


|M(B', k'\ A, k'~ 1)|« 
|M (A', k’; B, k' + 1) |«] . 


(29) 


3 b 2 
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The quantities M are given by equations analogous to (28). We have 
M (A', k' ; A, k' — 1) — N (" {(F, F* + G k G k .) X* + 2 i F k G t . Y x ) dr 

M (A', k' ; A, k' + 1) = N (" {(F k F,., + G k G k ) X x - 2i G k F k - YJ dr 

J 0 

M (B', k'-, B, k' - 1) - N P {(F_ k _j F_ r , + G_ t ., G k .)X 1 

-2iG k k - rYJdr 

M (B\ k’; B, k' + 1) = N P {(F_ k _, F_* _ x + G k _ x G * x )X x 

+ 2/ F. J. .. J G_ *- x Y x ) dr 

M (B', k'; A, k 1 - 1) - N j* F, c + G r x G k ) X x 

- /Y x [(2/c' - 1) F fc G_ fc _ x + Ok’ + 1) G fc F_ k ._! ]} dr 
M (A', A:'; B, A' + 1) = N P {(F F r 4- G_*_, G,-) X x 

+ iYj [(2*' +°1) F k G_ k l + {2k' + 3) G r F ]} 

where X x — (r — 1 jiq) e iqT 

Y x = (30) 

and N denotes the product of the two appropriate normalizing factors. 
For the quadripole we have the selection rules 

0; A* = 0, ±2, A/~0,±1, ±2, (31) 

and the corresponding expression for the internal conversion coefficient is 


1 < E '- '■">*. **"m ? [ 1M(A '-*' ; A - *'> f 

+ i M < A- ’ *' ; A - ~ 2 > i‘ 

-I- _ Hi. ±p )( ^ + 3 ) | w / a/ /.>. a a. 2) I* 

+ (2k' + 3) (2k' +— I M ( A * * , A, * + ) | 

+ three expressions similar to the above with A, A' replaced by B, B', 
and k' by k' — 1 in the numerical factors, 

-I- Vi Hi 1) _| m (A' I,'• B it') I® 

+ (2 r - 1) (2k' + 1)(2*' + 3) 1 M ' 1 

+ (2k’ + lT(2k' + 3) (2FT5) 1 M (A ’ k ’ ®’ k + 2) 1 


3k' (k' + 1) 


|M(B', k'; A, k') |* 


_ j-Cft 1) At _ IM(B' k'' A k' — 2)1® 1 

(2*'-3)(2*'-l)(2*'+l) 1 ( ’ ’ A ’ K J’ 
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where the quantities M are given by 

M (A', k'; A, k') = N J* {X a (F*F 4 . + G k G k .) 

+ iY a (F k G k .-G k F k .)}dr, 

M (A', k '; A, k' + 2) - N |°° {X 2 (F k F k . + G k G k ) - 2iY 2 G k F k .}dr, 

Jo 

rx> 

M (A', k '; A, k' — 2) - N I {X 2 (F*F t , + G k G k ) + 2/Y 2 F*G*.} dr, 

Jo 


M(B', k'\ B, k') = 

= N 

j* {X a (F.. k ..j F„ k -_, + G 
° + /Y 2 (F fc .., G. t . , - G k 

M_(B', k'\ B, k' + 2) - 

= N 

f*{X 2 (F. k . 1 F_ k -_ 1 + G. fc _, 



+ 2iY 2 F_ 

M;(B', k'; B, k' — 2) = 

= N 

| * {X a (F_*. j F 4- G_ k _j 



- 2jY 2 G 


M (A, k' ; B, k') = N f* {2X 2 (F..»_, F k , + G^.., G k ) 

+ »Y a (2A' + 3)F...*_ 1 G r 

-f iY z (2k' — 1) G_*. j F,.}</r, 

M (A, B, k f + 2) = N j* {2X t (F._ 2 .., F,. + G_ k ._, G„) 

+ iY t (2k' + 5)F_ k _ 1 G k . 

+ iY 2 (2k’ + 1) G_ k _j F k -}dr, 

M (B', k'; A, *') = N |* {2X a (F.F^ + G»G 

— iY i {2k' — 1) F t G_ fc >_, 

— /Y 2 (2k' + 3) G A .F_*_,} 

M (B, k' ; A, k' - 2) = N j" {2X 2 (F t F_ fc + G*G_ k _,) 

— j‘Y 2 (2k' — 3) F fc G_ fc >_| 

-«Y a (2*' + l)G*F_ fc ._ 1 }dr, 

where 


x *={' + 

Y,= |r + i) C »', 


(33) 


and N is again the product of the two appropriate normalizing factors. 
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In calculating the integrals M (A', k A, k) and M (B\ k'; B, k) it is 
more convenient to use the symmetrical form for the potentials as given 
by Taylor and Mott.t This eliminates the last term, unity, in the expres¬ 
sion for A 0 . This term makes no contribution to the other matrix 
elements, and so we use the form given in (23) for these. 

It will be seen from (30) and (33) that the integrals required are of the 
type 

f w^ ,r dr and [ W re iur dr (34) 

Jo Jo 

rao 

for dipole transitions, with the additional Wr 1 e iqr dr for the quad- 

Jo 

ripole, where W is the product of two radial wave functions, one referring 
to positive and the other to negative energy states, for example 

W = F* G* 

with 

k — k' ± 1 for dipole transitions, 
k ~~ k\ k' ± 2, for quadripole transitions. 

We shall calculate the corresponding integrals involving & k and #**, 
etc., and then derive the integrals we require by using the relations (5) 
which become 

~ AF* + / 1 B | G k ( 35 a ) 

• r = /| A'|F r + B'G r . ( 35 b ) 

If we calculate A and B for the positive energy corresponding to E\ 
i.e., for - E' = | E' |, then 

A' =-- B 

B' = A 

and the second equation becomes 


• r = AG r -M|B|F*. ( 36 b ) 

which is the same as ( 35 a ) with F and G interchanged. 

Let us consider a typical integral 

rm k m k .**r*dr t ( 37 ) 

Jo 


t Loc. cit. I, equations (4.16), (4.20) and (4.21). 
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where X = 0, 1 for dipole, and X — — 1, 0, 1 for quadripole. We shall 
put a = aq, a' — a'q and then we have 


«* = 12 (k) (aqr)‘ j " (1 - «)" 1 (1 + «)’ rib e iaqur du 

m k . = 12 (k') (aqr)’’ f " (1 - 1 (1 + u')«’+ ih ' e° q ' ir du' 

• -1 

where 

n(k)^[(k-s)-i(b + c)] | 

Ll(k') = i[(k' -s') -i(b' + c')] r 

The integral is 


, (38) 


(39) 


12 ( k ) 12 (k') [ (or qr)‘ (a'qr)“ r I e i,rqur (1 

J ») J 1 

f 1 » . 

X '(1 

J i 


- «)' i6,I (l + u)" ib du 

— u'y~ ihn (1 + u')Cl ib ' du' dr. 


Let us change the variables of integration by writing r for qr and changing 
the sign of u and u'. The integral now becomes 

(12 (k) 12 (k') <t” a '" q-^+ l >] f* ['* [ " r <f'+* e ~ r 

x (1 + u)’- ib+l (1 - w)*+»(l + 11 (1 - «')" 4 f6 dr du du\ 

where we have put in a positive quantity 8 to facilitate the change of 
order of integration, 8 afterwards tending to zero. We may now integrate 
with respect to r obtaining 

^ f 11 f +1 (l + «)* "'» 11 (1 - «)-" 4 (l + u'y- ib ' + ' (1 - u'y +w dudu' 

V ' j J_, [8 — / (1 — ou — <xV)]‘+*' +A - f 1 ’ 1 ' 

where 

Q = 12 (k) 12 (k') o‘ a"’ $r»* in r (s + s’ + X + 1). 

This becomes, on putting 1 + « — 2 t, 1 + «' — 2t' 

, +t , + , T* 1 1 (1 - T ) ,+ib t"' ' 1 (1 - t')" +< *' </t dx' 

M j “ "2ar _ IgV ‘[«+«-+A-n > 

1 1 L 1 -j- a -j- o' -j- /8 1 -f- <j ■+• e* -+• TS I 

where 

w Q m f+r+A+i 

M (1+5 + „')•+*'+*+1 


on letting 8 0 in M. 
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The double integral may be expressed as a double hypergeometric 
series and we have the integral equal tof 

r ( S - ib ± 2) r (5 + ib + l) r (£ - w + 2) r + & + D c , 4n 

r (2s + 3) r (2s' + 3) 8 1 ' 

where 


Fa — Fa (s + s’ + X + 1; s — ib + 2, s' — ib' + 2; 

2s + 3, 2s' + 3; x, .y) 


with 


2a 


2a' 


1 + + o' ’ 


1 + a -j- a' 


(42) 


on letting 8-+ 0, since the series is convergent. 


convergence is 
which gives 
or 


1*1 + \ y\ < !» 

a + o' < 1 


The condition for 


(43) 


£(\P I + I P' IX 1. 

which is always true. 

The other integrals can be obtained in a similar way. We have only 
to note that the change of to involves changing £2 (Ar) to £2* (k) 
and the change of ib to (ib +1). 

When is involved we have 


£2(-*-l)=[(*-c) + ;(*-/-l)] ) 

Li(~ k' - 1) = i ((b’ - c') + i (k 1 - t' - 1)1 j 


and in the expression (39) we have to substitute LI (— k — 1) etc., and 
t, t' instead of LI (k) and s, s'. 

The four types of double hypergeometric function required for each 
value of X are of the form 


A *= F a (a; p, p'; y, y'; x, y), 

B = Fa (a; p + 1, (S'; y, y'; x, y), 

C = F 2 («;P, P' + l;y, y';*. y ), 

D = F s (*; p +1, p' + 1; y, y'; x,y). 

A considerable simplification is introduced if we use the recurrence 
formula: connecting these functions with the corresponding ones with « 

t Appell, 44 Fonctions Hyperg^om&riques,” p. 28. 
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replaced by a + 1, which we shall call A lt etc. This enables us to obtain 
the integrals with X — 0 from those with X — — 1 and those with X = 1 
from X = 0. With the above notation these formulas are 

«A, == (« - p - fi') A + (3B + P'C 
(1 - x) aBi = (y - 1 - P) A + (p + 1 - Y + « - PO B 

+ P'D 

(1 -y)«C,»( Y '- 1 - P')A '• (45) 

H~ (P' + 1 - y' + «- P)C+ pD 
(1 - A- - y) aD, = ( Y ' - 1 - P') B + ( T - 1 - P) C 

+ (a+ p+ p' — y- Y' + 2)D 

They may be derived from the recurrence formulae for the hyper¬ 
geometric series of one variable. 

In this way we may calculate all the integrals of type (37), and hence 
derive the required integrals by using equations (35). These have now 
to be put in the matrix elements (30) and (33) and then the equations 
(29) and (32) give the values of the internal conversion coefficient in the 
two cases of dipole and quadripole transitions in the nucleus. Theo¬ 
retically we have to sum over all values of k\ the azimuthal quantum 
number of the electron in its initial state of negative energy. It happens, 
however, that only the first two or three values of k 1 are needed, indicating 
that only those electrons with small angular momentum about the 
nucleus are affected by the y-r&y. 


§ 5 Results 

We have calculated the internal conversion coefficient for an element 
of atomic number 84, in both dipole and quadripole cases, for the ranges 
of energy shown in fig. 2. The method used gives the number of positrons 
emitted with a definite energy E', the electron having an energy Av 0 — E', 
and to find the total number of pairs created we must integrate over all 
values of E'. This has been done in the case e = hv 0 lmc* — 3, for 
example, by finding the number of electrons emitted with energies me 3 , 
1 *05 me*, 1-25 me*, 1 • 5 me 3 and 1-75 me 2 , and then drawing a curve 
through these points. The area under the curve then gives the total 
number of pairs created. The two curves, dipole and quadripole, for 
this value of e are shown in fig. 1, and are labelled D and Q respectively. 
We have also calculated, by the same method, the curves for Z — 0, 
which is covered by the calculations of Oppenheimer and Nedelski ( loc . 
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cit.), and we give our results as dotted curves in the same figure. The 
curves for other values of e are similar. 

The ordinate N gives the number of positrons emitted per unit energy 
range, and the abscissa gives the total energy of the positron, the unit of 
energy being me 2 . 

The end points of the curves have been calculated by a limiting process, 
and it will be seen that the number of positrons emitted per unit energy 
range increases steadily with the energy of the positrons. This increase 
is less marked for larger values of e, and the curves flatten out. As e 



increases we should therefore expect a maximum to develop, and move 
towards the centre of the range. We see, in fact, from Table I, that the 
quantity A ^ g—zrg_ / I7+I- - 2me* 

decreases as e increases. For energies comparable to those of cosmic 
rays it should be small, when the curves will have a maximum near the 
centre of the range. Quanta of such high energies are not emitted from 
nuclei, but in the pairs created by a beam of cosmic rays the quantity A 
is small, as has been shown by Anderson.fi 

t ‘ Phys. Rev.,’ vol. 44, p. 406 (1933). 

t [Note added In proof—We have since extended the method to give die number of 
pairs created by a beam of x-rays. In this case the asymmetry of the curves is not 
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There is thus a marked difference in the average energies of the electrons 
and positrons emitted, the asymmetry arising when the influence of the 
nucleus is included. This is due to the Coulomb forces acting on the two 
particles, which are created in a region of high potential. We give in 
Table I the difference of the average values of the energies of the positron 
and electron in units of me 2 . 

Table I 

c 

3 5 7 

E' ( “E- 


Dipole. 0-40 0-73 0-93 

Quadripole. 0-48 0-78 — 


Roughly speaking we may say that the pair is created in the region given 

by _ 

E+ - E . = 2Ze 2 !r 
or 

Z me 2 

r ~ 137 7t E. E ’ 

where \ is the Compton wave-length. We may write this 

I Z 2 2 me 2 

r ~ \ 137 ) E~~E ' a °’ 

where a 0 ~ radius of K-shell on the Bohr theory. We should, therefore, 
expect some shielding by the K-electrons, but this will not affect the 
results appreciably. 

The results for the total number of pairs created—the Internal Con¬ 
version Coefficient—are given in fig. 2, and the curves for Z — 0 are 
put in for comparison. We have labelled the curves as in fig. 1. 

It will be seen that the magnitude of the effect does not depend much 
on the nuclear charge Z. The reason for this is that the density of the 
electrons in negative energy states is not affected much by the presence 
of the nucleus. In considering the internal conversion in the K-shell, 
the electron density depends very much on the atomic number, Z, of 
the nucleus, and so the effect varies strongly with Z. 

It happens that most of the pairs are produced in transitions where 
Ay = 0 in the dipole case, and Ay — ± 1 in the quadripole case, parti¬ 
cularly for low energies. We have calculated all the transitions for the 
cases c — 3 and 5, but for the other cases (except for dipole Z — 84) 

so pronounced and even for * «* 3 they have a maximum for positron energies of 
about 1 •! me*.] 





726 


J. C. Jaeger and H. R. Hulme 


we have only calculated the main transitions, and have added an appro¬ 
priate correction for the remaining ones. A dotted curve has therefore 
been drawn in the region e >5. 

Our results for Z — 0 should be identical with those of Oppenheimer 
and Nedelski, and we have verified that this is so for both dipole and 
quadripole radiation. 

Experimental confirmation of internal pair formation has recently 
been obtained by Alichanow and Kosodaew (loc tit.). These authors 
have examined the number of positrons emitted by a radioactive source, 


t 

* 

\ 

O 

X 



Fig. 2 


RaC. After applying certain corrections to account for pairs created 
outside the source by y-rays, they obtain the curve given in fig. 3, where 
the number of positrons emitted is plotted against the kinetic energy 
of the positrons, expressed in kilo-volts. 

According to Alichanow and Kosodaew the main effect must be sought 
in the direct emission of positrons from the nucleus, or else in the internal 
conversion of 3-rays from the nucleus, part of the energy of the p-ray 
going to create a pair. Both these effects may be expected to give a 
continuous curve. The existence of the small maximum at 700 kV, and 
the (doubtful) one at 1000 kV, are due to the internal conversion of 
y-rays of definite energies, as explained in the present paper. 
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Alichanow and Kosodaew assume that the excess energy of the 
y-rays, viz., /»v 0 — 2/wr 2 , is distributed so that the average energies of 
the positron and electron are equal, and that the maximum number of 
positrons (per unit energy range) are emitted with energies equal to 
\ (A v 0 — 2m c 2 ). From the dotted curves in fig. 1 we see that this is 
true when Z — 0, and therefore should hold approximately for light 
elements. For RaC, however, the full curve in fig. 1 shows that the 
maximum number of positives are emitted with energies equal to 
/iv 0 — 2 me 2 . 

We therefore conclude that the maximum occurring at 700 kV is due 
to the internal conversion of the y-ray of energy 1760 kV in the spectrum 



500 kV 1000 kV 

Fig. 3 


of RaC, and not due to the y-ray of energy 2200 kV as Alichanow and 
Kosodaew suppose. This latter y-ray accounts for the small maximum 
in the region of 1000 kV. Let us consider the value of the internal 
conversion coefficient obtained from the experimental data of Alichanow 
and Kosodaew. 

The number of positives per disintegration is O'2% and the number 
of y-rays of energy 1760 kV is 26%. Further, the area of the hump is 
about 1 /25 times that of the whole curve. We therefore have 

, J_2_ 100 

25 • 1000 • 26 


:3X 10- 4 . 
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The theoretical results for this value are 

Dipole . I ~ 3 x 10~ 4 

Quadripole . I — 1 - 5 x 10~ 4 

The evidence from the values of the Internal Conversion Coefficients in 
the K shell (Taylor and Mott, loc. cit. I) indicate that this line is prob¬ 
ably due to quadripole radiation, so that our results are small. From 
the nature of the experiment, however, we can only expect a very rough 
value for the Internal Conversion Coefficient, and the agreement would 
seem to be well within the limit of experimental error. 

In order to carryout the lengthy calculations involved one of us (J. C. J.) 
has worked as assistant to Professor R. H. Fowler, F.R.S., who obtained 
a grant from the Royal Society (Trevelyan Fund) for this purpose. Our 
thanks are due to him and to the Society for providing these facilities. 

§6 Summary 

A radioactive nucleus is considered as a radiating dipole or quadripole, 
and expressions are obtained for the number of pairs created by the 
absorption of the y-rays emitted by the nucleus. The effect is not 
sensitive to changes in the atomic number of the nucleus, and increases 
with the energy of the y-ray. For energies in the region of 5me* it is 
of the order 10~ 4 to 10~ 3 pairs per y-ray quantum. 

In this range it is found that the number of positrons emitted per unit 
energy range increases steadily with the energy of the positron, which 
therefore takes up most of the available energy. For very light elements, 
typified by the case Z — 0, we have symmetrical distribution of the energy 
between positron and electron. 

The results have been compared with those obtained experimentally 
by Alichanow and Kosodaew (loc. cit.) who have examined the number of 
positrons emitted by a radioactive source, and the agreement is satis¬ 
factory when we consider the difficulty of obtaining a good experimental 
value. 
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